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Preface 


This text is for engineering students. It introduces the fundamental knowl- 
edge used in vehicle dynamics. This knowledge can be utilized to develop 
computer programs for analyzing the ride, handling, and optimization of 
road vehicles. 

Vehicle dynamics has been in the engineering curriculum for more than 
a hundred years. Books on the subject are available, but most of them 
are written for specialists and are not suitable for a classroom application. 
A new student, engineer, or researcher would not know where and how 
to start learning vehicle dynamics. So, there is a need for a textbook for 
beginners. This textbook presents the fundamentals with a perspective on 
future trends. 

The study of classical vehicle dynamics has its roots in the work of 
great scientists of the past four centuries and creative engineers in the 
past century who established the methodology of dynamic systems. The 
development of vehicle dynamics has moved toward modeling, analysis, 
and optimization of multi-body dynamics supported by some compliant 
members. Therefore, merging dynamics with optimization theory was an 
expected development. The fast-growing capability of accurate positioning, 
sensing, and calculations, along with intelligent computer programming are 
the other important developments in vehicle dynamics. So, a textbook help 
the reader to make a computer model of vehicles, which this book does. 


Level of the Book 

This book has evolved from nearly a decade of research in nonlinear 
dynamic systems and teaching courses in vehicle dynamics. It is addressed 
primarily to the last year of undergraduate study and the first year graduate 
student in engineering. Hence, it is an intermediate textbook. It provides 
both fundamental and advanced topics. The whole book can be covered 
in two successive courses, however, it is possible to jump over some sec- 
tions and cover the book in one course. Students are required to know the 
fundamentals of kinematics and dynamics, as well as a basic knowledge of 
numerical methods. 

The contents of the book have been kept at a fairly theoretical-practical 
level. Many concepts are deeply explained and their application empha- 
sized, and most of the related theories and formal proofs have been ex- 
plained. The book places a strong emphasis on the physical meaning and 
applications of the concepts. Topics that have been selected are of high 
interest in the field. An attempt has been made to expose students to a 
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broad range of topics and approaches. 

There are four special chapters that are indirectly related to vehicle dy- 
namics: Applied Kinematics, Applied Mechanisms, Applied Dynamics, and 
Applied Vibrations. These chapters provide the related background to un- 
derstand vehicle dynamics and its subsystems. 


Organization of the Book 

The text is organized so it can be used for teaching or for self-study. 
Chapter 1 “Fundamentals,” contains general preliminaries about tire and 
rim with a brief review of road vehicle classifications. 

Part I “One Dimensional Vehicle Dynamics,” presents forward vehicle 
dynamics, tire dynamics, and driveline dynamics. Forward dynamics refers 
to weight transfer, accelerating, braking, engine performance, and gear ratio 
design. 

Part II “Vehicle Kinematics,” presents a detailed discussion of vehicle 
mechanical subsystems such as steering and suspensions. 

Part III “Vehicle Dynamics,” employs Newton and Lagrange methods 
to develop the maneuvering dynamics of vehicles. 

Part IV “Vehicle Vibrations,” presents a detailed discussion of vehi- 
cle vibrations. An attempt is made to review the basic approaches and 
demonstrate how a vehicle can be modeled as a vibrating multiple degree- 
of-freedom system. The concepts of the Newton-Euler dynamics and La- 
grangian method are used equally for derivation of equations of motion. 
The RMS optimization technique for suspension design of vehicles is intro- 
duced and applied to vehicle suspensions. The outcome of the optimization 
technique is the optimal stiffness and damping for a car or suspended equip- 
ment. 


Method of Presentation 

This book uses a "fact-reason-application" structure. The "fact" is the 
main subject we introduce in each section. Then the reason is given as a 
"proof." The application of the fact is examined in some "examples." The 
"examples" are a very important part of the book because they show how 
to implement the "facts." They also cover some other facts that are needed 
to expand the subject. 


Prerequisites 

Since the book is written for senior undergraduate and first-year graduate- 
level students of engineering, the assumption is that users are familiar with 
matrix algebra as well as basic dynamics. Prerequisites are the fundamen- 
tals of kinematics, dynamics, vector analysis, and matrix theory. These 
basics are usually taught in the first three undergraduate years. 
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Unit System 

The system of units adopted in this book is, unless otherwise stated, the 
international system of units (SI). The units of degree (deg) or radian (rad) 
are utilized for variables representing angular quantities. 


Symbols 


e Lowercase bold letters indicate a vector. Vectors may be expressed in 
an n dimensional Euclidian space. Example: 


r , s , d,ae,¥ob , ¢ 
p o) q 3 Vv P w » y C2 Z 
Ww 2. a r! E bs 0 e 6 >) 7) 


e Uppercase bold letters indicate a dynamic vector or a dynamic ma- 
trix, such as force and moment. Example: 


F M 


e Lowercase letters with a hat indicate a unit vector. Unit vectors are 
not bolded. Example: 


e Lowercase letters with a tilde indicate a 3 x 3 skew symmetric matrix 
associated to a vector. Example: 


0 —a3 a2 ay 
a= ag 0 —-a, >, a=| a 
—ag ay 0 a3 


e An arrow above two uppercase letters indicates the start and end 
points of a position vector. Example: 


ON =a position vector from point O to point N 


e The length of a vector is indicated by a non-bold lowercase letter. 
Example: 


r=] , a=lal , b=|[bl , s=|s| 


e Capital letter B is utilized to denote a body coordinate frame. Ex- 
ample: 
B(oxyz) ; B(Oxzyz) ; By(01 219121) 
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Capital letter G is utilized to denote a global, inertial, or fixed coor- 
dinate frame. Example: 


G@ .~ COVD: ¢ CO 


Right subscript on a transformation matrix indicates the departure 
frames. Example: 


Rg = transformation matrix from frame B(oxryz) 


Left superscript on a transformation matrix indicates the destination 
frame. Example: 


°Rp = transformation matrix from frame B(oryz) 
to frame G(OXY Z) 


Capital letter R indicates rotation or a transformation matrix, if it 
shows the beginning and destination coordinate frames. Example: 


cosa —sina 0 
GRp=| sina cosa 0 
0 0 1 


Whenever there is no sub or superscript, the matrices are shown in a 
bracket. Example: 


cosa —sina 0 
[T]= | sna cosa 0 
0 0 1 


Left superscript on a vector denotes the frame in which the vector 
is expressed. That superscript indicates the frame that the vector 
belongs to; so the vector is expressed using the unit vectors of that 
frame. Example: 


Cy = position vector expressed in frame G(OXY Z) 


Right subscript on a vector denotes the tip point that the vector is 
referred to. Example: 


Grp = position vector of point P 


expressed in coordinate frame G(OXY Z) 


Right subscript on an angular velocity vector indicates the frame that 
the angular vector is referred to. Example: 


wp = angular velocity of the body coordinate frame B(oxryz) 
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e Left subscript on an angular velocity vector indicates the frame that 
the angular vector is measured with respect to. Example: 


cwp = angular velocity of the body coordinate frame B(oryz) 
with respect to the global coordinate frame G(OXY Z) 


e Left superscript on an angular velocity vector denotes the frame in 
which the angular velocity is expressed. Example: 


rade B, = angular velocity of the body coordinate frame B, 


with respect to the global coordinate frame G, 
and expressed in body coordinate frame By 


Whenever the subscript and superscript of an angular velocity are 
the same, we usually drop the left superscript. Example: 

GWB= GWB 
Also for position, velocity, and acceleration vectors, we drop the left 
subscripts if it is the same as the left superscript. Example: 


B ae 
BYP= VP 


e Left superscript on derivative operators indicates the frame in which 
the derivative of a variable is taken. Example: 


Gd ri) Ag 
oo _“B eG 
de gp EO Ge Bre 

If the variable is a vector function, and also the frame in which the 


vector is defined is the same frame in which a time derivative is taken, 
we may use the following short notation, 


Gq Bq 

G Ge B Bs 
—"rp="r —Prp=-r 
dt * in eee <i od 


and write equations simpler. Example: 


Cd 


e If followed by angles, lowercase c and s denote cos and sin functions 
in mathematical equations. Example: 


ca=cosa , syp=sing 
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e Capital bold letter I indicates a unit matrix, which, depending on 
the dimension of the matrix equation, could be a 3 x 3 or a4 x 4 
unit matrix. Is or I, are also being used to clarify the dimension of 
I. Example: 


1 0 0 
I=Iz3=]0 1 0 
00 1 
e An asterisk % indicates a more advanced subject or example that is 


not designed for undergraduate teaching and can be dropped in the 
first reading. 
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Tire and Rim Fundamentals 


We introduce and review some topics about tires, wheels, roads, vehicles, 
and their interactions. These subjects are needed to understand vehicle 
dynamics better. 


1.1 Tires and Sidewall Information 


Pneumatic tires are the only means to transfer forces between the road and 
the vehicle. Tires are required to produce the forces necessary to control 
the vehicle, and hence, they are an important component of a vehicle. 

Figure 1.1 illustrates a cross section view of a tire on a rim to show the 
dimension parameters that are used to standard tires. 


Tireprint width 


Sidewall hz, Section height 


Pan width 


wy, Section width 
~<a 


FIGURE 1.1. Cross section of a tire on a rim to show tire height and width. 


The section height, tire height, or simply height, hr, is a number that 
must be added to the rim radius to make the wheel radius. The section 
width, or tire width, wy, is the widest dimension of a tire when the tire is 
not loaded. 

Tires are required to have certain information printed on the tire sidewall. 
Figure 1.2 illustrates a side view of a sample tire to show the important 
information printed on a tire sidewall. 
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FIGURE 1.2. Side view of a tire and the most important information printed on 
a tire sidewall. 


The codes in Figure 1.2 are: 


Size number. 


Maximum allowed inflation pressure. 

Type of tire construction. 

M&S denotes a tire for mud and snow. 

E-Mark is the Europe type approval mark and number. 

[ 6 | US Department of Transport (DOT) identification numbers. 
Country of manufacture. 


Manufacturers, brand name, or commercial name. 


The most important information on the sidewall of a tire is the size 
number, indicated by Ea To see the format of the size number, an example 
is shown in Figure 1.3 and their definitions are explained as follows. 

Tire type. The first letter indicates the proper type of car that the 


tire is made for.| P | stands for passenger car. The first letter can also be 


for special trailer, for temporary, and for light truck. 
Tire width. This three-number code is the width of the unloaded 
tire from sidewall to sidewall measured in [mm]. 
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P 215/60R15 96H 


ad Passenger car 
215 | Tire width [mm] 
60 | Aspect ratio [%] 
R Radial 


15 | Rim diameter [in] 


96 | Load rating 


H Speed rating 


FIGURE 1.3. A sample of a tire size number and its meaning. 


Aspect ratio. This two-number code is the ratio of the tire section 
height to tire width, expressed as a percentage. Aspect ratio is shown by 
ST. 


sp = — x 100 (1.1) 


Generally speaking, tire aspect ratios range from 35, for race car tires, to 
75 for tires used on utility vehicles. 


Tire construction type. The letter indicates that the tire has 
a radial construction. It may also be for bias belt or bias ply, and 


[ D | for diagonal. 


Rim diameter. This is a number in [in] to indicate diameter of the 
rim that the tire is designed to fit on. 

Load rate or load index. Many tires come with a service description 
at the end of the tire size. The service description is made of a two-digit 
number (load index) and a letter (speed rating). The load index is a rep- 
resentation of the maximum load each tire is designed to support. 

Table 1.1 shows some of the most common load indices and their load- 
carrying capacities. The load index is generally valid for speeds under 
210km/h (& 130 mi/h). 

Speed rate. Speed rate indicates the maximum speed that the tire 
can sustain for a ten minute endurance without breaking down. 

Table 1.2 shows the most common speed rate indices and their meanings. 


Example 1 Weight of a car and load index of its tire. 

For a car that weighs 2tons = 2000kg, we need a tire with a load index 
higher than 84. This is because we have about 500kg per tire and it is in a 
load index of 84. 


Table 1.1 - Maximum load-carrying capacity tire index. 


Tndex 
Bke~oobt |_| 


0 
71 
72 
73 
74 
79 
76 
77 
78 
79 
80 
81 


100 


eae ees 
345 kg © 761 Ib 


355 ke & 783 lbf 
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Maximum load 


800 kg © 1764 Ibf 
825 kg & 1819 Ibf 
850 kg & 1874 bt 
875 kg & 1929 bf 
900 kg & 1984 Ibf 
925 kg © 2039 Ibf 
950 kg © 2094 Ibf 
975 kg = 2149 Ibt 
1000 kg © 2205 Ibf 
1030 kg © 2271 Ibf 
1060 ke © 2337 Ibf 
1090 kg © 2403 Ibf 
1120 kg © 2469 Ibf 
1150 ke © 2581 Ibf 
1180 ke © 2601 Ibf 
1215 ke © 2679 lbf 
1250 ke © 2806 lbf 
1285 ke © 2833 Ibt 
1320 ke © 2910 bt 
1360 ke © 3074 bt 
1400 ke © 3086 Ibt 
1450 kg © 3197 Ibt 
1500 ke © 3368 bf 
1550 kg © 3417 Ibf 
1600 kg © 3527 bt 
1650 ke © 3690 Ibf 
1700 kg © 3748 bf 
1750 ke © 3858 bt 
1800 ke © 3968 Ibf 


13600 kg = 30000 Ibf 


Example 2 Height of a tire based on tire numbers. 


A tire has the size number P215/60R15 96H. The aspect ratio 60 means 
the height of the tire is equal to 60% of the tire width. To calculate the tire 
height in [mm], we should multiply the first number (215) by the second 
number (60) and divide by 100. 


0 


6 
hp = 215 x — = 129mm 


100 


This is the tire height from rim to tread. 
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Table 1.2 - Maximum speed tire index. 


Index Maximum speed 
T50kan/h~ 3m 
FoOkm7h= Ir miyh | | T60km hs 1m h 
T70km/h= 106m 
180km/h= 12m h 
190km/h= 118m 
200hm/h = TH mih 
z0km/h = 130 mi7h 
20km/h = 150 mi 
0m h~ 168i 
500k R= TSM 


M0km/h*87mi/h | Z| +240km/h& +149mi/h 


2] SPO] RY GS] OQ) Sy te} YQ) oy 


Example 3 Alternative tire size indication. 
If the load index is not indicated on the tire, then a tire with a size number 
such as 255/50R17 100V may also be numbered by 255/50V R17. 


Example 4 Tire and rim widths. 

The dimensions of a tire are dependent on the rim on which tt is mounted. 
For tires with an aspect ratio of 50 and above, the rim width is approxi- 
mately 70% of the tire’s width, rounded to the nearest 0.5in. As an example, 
a P255/50R16 tire has a design width of 255mm = 10.04in however, 70% 
of 10.04 in is 7.028 in, which rounded to the nearest 0.5in, is 7in. Therefore, 
a P255/50R16 tire should be mounted on a7 x 16 rim. 

For tires with aspect ratio 45 and below, the rim width is 85% of the tire’s 
section width, rounded to the nearest 0.5in. For example, a P255/45R17 
tire with a section width of 255mm = 10.04 in, needs an 8.5in rim because 
85% of 10.04in is 8.534in + 8.5in. Therefore, a P255/45R17 tire should 


be mounted on an 84 x 17 rim. 


Example 5 Calculating tire diameter and radius. 

We are able to calculate the overall diameter of a tire using the tire size 
numbers. By multiplying the tire width and the aspect ratio, we get the tire 
height. As an example, we use tire number P235/75R15. 


235 x 75% 
176.25 mm ~ 6.94 in (1.3) 


hr 


Then, we add twice the tire height hr to the rim diameter to determine the 
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tire’s unloaded diameter D = 2R and radius R. 


D = 2x694+15 
= 28.88in ~ 733.8mm (1.4 
R = D/2=366.9mm (1.5) 


Example 6 Speed rating code. 

Two similar tires are coded as P235/70H R15 and P235/70R15 100H. 
Both tires have code H = 210km/h for speed rating. However, the second 
tire can sustain the coded speed only when it is loaded less than the specified 
load index, so it states 100H = 800kg 210 km/h. 

Speed ratings generally depend on the type of tire. Off road vehicles usu- 
ally use Q-rated tires, passenger cars usually use R-rated tires for typical 
street cars or T-rated for performance cars. 


Example 7 Tire weight. 

The average weight of a tire for passenger cars is 10—12kg. The weight 
of a tire for light trucks is 14—16kg, and the average weight of commercial 
truck tires 1s 135 — 180 kg. 


Example 8 Effects of aspect ratio. 

A higher aspect ratio provides a softer ride and an increase in deflection 
under the load of the vehicle. However, lower aspect ratio tires are normally 
used for higher performance vehicles. They have a wider road contact area 
and a faster response. This results in less deflection under load, causing a 
rougher ride to the vehicle. 

Changing to a tire with a different aspect ratio will result in a different 
contact area, therefore changing the load capacity of the tire. 


Example 9 * BMW tire size code. 

BMW, a European car, uses the metric system for sizing its tires. As 
an example, TD230/55ZR390 is a metric tire size code. TD indicates the 
BMW TD model, 230 is the section width in [mm], 55 is the aspect ratio in 
percent, Z is the speed rating, R means radial, and 390 is the rim diameter 
in [mm]. 


Example 10 *% "MS," "MW+S," "M/S," and "M&S" signs. 

The sign "MS,"and "M+ 8S," and "M/S," and "U&S" indicate that 
the tire has some mud and snow capability. Most radial tires have one of 
these signs. 


Example 11 * U.S. DOT tire identification number. 

The US tire identification number is in the format "DOT DNZE ABCD 
1309.” It begins with the letters DOT to indicate that the tire meets US fed- 
eral standards. DOT stands for Department of Transportation. The neat 
two characters, DN, after DOT is the plant code, which refers to the man- 
ufacturer and the factory location at which the tire was made. 
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The next two characters, ZE, are a letter-number combination that refers 
to the specific mold used for forming the tire. It is an internal factory code 
and is not usually a useful code for customers. 

The last four numbers, 1309, represents the week and year the tire was 
built. The other numbers, ABCD, are marketing codes used by the man- 
ufacturer or at the manufacturer’s instruction. An example is shown in 
Figure 1.4. 


DOT DNZE ABCD 1309 


FIGURE 1.4. An example of a US DOT tire identification number. 


DN is the plant code for Goodyear-Dunlop Tire located in Wittlich, Ger- 
many. ZE is the tire’s mold size, ABC'D is the compound structure code, 
13 indicates the 13th week of the year, and 09 indicates year 2009. So, the 
tire is manufactured in the 13th week of 2009 at Goodyear-Dunlop Tire in 
Wittlich, Germany. 


Example 12 *% Canadian tires identification number. 
In Canada, all tires should have an identification number on the sidewall. 
An example is shown in Figure 1.5. 


DOT B3CD E52X 2112 [jw] 


FIGURE 1.5. An example of a Canadian DOT tire identification number. 


This identification number provides the manufacturer, time, and place 
that the tire was made. The first two characters following DOT indicate 
the manufacturer and plant code. In this case, B3 indicates Group Michelin 
located at Bridgewater, Nova Scotia, Canada. The third and fourth charac- 
ters, CD, are the tire’s mold size code. The fifth, sixth, seventh, and eighth 
characters, E52X, are optional and are used by the manufacturer. The final 
four numbers, 2112, indicates the manufacturing date. For example, 2112 
indicate the twenty first week of year 2012. Finally, the maple leaf sign 
or the flag sign following the identification number indicates that the tire 
is manufactured in Canada. It also certifies that the tire meets Transport 
Canada requirements. 


Example 13 *% E-Mark and international codes. 

All tires sold in Europe after July 1997 must carry an E-mark. An ex- 
ample is shown by in Figure 1.2. The mark itself is either an upper 
or lower case "E'" followed by a number in a circle or rectangle, followed 
by a further number. An "E" indicates that the tire is certified to com- 
ply with the dimensional, performance and marking requirements of ECE 
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regulation. ECE or UNECE stands for the united nations economic com- 
mission for Europe. The number in the circle or rectangle is the country 
code. Example: 11 is the UK. The first two digits outside the circle or 
rectangle indicate the regulation series under which the tire was approved. 
Example: "02" is for ECE regulation 30 governing passenger tires, and 
"00" is for ECE regulation 54 governing commercial vehicle tires. The re- 
maining numbers represent the ECE mark type approval numbers. Tires 
may have also been tested and met the required noise limits. These tires 
may have a second ECE branding followed by an "—s" for sound. 

Table 1.3 indicates the European country codes for tire manufacturing. 

Besides the DOT and ECE codes for US and Europe, we may also see 
the other country codes such as: ISO—9001 for international standards or- 
ganization, C.C.C' for China compulsory product certification, JIS D 4230 
for Japanese industrial standard. 


Table 1.3 - European county codes for tire manufacturing. 


Cote County 
Fl Switzerland 
2 Norway 
BE Finland 
El Denmark 
BB Romania 
Eb Poland 
Ei Portugal 
ES Russia 
ED Greeee 
0 Treland 
EAI Croatia 
ETD STovenia 


E13 | Luxembourg E26 | Slovakia 


Example 14 *% Light truck tires. 
The tire sizes for a light truck may be shown in two formats: 


LT245/70R16 


or 
32 x 11.50R16LT 


In the first format, LT Slight truck, 245 Stire width in millimeters, 
70 =aspect ratio in percent, R =radial structure, and 16 =rim diameter in 
inches. 

In the second format, 32 =tire diameter in inches, 11.50 =tire width in 
inches, R =radial structure, 16 =rim diameter in inches, and LT =light 
truck. 
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Example 15 *% UTQG ratings. 

Tire manufacturers may put some other symbols, numbers, and letters 
on their tires supposedly rating their products for wear, wet traction, and 
heat resistance. These characters are referred to as UTQG (Uniform Tire 
Quality Grading), although there is no uniformity and standard in how they 
appear. There is an index for wear to show the average wearing life time 
in mileage. The higher the wear number, the longer the tire lifetime. An 
index of 100 is equivalent to approximately 20000 miles or 30000 km. Other 
numbers are indicated in Table 1.4. 


Table 1.4 - Tread wear rating index. 
Index | Life (Approximate) 


100 20000 mi 
150 30000 mi 
200 40000 mi 
250 50000 mi 
300 60000 mi 
400 80000 mi 


500 | 161000km } 100000 mi 


The UTQG also rates tires for wet traction and heat resistance. These 
are rated in letters between "A" to "C," where "A" is the best, "B" is 
intermediate and "C'" is acceptable. An "A" wet traction rating is typically 
an indication that the tire has a deep open tread pattern with lots of sipping, 
which are the fine lines in the tread blocks. 

An "A" heat resistance rating indicates two things: First, low rolling re- 
sistance due to stiffer tread belts, stiffer sidewalls, or harder compounds; 
second, thinner sidewalls, more stable blocks in the tread pattern. Temper- 
ature rating is also indicated by a letter between "A" to "CM," where "A" 
is the best, "B" is intermediate, and "C'" is acceptable. 

There might also be a traction rating to indicate how well a tire grips 
the road surface. This is an overall rating for both dry and wet conditions. 
Tires are rated as: "AA" for the best, "A" for better, "B" for good, and 
"C'" for acceptable. 


Example 16 *% Tire sidewall additional marks. 

TL = Tubeless 

TT = Tube type, tire with an inner-tube 

Made in Country = Name of the manufacturing country 

C = Commercial tires made for commercial trucks; Example: 185R14C 

B= Bias ply 

SFI = Side facing inwards 

SFO = Side facing outwards 

TWI = Tire wear index 

It is an indicator in the main tire profile, which shows when the tire is 
worn down and needs to be replaced. 
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15 in 16 in 17 in 


205 mm 225 mm 245 mm 


205/65 R15 225/55 R16 245/45 R17 


FIGURE 1.6. The plus one (+1) concept is a rule to find the tire to a rim with 
a 1 inch increase in diameter. 


SL = Standard load; Tire for normal usage and loads 

XL = Extra load; Tire for heavy loads 

rf = Reinforced tires 

Arrow = Direction of rotation 

Some tread patterns are designed to perform better when driven in a 
specific direction. Such tires will have an arrow showing which way the tire 
should rotate when the vehicle is moving forwards. 


Example 17 *% Plus one (+1) concept. 

The plus one (+1) concept describes the sizing up of a rim and matching 
it to a proper tire. Generally speaking, each time we add 1in to the rim 
diameter, we should add 20mm to the tire width and subtract 10% from 
the aspect ratio. This compensates the increases in rim width and diameter, 
and provides the same overall tire radius. Figure 1.6 illustrates the idea. 

By using a tire with a shorter sidewall, we get a quicker steering response 
and better lateral stability. However, we will have a stiffer ride. 


Example 18 * Under- and over-inflated tire. 

Overheat caused by improper inflation of tires is a common tire failure. 
An under-inflated tire will support less of the vehicle weight with the air 
pressure in the tire; therefore, more of the vehicle weight will be supported 
by the tire. This tire load increase causes the tire to have a larger tireprint 
that creates more friction and more heat. 

In an over-inflated tire, too much of the vehicle weight is supported by the 
tire air pressure. The vehicle will be bouncy and hard to steer because the 
tireprint is small and only the center portion of the tireprint is contacting 
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FIGURE 1.7. Ilustration of a sample radial tire interior components and arrange- 
ment. 


the road surface. 

In a properly-inflated tire, approximately 95% of the vehicle weight is 
supported by the air pressure in the tire and 5% is supported by the tire 
wall. 


1.2. Tire Components 


A tire is an advanced engineering product made of rubber and a series 
of synthetic materials cooked together. Fiber, textile, and steel cords are 
some of the components that go into the tire’s inner liner, body plies, bead 
bundle, belts, sidewalls, and tread. Figure 1.7 illustrates a sample of tire 
interior components and their arrangement. 

The main components of a tire are explained below. 

Bead or bead bundle is a loop of high strength steel cable coated with 
rubber. It gives the tire the strength it needs to stay seated on the wheel 
rim and to transfer the tire forces to the rim. 

Inner layers are made up of different fabrics, called plies. The most 
common ply fabric is polyester cord. The top layers are also called cap 
plies. Cap plies are polyesteric fabric that help hold everything in place. 
Cap plies are not found on all tires; they are mostly used on tires with higher 
speed ratings to help all the components stay in place at high speeds. 

An inner liner is a specially compounded rubber that forms the inside 
of a tubeless tire. It inhibits loss of air pressure. 
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Belts or belt buffers are one or more rubber-coated layers of steel, poly- 
ester, nylon, Kevlar or other materials running circumferentially around 
the tire under the tread. They are designed to reinforce body plies to hold 
the tread flat on the road and make the best contact with the road. Belts 
reduce squirm to improve tread wear and resist damage from impacts and 
penetration. 

The carcass or body plies are the main part in supporting the tension 
forces generated by tire air pressure. The carcass is made of rubber-coated 
steel or other high strength cords tied to bead bundles. The cords in a 
radial tire, as shown in Figure 1.7, run perpendicular to the tread. The 
plies are coated with rubber to help them bond with the other components 
and to seal in the air. 

A tire’s strength is often described by the number of carcass plies. Most 
car tires have two carcass plies. By comparison, large commercial jetliners 
often have tires with 30 or more carcass plies. 

The sidewall provides lateral stability for the tire, protects the body 
plies, and helps to keep the air from escaping from the tire. It may contain 
additional components to help increase the lateral stability. 

The tread is the portion of the tire that comes in contact with the road. 
Tread designs vary widely depending on the specific purpose of the tire. The 
tread is made from a mixture of different kinds of natural and synthetic 
rubbers. The outer perimeter of a tire is also called the crown. 

The tread groove is the space or area between two tread rows or blocks. 
The tread groove gives the tire traction and is especially useful during rain 
or snow. 


Example 19 Tire rubber main material. 

There are two major ingredients in a rubber compound: the rubber and the 
filler. They are combined in such a way to achieve different objectives. The 
objective may be performance optimization, traction maximization, or better 
rolling resistance. The most common fillers are different types of carbon 
black and silica. The other tire ingredients are antioxidants, antiozonant, 
and anti-aging agents. 

Tires are combined with several components and cooked with a heat treat- 
ment. The components must be formed, combined, assembled, and cured to- 
gether. Tire quality depends on the ability to blend all of the separate com- 
ponents into a cohesive product that satisfies the driver’s needs. A modern 
tire is a mixture of steel, fabric, and rubber. Generally speaking, the weight 
percentage of the components of a tire are: 

1— Reinforcements: steel, rayon, nylon, 16% 

2— Rubber: natural/synthetic, 38% 

3— Compounds: carbon, silica, chalk, 30% 

4— Softener: oil, resin, 10% 

5— Vulcanization: sulfur, zinc oxide, 4% 

6— Miscellaneous, 2% 
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Example 20 Tire cords. 

Because tires have to carry heavy loads, steel and fabric cords are used in 
their construction to reinforce the rubber compound and provide strength. 
The most common materials suitable for the tire application are cotton, 
rayon, polyester, steel, fiberglass, and aramid. 


Example 21 Bead components and preparation. 

The bead component of tires is a non-extensible composite loop that an- 
chors the carcass and locks the tire into the rim. The tire bead components 
include the steel wire loop and apex or bead filler. The bead wire loop is 
made from a steel wire covered by rubber and wound around the tire with 
several continuous loops. The bead filler is made from a very hard rubber 
compound, which is extruded to form a wedge. 


Example 22 Tire ply construction. 

The number of plies and cords indicates the number of layers of rubber- 
coated fabric or steel cords in the tire. In general, the greater the number of 
plies, the more weight a tire can support. Tire manufacturers also indicate 
the number and type of cords used in the ttre. 


Example 23 *% Tire tread extrusion. 

Tire tread, or the portion of the tire that comes in contact with the road, 
consists of the tread, tread shoulder, and tread base. Since there are at least 
three different rubber compounds used in forming the tread profile, three 
rubber compounds are extruded simultaneously into a shared extruder head. 


Example 24 * Different rubber types used in tires. 

There are five major rubbers used in tire production: natural rubber, 
styrene-butadiene rubber (SBR), polybutadiene rubber (BR), butyl rubber, 
and halogenated butyl rubber. The first three are primarily used for tread 
and sidewall compounds, while butyl rubber and halogenated butyl rubber 
are primarily used for the inner liner and the inside portion that holds the 
compressed air inside the tire. 


Example 25 *% History of rubber. 

About 2500 years ago, people living in Central and South America used 
the sap and latex of a local tree to waterproof their shoes, and clothes. This 
material was introduced to the first pilgrim travelers in the 17th century. 
The first application of this new material was discovered by the English as 
an eraser. This application supports the name rubber, because it was used 
for rubbing out pencil marks. The rubber pneumatic tires were invented in 
1845 and its production began in 1888. 

The natural rubber is a mixture of polymers and isomers. The main rub- 
ber isomer is shown in Figure 1.8 and is called isoprene. The natural 
rubber may be vulcanized to make longer and stronger polyisopren, suitable 
for tire production. Vulcanization is usually done by sulfur as cross-links. 
Figure 1.9 illustrates a vulcanized rubber polymer. 
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FIGURE 1.9. Illustration of a vulcanized rubber. 


Example 26 *% A world without rubber. 

Rubber is the main material used to make a tire compliant. A compliant 
tire can stick to the road surface while it goes out of shape and provides 
distortion to move in another direction. The elastic characteristic of a tire 
allows the tire to be pointed in a direction different than the direction the 
car is pointed. There is no way for a vehicle to turn without rubber tires, 
unless it moves at a very low speed. If vehicles were equipped with only 
noncompliant wheels then trains moving on railroads would be the main 
travelling vehicles. People could not live too far from the railways and there 
would not be much use for bicycles and motorcycles. 


1.3. Radial and Non-Radial Tires 


Tires are divided in two classes: radial and non-radial, depending on the 
angle between carcass metallic cords and the tire-plane. Each type of tire 
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FIGURE 1.10. Examples of a non-radial tire’s interior components and arrange- 
ment. 


construction has its own set of characteristics that are the key to its per- 
formance. 

The radial tire is constructed with reinforcing steel cable belts that are 
assembled in parallel and run side to side, from one bead to another bead at 
an angle of 90 deg to the circumferential centerline of the tire. This makes 
the tire more flexible radially, which reduces rolling resistance and improves 
cornering capability. Figure 1.7 shows the interior structure and the carcass 
arrangement of a radial tire. 

The non-radial tires are also called bias-ply and cross-ply tires. The plies 
are layered diagonal from one bead to the other bead at about a 30deg 
angle, although any other angles may also be applied. One ply is set on 
a bias in one direction as succeeding plies are set alternately in opposing 
directions as they cross each other. The ends of the plies are wrapped 
around the bead wires, anchoring them to the rim of the wheel. Figure 
1.10 shows the interior structure and the carcass arrangement of a non- 
radial tire. 

The most important difference in the dynamics of radial and non-radial 
tires is their different ground sticking behavior when a lateral force is ap- 
plied on the wheel. This behavior is shown in Figure 1.11. The radial tire, 
shown in Figure 1.11(a), flexes mostly in the sidewall and keeps the tread 
flat on the road. The bias-ply tire, shown in Figure 1.11(b) has less contact 
with the road as both tread and sidewalls distort under a lateral load. 

The radial arrangement of carcass in a radial tire allows the tread and 
sidewall act independently. The sidewall flexes more easily under the weight 
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(a) Radial tire (b) Non-Radial tire 


FIGURE 1.11. Ground-sticking behavior of radial and non-radial tires in the 
presence of a lateral force. 


of the vehicle. So, more vertical deflection is achieved with radial tires. As 
the sidewall flexes under the load, the belts hold the tread firmly and 
evenly on the ground and reduces tread scrub. In a cornering maneuver, 
the independent action of the tread and sidewalls keeps the tread flat on 
the road. This allows the tire to hold its path. Radial tires are the preferred 
tire in most applications today. 

The cross arrangement of carcass in bias-ply tires allows it act as a unit. 
When the sidewalls deflect or bend under load, the tread squeezes in and 
distorts. This distortion affects the tireprint and decrease traction. Because 
of the bias-ply inherent construction, sidewall strength is less than that of 
a radial tire’s construction and cornering is less effective. 


Example 27 Increasing the strength of tires. 

The strength of bias-ply tires increases by increasing the number of plies 
and bead wires. However, more plies means more mass, which increases heat 
and reduces tire life. To increase a radial tire’s strength, larger diameter 
steel cables are used in the tire’s carcass. 


Example 28 Tubeless and tube-type tire construction. 

A tubeless tire is similar in construction to a tube-type tire, except that a 
thin layer of air and moisture-resistant rubber is used on the inside of the 
tubeless tire from bead to bead to obtain an internal seal of the casing. This 
eliminates the need for a tube and flap. Both tires, in equivalent sizes, can 
carry the same load at the same inflation pressure. 


Example 29 *% New shallow tires. 

Low aspect ratio tires are radial tubeless tires that have a section width 
wider than their section height. The aspect ratio of these tires is between 
50% to 30%. Therefore, shallow tires have shorter sidewall heights and 
wider tread widths. This feature improves stability and handling from a 
higher lateral spring rates. 
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Example 30 * Tire function. 

A tire is a pneumatic system to support a vehicle’s load. Tires support 
a vehicle’s load by using compressed air to create tension in the carcass 
plies. Tire carcass are a series of cords that have a high tension strength, 
and almost no compression strength. So, it is the air pressure that creates 
tension in the carcass and carries the load. In an inflated and unloaded tire, 
the cords pull equally on the bead wire all around the tire. When the tire is 
loaded, the tension in the cords between the rim and the ground is relieved 
while the tension in other cords is unchanged. Therefore, the cords opposite 
the ground pull the bead upwards. This is how pressure is transmitted from 
the ground to the rim. 

Besides vertical load carrying, a tire must transmit acceleration, braking, 
and cornering forces to the road. These forces are transmitted to the rim 
in a similar manner. Acceleration and braking forces also depend on the 
friction between the rim and the bead. A tire also acts as a spring between 
the rim and the road. 


1.4 Tread 


The tread pattern is made up of tread lugs and tread voids. The lugs are 
the sections of rubber that make contact with the road and voids are the 
spaces that are located between the lugs. Lugs are also called slots or blocks, 
and voids are also called grooves. The tire tread pattern of block-groove 
configurations affect the tire’s traction and noise level. Wide and straight 
grooves running circumferentially have a lower noise level and high lateral 
friction. More lateral grooves running from side to side increase traction 
and noise levels. A sample of a tire tread is shown in Figure 1.12. 

Tires need both circumferential and lateral grooves. The water on the 
road is compressed into the grooves by the vehicle’s weight and is evacuated 
from the tireprint region, providing better traction at the tireprint contact. 
Without such grooves, the water would not be able to escape out to the 
sides of the wheel. This would causes a thin layer of water to remain between 
the road and the tire, which causes a loss of friction with the road surface. 
Therefore, the grooves in the tread provide an escape path for water. 

On a dry road, the tire treads reduce grip because they reduce the contact 
area between the rubber and the road. This is the reason for using treadless 
or slick tires at smooth and dry race tracks. 

The mud-terrain tire pattern is characterized by large lugs and large 
voids. The large lugs provide large bites in poor traction conditions and 
the large voids allow the tire to clean itself by releasing and expelling the 
mud and dirt. The all-terrain tire pattern is characterized by smaller voids 
and lugs when compared to the mud terrain tire. A denser pattern of lugs 
and smaller voids make all-terrain tires quieter on the street. However, 
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FIGURE 1.12. A sample of tire tread to show lugs and voids. 


smaller voids cannot clean themselves easily and if the voids fill up with 
mud, the tire loses some of it’s traction. The all-terrain tire is good for 
highway driving. 


Example 31 Asymmetrical and directional tread design. 

The design of the tread pattern may be asymmetric and change from one 
side to the other. Asymmetric patterns are designed to have two or more 
different functions and provide a better overall performance. 

A directional tire is designed to rotate in only one direction for maximum 
performance. Directional tread pattern is especially designed for driving on 
wet, snowy, or muddy roads. A non-directional tread pattern is designed to 
rotate in either direction without sacrificing in performance. 


Example 32 Selj-cleaning. 

Self-cleaning is the ability of a tire’s tread pattern to release mud or 
material from the voids of tread. This ability provides good bite on every 
rotation of the tire. A better mud tire releases the mud or material easily 
from the tread voids. 


1.5 ¥% Hydroplaning 


Hydroplaning is sliding of a tire on a film of water. Hydroplaning can occur 
when a car drives through standing water and the water cannot totally 
escape out from under the tire. This causes the tire to lift off the ground 
and slide on the water. The hydroplaning tire will have little traction and 
therefore, the car will not obey the driver’s command. 
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Ground plane 


FIGURE 1.13. Illustration of hydroplaning phnomena. 


Deep grooves running from the center front edge of the tireprint to the 
corners of the back edges, along with a wide central channel help water 
to escape from under the tire. Figure 1.13 illustrates the hydroplaning 
phenomena when the tire is riding over a water layer. 

There are three types of hydroplaning: dynamic, viscous, and rubber 
hydroplaning. Dynamic hydroplaning occurs when standing water on a wet 
road is not displaced from under the tires fast enough to allow the tire to 
make pavement contact over the total tireprint. The tire rides on a wedge of 
water and loses its contact with the road. The speed at which hydroplaning 
happens is called hydroplaning speed. 

Viscous hydroplaning occurs when the wet road is covered with a layer 
of oil, grease, or dust. Viscous hydroplaning happens with less water depth 
and at a lower speed than dynamic hydroplaning. 

Rubber hydroplaning is generated by superheated steam at high pressure 
in the tireprint, which is caused by the friction-generated heat in a hard 
braking. 


Example 33 Aeronautic hydroplaning speed. 
In aerospace engineering the hydroplaning speed is estimated in [knots] 


by 
vH = 94/p (1.6) 
where, p is tire inflation pressure in [psi]. 
For main wheels of a B757 aircraft, the hydroplaning speed would be 


vH = 9v144 
108 knots % 55.5m/s. 


Equation (1.6) for a metric system would be 
Ug = 5.5753 x 1077,/p (1.7) 


where vz is in [m/s] and p is in [Pa]. As an example, the hydroplaning 
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FIGURE 1.14. A tireprint. 


speed of a car using tires with pressure 28psi © 193053 Pa is 

5.5753 x 10-?/193053 

24.5 m/s (1.8) 
= 47.6knots = 88.2km/h = 54.8 mi/h. 


I 


Va 
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1.6 ‘Tireprint 


The contact area between a tire and the road is called the tireprint and is 
shown by Ap. At any point of a tireprint, the normal and friction forces are 
transmitted between the road and tire. The effect of the contact forces can 
be described by a resulting force system including force and torque vectors 
applied at the center of the tireprint. 

The tireprint is also called contact patch, contact region, or tire footprint. 
A simplified model of tireprint is shown in Figure 1.14. 

The area of the tireprint is inversely proportional to the tire pressure. 
Lowering the tire pressure is a technique used for off-road vehicles in sandy, 
muddy, or snowy areas, and for drag racing. Decreasing the tire pressure 
causes the tire to slump so more of the tire is in contact with the surface, 
giving better traction in low friction conditions. It also helps the tire grip 
small obstacles as the tire conforms more to the shape of the obstacle, and 
makes contact with the object in more places. Low tire pressure increases 
fuel consumption, tire wear, and tire temperature. 


Example 34 Uneven wear in front and rear tires. 

In most vehicles, the front and rear tires will wear at different rates. So, 
it is advised to swap the front and rear tires as they wear down to even out 
the wear patterns. This is called rotating the tires. 
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FIGURE 1.15. Illustration of a wheel and its dimensions. 


Front tires, especially on front-wheel drive vehicles, wear out more quickly 
than rear tires. 


1.7 Wheel and Rim 


When a tire is installed on a rim and is inflated, it is called a wheel. A wheel 
is a combined tire and rim. The rim is the metallic cylindrical part where 
the tire is installed. Most passenger cars are equipped with steel rims. The 
steel rim is made by welding a disk to a shell. However, light alloy rims 
made with light metals such as aluminium and magnesium are also popular. 
Figure 1.15 illustrates a wheel and the most important dimensional names. 

A rim has two main parts: flange and spider. The flange or hub is the ring 
or shell on which the tire is mounted. The spider or center section is the 
disc section that is attached to the hub. The rim width is also called pan 
width and measured from inside to inside of the bead seats of the flange. 
Flange provides lateral support to the tire. A flange has two bead seats 
providing radial support to the tire. The well is the middle part between 
the bead seats with sufficient depth and width to enable the tire beads to 
be mounted and demounted on the rim. The rim hole or valve aperture is 
the hole or slot in the rim that accommodates the valve for tire inflation. 

There are two main rim shapes: 1— drop center rim (DC) and, 2— wide 
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FIGURE 1.16. Illustration of DC, WDC, and WDCH rims and their geometry. 
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FIGURE 1.17. A sample rim number. 


drop center rim (WDC). The WDC may also come with a hump. The 
humped WDC may be called WDCH. Their cross sections are illustrated 
in Figure 1.16. 

Drop center (DC) rims usually are symmetric with a well between the 
bead seats. The well is built to make mounting and demounting the tire 
easy. The bead seats are around 5deg tapered. Wide drop center rims 
(WDC) are wider than DC rims and are built for low aspect ratio tires. 
The well of WDC rims are shallower and wider. Today, most passenger 
cars are equipped with WDC rims. The W DC rims may be manufactured 
with a hump behind the bead seat area to prevent the bead from slipping 
down. 

A sample of rim numbering and its meaning is shown in Figure 1.17. 
Rim width, rim diameter, and offset are shown in Figure 1.15. Offset is 
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FIGURE 1.18. Illustration of a wheel attched to the spindle axle. 


the distance between the inner plane and the center plane of the rim. A 
rim may be designed with a negative, zero, or positive offset. A rim has a 
positive offset if the spider is outward from the center plane. 

The flange shape code signifies the tire-side profile of the rim and can be 
B,C, D, E, F,G, J, JJ, JK, and K. Usually the profile code follows the 
nominal rim width but different arrangements are also used. Figure 1.18 
illustrates how a wheel is attached to the spindle axle. 


Example 35 Wire spoke wheel. 

A rim that uses wires to connect the center part to the exterior flange 
is called a wire spoke wheel, or simply a wire wheel. The wires are called 
spokes. This type of wheel is usually used on classic vehicles. The high- 
power cars do not use wire wheels because of safety. Figure 1.19 depicts 
two examples of wire spoke wheels. 


Example 36 Light alloy rim material. 

Metal is the main material for manufacturing, rims, however, new com- 
posite materials are also used for rims occasionally. Composite material 
rims are usually thermoplastic resin with glass fiber reinforcement, devel- 
oped mainly for low weight. Their strength and heat resistance still need 
improvement before being a proper substitute for metallic rims. 

Other than steel and composite materials, light alloys such as aluminum, 
magnesium, and titanium are used for manufacturing rims. 

Aluminum is very good for its weight, thermal conductivity, corrosion re- 
sistance, easy casting, low temperature, easy machine processing, and recy- 
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FIGURE 1.19. Two samples of wire spoke wheel. 
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FIGURE 1.20. The difference between aluminum, magnesium, and steel rims in 
regaining road contact after a jump. 


cling. Magnesium is about 30% lighter than aluminum, and is excellent for 
size stability and impact resistance. However, magnesium is more expensive 
and it is used mainly for luxury or racing cars. The corrosion resistance of 
magnesium is not as good as aluminum. Titanium is much stronger than 
aluminum with excellent corrosion resistance. However, titanium is expen- 
sive and hard to be machine processed. 

The difference between aluminum, magnesium, and steel rims is illus- 
trated in Figure 1.20. Light weight wheels regain contact with the ground 
quicker than heavier wheels. 


Example 37 Spare tire. 

Road vehicles typically carry a spare tire, which is already mounted on a 
rim ready to use in the event of flat tire. After 1980, some cars have been 
equipped with spare tires that are smaller than normal size. These spare 
tires are called doughnuts or space-saver spare tires. Although the doughnut 
spare tire is not very useful or popular, it can help to save a little space, 
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weight, cost, and gas mileage. Doughnut spare tires can not be driven far 
or fast. 


Example 38 Wheel history. 

Stone and wooden wheels were invented and used somewhere in the Mid- 
dle East about 5000 years ago. Hard wheels have some inefficient character- 
istics namely poor traction, low friction, harsh ride, and poor load carrying 
capacity. 

Solid rubber tires and air tube tires began to be used in the late nineteen 
and early twentieth century. 


1.8 Vehicle Classifications 


Road vehicles are usually classified based on their size and number of axles. 
Although there is no standard or universally accepted classification method, 
there are a few important and applied vehicle classifications. 


1.8.1 ISO and FHWA Classification 
1S03833 classifies ground vehicles in 7 groups: 


1— Motorcycles 

2— Passenger cars 

3— Busses 

4— Trucks 

5— Agricultural tractors 

6— Passenger cars with trailer 

7— Truck trailer/semi trailer road trains 


The Federal Highway Administration (FHWA) classifies road vehicles 
based on size and application. All road vehicles are classified in 13 classes 
as described below: 


1— Motorcycles 

2— Passenger cars, including cars with a one-axle or two-axle trailer 

3— Other two-axle vehicles, including: pickups, and vans, with a one-axle 
or two-axle trailer 

4— Buses 

5— Two axle, six-tire single units 

6— Three-axle single units 

7— Four or more axle single units 

8— Four or fewer axle single trailers 

9— Five-axle single trailers 

10— Six or more axle single trailers 

11— Five or less axle multi-trailers 
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12— Six-axle multi-trailers 
13— Seven or more axle multi-trailers 


Figure 1.21 illustrates the FHWA classification. The definition of FHWA 
classes follow. 

Motorcycles: Any motorvehicle having a seat or saddle and no more 
than three wheels that touch the ground is a motorcycle. Motorcycles, 
motor scooters, mopeds, motor-powered or motor-assisted bicycles, and 
three-wheel motorcycles are in this class. Motorcycles are usually, but not 
necessarily, steered by handlebars. Figure 1.22 depicts a three-wheel mo- 
torcycle. 

Passenger Cars: Street cars, including sedans, coupes, and station wag- 
ons manufactured primarily for carrying passengers, are in this class. Fig- 
ure 1.23 illustrates a two-door passenger car. Passenger cars are also called 
street cars, automobiles, or autos. 

Other Two-Azle, Four-Tire Single-Unit Vehicles: All two-axle, four-tire 
vehicles other than passenger cars make up this class. This class includes 
pickups, panels, vans, campers, motor homes, ambulances, hearses, car- 
ryalls, and minibuses. Other two-axle, four-tire single-unit vehicles pulling 
recreational or light trailers are also included in this class. Distinguishing 
class 3 from class 2 is not clear, so these two classes may sometimes be 
combined into class 2. 

Buses: A motor vehicle able to carry more than ten persons is a bus. 
Buses are manufactured as traditional passenger-carrying vehicles with two 
axles and six tires. However, buses with three or more axles are also man- 
ufactured. 

Two-Azle, Six-Tire, Single-Unit Trucks: Vehicles on a single frame in- 
cluding trucks, camping and recreational vehicles, motor homes with two 
axles, and dual rear wheels are in this class. 

Three-Azle Single-Unit Trucks: Vehicles having a single frame including 
trucks, camping, recreational vehicles, and motor homes with three axles 
are in this class. 

Four-or-More-Azle-Single- Unit Trucks: All trucks on a single frame with 
four or more axles make up this class. 

Four-or-Fewer-Azle Single-Trailer Trucks: Vehicles with four or fewer 
axles consisting of two units, one of which is a tractor or straight truck 
power unit, are in this class. 

Five-Azle Single- Trailer Trucks: Five-axle vehicles consisting of two units, 
one of which is a tractor or straight truck power unit, are in this class. 

Siz-or-More-Azle Single- Trailer Trucks: Vehicles with six or more axles 
consisting of two units, one of which is a tractor or straight truck power 
unit, are in this class. 

Five-or-Fewer-Azle Multi- Trailer Trucks: Vehicles with five or fewer axles 
consisting of three or more units, one of which is a tractor or straight truck 
power unit, are in this class. 
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FIGURE 1.21. The FHWA vehicle classification. 


28 1. Tire and Rim Fundamentals 


FIGURE 1.23. A two-door passenger car. 


Siz-Azle Multi-Trailer Trucks: Six-axle vehicles consisting of three or 
more units, one of which is a tractor or straight truck power unit, are in 
this class. 

Seven or More Azle Multi-Trailer Trucks: Vehicles with seven or more 
axles consisting of three or more units, one of which is a tractor or straight 
truck power unit are in this class. 

The classes 6 to 13 are also called truck. A truck is a motor vehicle 
designed primarily for carrying load and/or property. 


1.8.2 Passenger Car Classifications 


A passenger car or automobile is a motorvehicle designed for carrying ten 
or fewer persons. Automobiles may be classified based on their size and 
weight. Size classification is based on wheelbase, the distance between front 
and rear axles. Weight classification is based on curb weight, the weight of 
an automobile with standard equipment, and a full complement of fuel 
and other fluids, but with no load, persons, or property. The wheelbase is 
rounded to the nearest inch and the curb weight to the nearest 1001lb = 
50 kg before classification. 

For a size classification, passenger car may be classified as a small, mid- 
size, and large car. Small cars have a wheelbase of less than 99 in + 2.5m, 
midsize cars have a wheelbase of less than 109 in + 2.8m and greater than 
100 in + 2.5m, and large cars have a wheelbase of more than 110 in = 2.8 m. 
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Each class may also be divided further. 

For a weight classification, passenger car may be classified as light, mid- 
weight, and heavy. Light weight cars have a curb weight of less than 2400 Ib = 
1100 kg, midweight cars have a curb weight of less than 3400lb = 1550 kg 
and more than 2500lb = 1150kg, and heavy cars have a curb weight of 
more than 3500 lb + 1600 kg. Each class may also be divided in some sub- 
divisions. 

Dynamically, passenger cars may be classified by their type of suspension, 
engine, driveline arrangement, weight distribution, or any other parameters 
that affect the dynamics of a car. However, in the market, passenger cars 
are usually divided into the following classes according to the number of 
passengers and load capacity. 


1— Economy 

2— Compact 

3— Intermediate 

4— Standard Size 
5— Full Size 

6— Premium Luxury 
7— Convertible Premium 
8— Convertible 

9— Minivan 

10— Midsize 

11— SUV 


In another classification, cars are divided according to size and shape. 
However, using size and shape to classify passenger cars is not clear-cut; 
many vehicles fall in between classes. Also, not all are sold in all countries, 
and sometimes their names differ between countries. Common entries in the 
shape classification are the sedan, coupe, convertible, minivan/van, wagon, 
and SUV. 

A sedan is a car with a four-door body configuration and a conventional 
trunk or a sloping back with a hinged rear cargo hatch that opens upward. 

A coupe is a two-door car. 

A convertible is a car with a removable or retractable top. 

A minivan/van is a vehicle with a box-shaped body enclosing a large 
cargo or passenger area. The identified gross weight of a van is less than 
10000 lb = 4500 kg. Vans can be identifiable by their enclosed cargo or pas- 
senger area, short hood, and box shape. Vans can be divided into mini van, 
small van, midsize van, full-size van, and large van. The van subdivision 
has the same specifications as SUV subdivisions. 

A wagon is a car with an extended body and a roofline that extends past 
the rear doors. 

An SUV (sport utility vehicle) is a vehicle with off-road capability. SUV 
is designed for carrying ten or fewer persons, and generally considered a 
multi-purpose vehicle. Most SUVs are four-wheel-drive with and increased 
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ground clearance. The SUV is also known as 4-by-4, 4WD, 4 x 4 or 44. 
SUVs can be divided into mini, small, midsize, full-size, and large SUV. 

Mini SUVs are those with a wheelbase of less than or equal to 88in & 
224cm. A mini SUV is typically a microcar with a high clearance, and 
off-road capability. Small SUVs have a wheelbase of greater than 88in % 
224cm with an overall width of less than 66in % 168cm. Small SUVs 
are short and narrow 4 x 4 multi-purpose vehicles. Midsize SUVs have a 
wheelbase of greater than 88in ~ 224cm with an overall width greater 
than 66in ~ 168cm, but less than 75in + 190cm. Midsize SUVs are 4 x 4 
multi-purpose vehicles designed around a shortened pickup truck chassis. 
Full-size SUVs are made with a wheelbase greater than 88 in + 224cm and 
a width between 75in + 190cm and 80in = 203 cm. Full-size SUVs are 4x4 
multi-purpose vehicles designed around an enlarged pickup truck chassis. 
Large SUVs are made with a wheelbase of greater than 88 in + 224cm and 
a width more than 80in © 203 cm. 

Because of better performance, the vehicle manufacturing companies are 
going to make more cars four-wheel-drive. So, four-wheel-drive does not 
refer to a specific class of cars anymore. 

A truck is a vehicle with two or four doors and an exposed cargo box. A 
light truck has a gross weight of less than 100001lb = 4500kg. A medium 
truck has a gross weight from 100001b + 4500 kg to 26 0001b & 12000 kg. 
A heavy truck is a truck with a gross weight of more than 26000lb = 
12000 kg. 


1.8.3 Passenger Car Body Styles 


Passenger cars are manufactured in so many different styles and shapes. 
Not all of those classes are made today, and some have new shapes and still 
carry the same old names. Some of them are as follows: 

Convertible or cabriolet cars are automobiles with removable or retractable 
rooves. There are also the subdivisions cabrio coach or semi-convertible 
with partially retractable rooves. 

Coupé or coupe are two-door automobiles with two or four seats and a 
fixed roof. In cases where the rear seats are smaller than regular size, it is 
called a two-plus-two or 2 + 2. Coupé cars may also be convertible. 

Crossover SUV or XUV cars are smaller sport utility vehicles based on 
a car platform rather than truck chassis. Crossover cars are a mix of SUV, 
minivan, and wagon to encompass some of the advantages of each. 

Estate car or just estate is the British/English term for what North 
Americans call a station wagon. 

Hardtop cars are those having a removable solid roof on a convertible car. 
However, today a fixed-roof car whose doors have no fixed window frame 
are also called a hardtops. 

Hatchback cars are identified by a rear door, including the back window 
that opens to access a storage area that is not separated from the rest of 
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the passenger compartment. A hatchback car may have two or four doors 
and two or four seats. They are also called three-door, or five-door cars. A 
hatchback car is called a liftback when the opening area is very sloped and 
is lifted up to open. 

A limousine is a chauffeur-driven car with a glass-window dividing the 
front seats from the rear. Limousines are usually an extended version of a 
luxury car. 

Minivans are boxy wagon cars usually containing three rows of seats, 
with a capacity of six or more passengers and extra luggage space. 

An MPV (multi-purpose vehicle) is designed as large cars or small buses 
having off-road capability and easy loading of goods. However, the idea 
for a car with a multi-purpose application can be seen in other classes, 
especially SUVs. 

Notchback cars are something between the hatchback and sedan. Notch- 
back is a sedan with a separate trunk compartment. 

A pickup truck (or simply pickup) is a small or medium-sized truck with 
a separate cabin and rear cargo area. Pickups are made to act as a personal 
truck, however they might also be used as light commercial vehicles. 

Sedan is the most common body style that are cars with four or more 
seats and a fixed roof that is full-height up to the rear window. Sedans can 
have two or four doors. 

Station wagon or wagon is a car with a full-height body all the way to the 
rear; the load-carrying space created is accessed via a rear door or doors. 


1.9 Summary 


Tires are the only component of a vehicle to transfer forces between the road 
and the vehicle. Tire classification parameters are indicated on the sidewall, 
such as dimensions, maximum load-carrying capacity, and maximum speed 
index. A sample of tire size and performance code is shown in Figure 1.24 
and their definitions are explained as follows: 


P 215/60R15 96H 


FIGURE 1.24. A sample of tire size. 


stands for passenger car. is the unloaded tire width, in [mm]. 


is the aspect ratio of the tire, sp = bg x 100, which is the section 
height to tire width, expressed as a percentage. stands for radial. 


is the rim diameter that the tire is designed to fit in [in]. is the 


load index, and is the speed rate index. 
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Road vehicles are usually classified based on their size and number of 
axles. There is no universally accepted standard classification, however, 
ISO and FHWA present two important classifications in North America. 
1S03833 classifies ground vehicles into seven groups: 


1- Motorcycles 

2- Passenger cars 

3- Busses 

4- Trucks 

5- Agricultural tractors 

6- Passenger cars with trailer 

7- Truck trailer/semitrailer road trains 


FHWA classifies all road vehicles into 13 classes: Motorcycles 


1- Motorcycles 

2- Passenger cars with one or two axles trailer 
3- Other two-axle four-wheel single units 
4- Buses 

5- Two-axle six-wheel single units 

6- Three-axle single units 

7- Four-or-more-axle single units 
8-Four-or-less-axle single trailers 
9-Five-axle single trailers 
10-Six-or-more-axle single trailers 
11-Five-or-less-axle multi-trailers 
12-Six-axle-multi-trailers 
13-Seven-or-more-axle multi-trailers 


1.10 Key Symbols 
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tireprint area 

bias ply tire 

tire diameter 

diagonal 

drop center rim 

Department of Transportation 
Federal Highway Administration 
section height 

speed rate 

humped wide drop center rim 
light truck 

mud and snow 

tire inflation pressure 
passenger car 

radial tire 

aspect ratio 

special trailer 

temporary tire 

hydroplaning speed 

forward velocity of vehicle 
tire width 

wide drop center rim 


33 


34 1. Tire and Rim Fundamentals 


Exercises 


1. Problem of tire beads. 


Explain what would be the possible problem for a tire that has tight 
or loose beads. 


2. Tire size codes. 


Explain the meaning of the following tire size codes: 


(a) 
10.00R20 14(G) 
(b) 
18.4R4A6 
(c) 
480/80R46155.A8 
(d) 
18.4 — 38(10) 
(e) 
76 x 50.00B32 = 1250/45B32 
(f) 
LT255/85B16 
(g) 


33012.50R15LT 


3. Tire height and diameter. 
Find the tire height hr and diameter D for the following tires. 


(a) 
480/80.R46 155A8 
(b) 
P215/65R15 96H 
4. % Plus one. 


Increase 1 in to the diameter of the rim of the following tires and find 
a proper tire for the new rim. 


P215/65R15 96H 
P215/60R15 96H 
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. Tire of Porsche 911 turbo?™. 


A model of Porsche 911 turbo7™ uses the following tires. 


front 235/35ZR19 
rear 305/30ZR19 


Determine and compare hr, and D for the front and rear tires. 


. Tire of Porsche Cayenne turbo!™. 


A model of Porsche Cayenne turbo! ™ js an all-wheel-drive that uses 
the following tire. 
255/55R18 


What is the angular velocity of its tires when it is moving at the top 
speed v = 171 mi/h ~ 275 km/h? 


. Tire of Ferrari P 4/5 by Pininfarina?” . 


A model of Ferrari P 4/5 by Pininfarina? is a rear-wheel-drive sport 
car that uses the following tires. 


front 255/352ZR20 
rear 335/30ZR20 


What is the angular velocity of its tires when it is moving at the top 
speed v = 225 mi/h & 362 km/h? 


. Tire of Mercedes-Benz SLR 722 Edition?™. 


A model of Mercedes-Benz SLR 722 Edition?™ uses the following 


tires. 
front 255/35R19 


rear 295/30R19 


What is the speed of this car if its rear tires are turning at 
w = 2000 rmp. 
At that speed, what would be the angular velocity of the front tires? 


. Tire of Chevrolet Corvette Z067™. 


A model of Chevrolet Corvette Z067™ uses the following tires. 


front 275/35ZR18 
rear 325/30ZR19 


What is the speed of this car if its rear tires are turning at 
w = 2000 rmp. 


At that speed, what would be the angular velocity of the front tires? 
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10. Tire of Koenigsegg CCX™™. 
Koenigsegg CCX?™ is a sport car, equipped with the following tires. 


front 255/35R19 
rear 335/30R20 


What is the angular speed ratio of the rear tire to the front tire? 


Part I 


One-Dimensional Vehicle 
Dynamics 


2 


Forward Vehicle Dynamics 


Straight motion of an ideal rigid vehicle is the subject of this chapter. 
We ignore air friction and examine the load variation under the tires to 
determine the vehicle’s limits of acceleration, road grade, and kinematic 
capabilities. 


2.1 Parked Car on a Level Road 


When a car is parked on level pavement, the normal force, F,, under each 
of the front and rear wheels, F,,, F.,, are 


1 
Ey = mg (2.1) 
1 ay 


where, a; is the distance of the car’s mass center, C’, from the front axle, 
ag is the distance of C from the rear axle, and / is the wheel base. 


l=a,+a2 (2.3) 
Z 
A 
a? a] 
< Pit > 


@® ¢ 6 ‘ 


PsP) mg 2F 7; 


FIGURE 2.1. A parked car on level pavement. 
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Proof. Consider a longitudinally symmetrical car as shown in Figure 2.1. 
It can be modeled as a two-axel vehicle. A symmetric two-axel vehicle is 
equivalent to a rigid beam having two supports. The vertical force under 
the front and rear wheels can be determined using planar static equilibrium 
equations. 


SSO (2.4) 
S>M, =0 (2.5) 
Applying the equilibrium equations 


2F,, + 2F.,, — mg =0 
—2F,, a, + 2F,, a2 = 0 


provide the reaction forces under the front and rear tires. 


1 a 
Fa = 29a 7 
= sng (2.8) 
1 a 
Fay = 29a = 
| sng (2.9) 


Example 39 Reaction forces under wheels. 
A car has 890kg mass. Its mass center, C, is 78cm behind the front 
wheel axis, and it has a 235cm wheel base. 


a, = 0.78m (2.10) 
1=2.35m (2.11) 
m = 890 kg (2.12) 


The force under each front wheel is 


1 ag 
By. = yg 
1 2.35 — 0.78 
=x 81 x ———— = 2916.5N 2.18 
5990 x 9.81 x 235 (2.13) 
and the force under each rear wheel is 
1 ay 
F,, = gIT 
1 0.78 


=- 81 x —— = 1449N. 2.14 
Pikey anaes x 735 ( ) 
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Example 40 Mass center position. 
Equations (2.1) and (2.2) can be rearranged to calculate the position of 
mass center. 


21 

ay, = —F;,, (2.15) 
mg 
21 

ag = mg 7 (2.16) 


Reaction forces under the front and rear wheels of a horizontally parked 
car, with a wheel base | = 2.34m, are: 


F., = 2000N (2.17) 
F.,, = 1800N (2.18) 


Therefore, the longitudinal position of the car’s mass center is at 


21 
th = 22 
mg 
2.34 
Sp Oe = = gp 1084 2.19 
2 (2000 + 1800) * ie a) 


a. SS Z1 
2.34 


Se Ln no Tr 2.20 
2(2000 + 1800) ~ oe ee) 


Example 41 Longitudinal mass center determination. 

The position of mass center C can be determined experimentally. To 
determine the longitudinal position of C, we should measure the total weight 
of the car as well as the force under the front or the rear wheels. Figure 2.2 
illustrates a situation in which we measure the force under the front wheels. 


Assuming the force under the front wheels is 2F,,, the position of the 
mass center is calculated by static equilibrium conditions 


SE 0 (2.21) 
SM, = 0. (2.22) 
Applying the equilibrium equations 


2F., + 2F., —mg =0 (2.23) 
—2F., a, + 2F.,a2 =0 (2.24) 
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FIGURE 2.2. Measuring the force under the front wheels. 


provide the longitudinal position of C and the reaction forces under the rear 
wheels. 


ay = — F,, 


21 
— — 2F, 2.25 
wg (nd ~ Fs) (2.25) 


1 
F,. = 5 (mg — 2F-,) (2.26) 


Example 42 Lateral mass center determination. 

Most cars are approximately symmetrical about the longitudinal center 
plane passing the middle of the wheels, and therefore, the lateral position of 
the mass center C' is close to the center plane. However, the lateral position 
of C may be calculated by weighing one side of the car. 


Example 43 Height mass center determination. 

To determine the height of mass center C, we should measure the force 
under the front or rear wheels while the car is on an inclined surface. Ex- 
perimentally, we use a device such as is shown in Figure 2.8. The car is 
parked on a level surface such that the front wheels are on a scale jack. The 
front wheels will be locked and anchored to the jack, while the rear wheels 
will be left free to turn. The jack lifts the front wheels and the required 
vertical force applied by the jacks is measured by a load cell. 

Assume that we have the longitudinal position of C and the jack is lifted 
such that the car makes an angle @ with the horizontal plane. The slope 
angle ¢ is measurable using level meters. Assuming the force under the 
front wheels is 2F,,, the height of the mass center can be calculated by 
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= (h—R)sind 


2F 2 


FIGURE 2.3. Measuring the force under the wheels to find the height of the mass 
center. 


static equilibrium conditions 


SS Fz =0 (2.27) 
5" M, = 0. (2.28) 
Applying the equilibrium equations 
2F,,+2F.,—-mg = 0 (2.29) 
—2F,, (a, cos¢ — (h — R)sind) 
+2F,, (agcos6+(h—R)sind) = 0 (2.30) 


provides the vertical position of C and the reaction forces under the rear 
wheels. 


1 
Faq = 5mg ~ Fe, (2.31) 
pe F,, (Rsin ¢ + a1 cos ¢) + F,, (Rsin ¢ — az cos ) 
mg sin 
F, -- F, 
= R+ a 84 cot § 
mg 


F, 
=R+ (2 +] — a2) cot d (2.32) 
mg 
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A car with the following specifications 


m = 2000kg 
2F., = 18000N 
@ = 30deg ~ 0.5236 rad (2.33) 
a, = 110cm 
1 = 230cm 
R = 30cm 
has aC at height h. 
h= 34cm (2.34) 


There are three assumptions in this calculation: 1— the tires are assumed 
to be rigid disks with radius R, 2— fluid shift, such as fuel, coolant, and oil, 
are ignored, and 3— suspension deflections are assumed to be zero. 

Suspension deflection generates the maximum effect on height determi- 
nation error. To eliminate the suspension deflection, we should lock the 
suspension, usually by replacing the shock absorbers with rigid rods to keep 
the vehicle at its ride height. 


Example 44 Different front and rear tires. 

Depending on the application, it is sometimes necessary to use different 
type of tires and wheels for front and rear aales. When the longitudinal 
position of C' for a symmetric vehicle is determined, we can find the height 
of C by measuring the load on only one azle. As an example, consider the 
motorcycle in Figure 2.4. It has different front and rear tires. 

Assume the load under the rear wheel of the motorcycle F, is known. 
The height h of C can be found by taking a moment of the forces about the 
tireprint of the front tire. 


F.,, (a1 + a2) 
mg 


h= 


el 
t ) “te Ret Rp (2.35) 


— a, cos (sin ee 5 
Example 45 Statically indeterminate. 

A vehicle with more than three wheels is statically indeterminate. To 
determine the vertical force under each tire, we need to know the mechanical 
properties and conditions of the tires, such as the value of deflection at the 
center of the tire, and its vertical stiffness. 


2.2 Parked Car on an Inclined Road 


When a car is parked on an inclined pavement as shown in Figure 2.5, the 
normal force, F,, under each of the front and rear wheels, F.,, Fz, is: 
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FIGURE 2.4. A motorcycle with different front and rear tires. 


1 1 h 
Ff, = smn cos @ + aT sind (2.36) 
1 ay 1 h : 
FP, = ging cos or g97 sind (2.37) 
l= ay, + ag 


where, ¢ is the angle of the road with the horizon. The horizon is perpen- 
dicular to the gravitational acceleration g. 


Proof. Consider the car shown in Figure 2.5. Let us assume the parking 
brake forces are applied on only the rear tires. It means the front tires are 
free to spin. Applying the planar static equilibrium equations 


SF, =0 (2.38) 
Ss FeS0 (2.39) 
S > M, =0 (2.40) 
shows that 
2F,, —mgsing = 0 (2.41) 
2F,, +2F., —mgcos¢ =0 (2.42) 


~2F,,01 + 2F.,02 —2F,,h = 0. (2.43) 


46 2. Forward Vehicle Dynamics 


FIGURE 2.5. A parked car on inclined pavement. 


These equations provide the brake force and reaction forces under the front 
and rear tires. 


1 ag 1 h F 

PF, = gy cos @ — goT sin @ (2.44) 
1 1 h 

PF, = <mgot cos @ + =mg—sin @ (2.45) 
2 l 2 l 
1 

f= ging sind (2.46) 


Example 46 Increasing the inclination angle. 

When @ = 0, Equations (2.36) and (2.87) reduce to (2.1) and (2.2). By 
increasing the inclination angle, the normal force under the front tires of 
a parked car decreases and the normal force and braking force under the 
rear tires increase. The limit for increasing ¢ 1s where the weight vector 
mg goes through the contact point of the rear tire with the ground. Such an 
angle is called a tilting angle. 


Example 47 Maximum inclination angle. 

The required braking force Fy, increases by the inclination angle. Be- 
cause Fi, is equal to the friction force between the tire and pavement, its 
maximum depends on the tire and pavement conditions. There is a specific 
angle dj, at which the braking force F,, will saturate and cannot increase 
any more. At this maximum angle, the braking force is proportional to the 
normal force F:, 

Fy, = Ee es (2.47) 
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where, the coefficient 1, 18 the x-direction friction coefficient for the rear 
wheel. At 6 = dyz, the equilibrium equations will reduce to 


2u,,F2. —mgsingy =0 (2.48) 
2F,, + 2F., —mgcos dy = 0 (2.49) 
2F,,a1 — 2F,,02 + 2p, Fh = 0. (2.50) 
These equations provide 
1 Te, cht 
f= 5g Cos bag — gay sin bjg (2.51) 
1 1 oh 
FE, = 5g cos Pag + gngy sin bjg (2.52) 
a1 py. 
= — 2 2.53 
tan Oy T— fh (2.53) 


showing that there is a relation between the friction coefficient 1, max- 
imum inclination dj,, and the geometrical position of the mass center C. 
The angle da, increases by decreasing h. 

For a car having the specifications 


Hy = 1 
a, = 110cm (2.54) 
1 = 230cm 
h = 35cm 
the tilting angle is 
oy © 0.514 rad & 29.43 deg. (2.55) 


Example 48 Front wheel braking. 
When the front wheels are the only braking wheels F,,, =0 and F,, #0. 
In this case, the equilibrium equations will be 


2F,, —mgsing =0 (2.56) 
2F,, +2F., —mgcos¢ = 0 (2.57) 
—2F 0, + 2F,,02 —2F,,h = 0. (2.58) 


These equations provide the brake force and reaction forces under the front 
and rear tires. 


1 ag 1 h 

F,= amg cos o- ging 7 sin o) (2.59) 
1 1 h 

He = 5g cos ¢ + goT sind (2.60) 


1 
Fy, = ging sin b (2.61) 
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At the ultimate angle 6 = dyy 


Fy, = My, Fz, (2.62) 
and 
2u,,F2, —mgsindy =0 (2.63) 
2F,, + 2F.,, —mgcos dy = 0 (2.64) 
2F,,01 — 2F,,02 + 2u,, Fh = 0. (2.65) 
These equations provide 
1 1 h 
E> 5m cos byy — gay sin dys (2.66) 
1 1 h 
F,, = 5g COs Pag + gaz sin bjg (2.67) 
a2My 
t a 2. 
an O44 l= ,,h (2.68) 


Let’s name the ultimate angle for the front wheel brake in Equation (2.53) 
as Pyg,, and the ultimate angle for the rear wheel brake in Equation (2.68) 
as by. Comparing Ou, and by, shows that 


omy M1 Mx. (J 7 Hah) 


Ou, 2p, (I= Hyg) ane 
We may assume the front and rear tires are the same and so, 
Me, = Hag (2.70) 
therefore, 
oe = = (2.71) 


Hence, if ay < az then dy, < dy, and therefore, a rear brake is more 
effective than a front brake on uphill parking as long as dy, 18 less than the 
tilting angle, by, < tan7! 2. At the tilting angle, the weight vector passes 
through the contact point of the rear wheel with the ground. 

Similarly we may conclude that when parked on a downhill road, the front 


brake is more effective than the rear brake. 


Example 49 Four-wheel braking. 

Consider a four-wheel brake car, parked uphill as shown in Figure 2.6. 
In these conditions, there will be two brake forces F,, on the front wheels 
and two brake forces F’,, on the rear wheels. 
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FIGURE 2.6. A four wheel brake car, parked uphill. 


The equilibrium equations for this car are 


2F,, + 2F,, — mgsing = 0 (2.72) 
2F,, +2F., —mgcos¢ = 0 (2.73) 
~2F,, a, + 2F,,09 — (2F,, + 2F,,)h =0. (2.74) 


These equations provide the brake force and reaction forces under the front 
and rear tires. 


1 a2 1 h o 
F,, = 397 cos @ 597 sind (2.75) 
1 1 h 
F,, = <mg ot cos @ + =mg-= sind (2.76) 
2 l 2 
1 
F,, + Fy, = =mgsing (2.77) 


2 


At the ultimate angle @ = @y,, all wheels will begin to slide simultaneously 
and therefore, 


Fa = tye (2.78) 
Fg = Bgl ods (2.79) 

The equilibrium equations show that 
Qte Fe, + 2Me, Fe. — mgsindy =0 (2.80) 
2F,, +2F., — mgcos dj, = 0 (2.81) 
—2F,,a, + 2F a2 — (Quy, Fe, + My, F..) h = 0. (2.82) 
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FIGURE 2.7. An accelerating car on a level pavement. 


Assuming 
Hey = Ung = be (2.83) 
will provide 
1 1 oh 
F,, = smo Cos bag — gay sin bjg (2.84) 
1 1 oh 
a 5m cos byy + an sin byy (2.85) 


2.3 Accelerating Car on a Level Road 


When a car is speeding with acceleration a on a level road as shown in 
Figure 2.7, the vertical forces under the front and rear wheels are 


1 1 ha 
F, = =mg—— =—mg-- 2.87 
: aI — aM9T (2.87) 

1 ay 1 ha 
FL, = =mg—+-=mg--. 2.88 
2 se tes (2.88) 


The first terms, ;mg@ and 4mg%, are called static parts, and the second 


terms +5mghs are called dynamic parts of the normal forces. 


Proof. The vehicle is considered as a rigid body that moves along a hor- 
izontal road. The force at the tireprint of each tire may be decomposed 
to a normal and a longitudinal force. The equations of motion for the ac- 
celerating car come from Newton’s equation in x-direction and two static 


2. Forward Vehicle Dynamics ol 


equilibrium equations. 


S> Fy = ma (2.89) 
SE =0 (2.90) 
SM, = 0. (2.91) 


Expanding the equations of motion produces three equations for four 
unknowns Fy, Fr,, Fz,, Fes. 


2F,, + 2F,, = ma (2.92) 
2F.,, +2F., —mg =0 (2.93) 
—2F,,a, + 2F,da2 — 2(Fy, + Fr,)h =0 (2.94) 


However, it is possible to eliminate (Fy, + F,) between the first and third 
equations, and solve for the normal forces F,,, F.,. 


Fy, = (Pa) eee) 


dyn 
1 a2 a ha 
2. 
gy a7, (2.95) 
By; _ es + ee ee 
1 ay 1 ha 
2. 
a M9 a a (2.96) 
The static parts 
1 a2 
(Boe: 5 No (2.97) 
1 a 
(Fen) i 59 (2.98) 


are weight distribution for a stationary car and depend on the horizontal 
position of the mass center. However, the dynamic parts 


1 ha 
F, = --=mg-- 2.99 
(Fadiyn = ~zmons (2.99) 
1 ha 


indicate the weight distribution according to horizontal acceleration, and 
depend on the vertical position of the mass center. 

When accelerating a > 0, the normal forces under the front tires are less 
than the static load, and under the rear tires are more than the static load. 
| 
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Example 50 Front-wheel-drive accelerating on a level road. 

When the car is front-wheel-drive, F,., = 0. Equations (2.92) to (2.88) 
will provide the same vertical tireprint forces as (2.87) and (2.88). However, 
the required horizontal force to achieve the same acceleration, a, must be 
provided by solely the front wheels. 


Example 51 Rear-wheel drive accelerating on a level road. 

If a car is rear-wheel drive then, F,, = 0 and the required force to achieve 
the acceleration, a, must be provided only by the rear wheels. The vertical 
force under the wheels will still be the same as (2.87) and (2.88). 


Example 52 Mazimum acceleration on a level road. 

The maximum acceleration of a car is proportional to the friction under 
its tires. We assume the friction coefficients at the front and rear tires are 
equal and all tires reach their maximum tractions at the same time. 


F,, = +y,F., (2.101) 
Fy = tp.F x, (2.102) 


Newton’s equation (2.92) can now be written as 


ma = +211, (F., + F,,) ; (2.103) 
Substituting F., and F., from (2.93) and (2.94) results in 


a=xplyg. (2.104) 


Therefore, the maximum acceleration and deceleration depend directly on 
the friction coefficient. 


Example 53 Maximum acceleration for a single-azle drive car. 

The maximum acceleration Grwa for a rear-wheel-drive car is achieved 
when we substitute F,, = 0, Fi, = p,F 2, in Equation (2.92) and use 
Equation (2.88) 


h TW 
[amg =! + eae | = Marwd (2.105) 

l lg 

and therefore, 
arwd = apy 
g I — hp, 
SS, nels (2.106) 
hl 


The front wheels can leave the ground when F,, = 0. Substituting F,, = 0 
in Equation (2.88) provides the maximum acceleration at which the front 
wheels are still on the road. 


Grwd — 42 
g A 


(2.107) 
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FIGURE 2.8. Effect of mass center position on the maximum achievable acceler- 
ation of a front- and a rear-wheel drive car. 


Therefore, the maximum attainable acceleration would be the less value of 
Equation (2.106) or (2.107). 

Similarly, the maximum acceleration afwa for a front-wheel drive car is 
achieved when we substitute F,, =0, Fr, = U,F 2, in Equation (2.92) and 
use Equation (2.87). 


Qfwd _—_ 2g 
g [+ hu, 
= | (1 =) (2.108) 


To see the effect of changing the position of mass center on the maximum 
achievable acceleration, we plot Figure 2.8 for a sample car with 


My = 1 
h = 056m (2.109) 
1 = 2.6m. 


Passenger cars are usually in the range 0.4 < (a1/g) < 0.6, with (ai/g) 
0.4 for front-wheel-drive cars, and (a1/g) — 0.6 for rear-wheel-drive cars. 
In this range, (@rwa/g) > (Gfwa/g) and therefore rear-wheel-drive cars can 
reach higher forward acceleration than front-wheel-drive cars. It is an im- 
portant applied fact, especially for race cars. 

The maximum acceleration may also be limited by the tilting condition 

aM a2 


<=. 2.110 
eG (2.110) 
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Example 54 Minimum time for 0 —100km/h on a level road. 
Consider a car with the following characteristics: 


length = 4245mm 
width = 1795mm 
height = 1285mm 
wheel base = 2272mm 
front track = 1411mm (2.111) 
rear track = 1504mm 
net weight = 1500kg 
h = 220mm 
M, = 1 
ay = a2 


Assume the car is rear-wheel-drive and its engine can provide the maximum 
traction supported by friction. Equation (2.88) determines the load on the 
rear wheels and therefore, the forward equation of motion is 


2F rz, = 2p, F,, 


ay 


= ma. (2.112) 


hl 
li Hamg7 oa 


Rearrangement provides the following differential equation to calculate ve- 
locity and displacement: 


a 
i ay 
1 eee G 
a1 
= —_——_ 2.113 
Ie ha (2.113) 


Taking an integral 


27.78 t 
i dv =| adt (2.114) 
0 0 


between v = 0 and v = 100km/h & 27.78m/s shows that the minimum 
time for 0 —100km/h on a level road is 


$=——"___ 511s (2.115) 
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If the same car was front-wheel-drive, then the traction force would be 


QF y, = 2b, F., 
a2 hl 
M,™Mg— — b,zMg——a 
l lg 
= ma. (2.116) 
and the equation of motion would reduce to 
a2 

oP ag, ae 
1+ Hpg>— 
lg 


a2 
——_.. 2.117 
IT hp, (2.117) 
The minimum time for 0—100km/h on a level road for this front-wheel- 
drive car is 


OF. 
ft — A ee, (2.118) 


a2 
Hay + hp, 
Now consider the same car to be four-wheel-drive. Then, the traction 
force is 
2Fe, +2Fr, = 2p, (Fe, + Fr.) 

= tm (ay + a2) 

= ma. (2.119) 
and the minimum time for 0—100km/h on a level road for this four-wheel- 


drive car can theoretically be reduced to 


27. 
pe ogi: (2.120) 
g 


2.4 Accelerating Car on an Inclined Road 


When a car is accelerating on an inclined pavement with angle ¢ as shown 
in Figure 2.9, the normal force under each of the front and rear wheels, 
F,,, F.,, would be: 


1 ag ha, 1 oh 

= =mg( 2 ae — =ma~ 2.121 

F,, sina ( i cos b i sind) gmas ( ) 
1 h 1 oA 

PF, = 59 (F cos @ + T sin 6) + gmez (2.122) 


l=a,+a9 
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FIGURE 2.9. An accelerating car on inclined pavement. 


The dynamic parts, -omgrs, depend on acceleration a and height h of 
mass center C’ and remain unchanged, while the static parts are influenced 
by the slope angle ¢ and height h of mass center. 


Proof. The Newton’s equation in x-direction and two static equilibrium 
equations, must be examined to find the equation of motion and ground 
reaction forces. 


SF =a (2.123) 
sR =0 (2.124) 
\"M, =0. (2.125) 


Expanding these equations produces three equations for four unknowns 
Fy, Fey, Fey, Peg. 


2F,,, + 2F;, — mgsing = ma (2.126) 
2F,, + 2F,, —mgcos¢ = 0 (2.127) 
2F.,01 — 2F.,42 + 2(Fe, + Fr)h =0 (2.128) 


It is possible to eliminate (F,, + F,,,) between the first and third equations, 
and solve for the normal forces F,,, F'z,. 


F, = ‘cone ae (Fes )ayn 


1 a2 h : 1 h 
2.12 
sina ( F cos @ F sind) 5 nas (2.129) 
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Example 55 Front-wheel-drive car, accelerating on inclined road. 

For a front-wheel-drive car, we may substitute F,, = 0 in Equations 
(2.126) and (2.128) to have the governing equations. However, it does not 
affect the ground reaction forces under the tires (2.129 and 2.130) as long 
as the car is driven under its limit conditions. 


Example 56 Rear-wheel-drive car, accelerating on inclined road. 

Substituting Fy, = 0 in Equations (2.126) and (2.128) and solving for the 
normal reaction forces under each tire provides the same results as (2.129) 
and (2.180). Hence, the normal forces applied on the tires do not sense if 
the car is front-, rear-, or all-wheel drive. As long as we drive in a straight 
path at low acceleration, the drive wheels can be the front or the rear ones. 
However, the advantages and disadvantages of front-, rear-, or all-wheel 
drive cars appear in maneuvering, slippery roads, or when the maximum 
acceleration is required. 


Example 57 Maximum acceleration on an inclined road. 

The maximum acceleration depends on the friction under the tires. Let’s 
assume the friction coefficients at the front and rear tires are equal. Then, 
the front and rear traction forces are 


B.S yee (2.131) 
Fen <a Boge (2.132) 


If we assume the front and rear wheels reach their traction limits at the 
same time, then 


F,, = +y,F., (2.133) 
Foy = +My Fen (2.134) 


and we may rewrite Newton’s equation (2.123) as 


may = +2, (F., + F.,) —mgsing (2.135) 


where, ang is the maximum achievable acceleration. 
Now substituting F., and F,, from (2.129) and (2.180) results in 
= = +p, cos¢— sind. (2.136) 


Accelerating on an uphill road (a > 0,6 > 0) and braking on a downhill 
road (a <0,¢<0) are the extreme cases in which the car can stall. In 
these cases, the car can move as long as 


[, = |tan ¢|. (2.137) 
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Example 58 Limits of acceleration and inclination angle. 
Assuming F., > 0 and F,, > 0, we can write Equations (2.121) and 
(2.122) as 


; < = cos @ — sing (2.138) 
; > -4 cos ¢ — sind. (2.139) 


Hence, the maximum achievable acceleration (a > 0) is limited by az, h, o; 
while the maximum deceleration (a < 0) is limited by a ,, h, ¢. These two 
equations can be combined to result in 


| cos ¢ < wa sing < 2 cos (2.140) 
h g h 


Ifa — 0, then the limits of the inclination angle would be 
_ ay az 
h he 


This is the maximum and minimum road inclination angles that the car 
can stay on without tilting and falling. 


<tand < (2.141) 


Example 59 Maximum deceleration for a single-azle-brake car. 

We can find the maximum braking deceleration afwo of a front-wheel- 
brake car on a horizontal road by substituting 6 = 0, Fr, = 0, Fr, = 
—p,,F',, in Equation (2.126) and using Equation (2.121) 


h TW 
l,mg (F ae :) = Marup (2.142) 
l l g 
therefore, 
“fee Be — (1) 2.143 
; 7 (1-2). (2.143) 


Similarly, the maximum braking deceleration a,.», of a front-wheel-brake 
car can be achieved when we substitute Fy, =0, Fr, = by F:,- 


srt he + (2.144) 


The effect of changing the position of the mass center on the maximum 
achievable braking deceleration is shown in Figure 2.10 for a sample car 
with 


M, = 1 
h 


lI 
2 
on 
a 
B 


(2.145) 
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FIGURE 2.10. Effect of mass center position on the maximum achievable deccel- 
eration of a front-wheel and a rear-wheel-drive car. 


Passenger cars are usually in the range 0.4 < (a1/l) < 0.6. In this range, 
(afwo/9) < (Grwe/g) and therefore, front-wheel-brake cars can reach better 
forward deceleration than rear-wheel-brake cars. Hence, front brakes are 
much more important than the rear brakes. 


Example 60 * A car with a trailer. 

Figure 2.11 depicts a car moving on an inclined road and pulling a trailer. 
To analyze the car-trailer motion, we need to separate the car and trailer 
to see the forces at the hinge, as shown in Figure 2.12. We assume the 
mass center of the trailer C, is at distance b3 in front of the only aale of 
the trailer. If C, is behind the trailer azle, then b3 should be negative in the 
following equations. 

For an ideal hinge between a car and a trailer moving in a straight path, 
there must be a horizontal force F,, and a vertical force F,,. 

Writing the Newton’s equation in x-direction and two static equilibrium 
equations for both the trailer and the vehicle 


ama (2.146) 
So F. =0 (2.147) 
> M, =0 (2.148) 
we find the following set of equations: 
F,, —mgsing = ma (2.149) 
2F., — Fz, —m:gcos¢ =0 (2.150) 
2F,,03 — Fa,b2 — Fy, (ho — hi) = 0 (2.151) 
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FIGURE 2.11. A car moving on an inclined road and pulling a trailer. 


2F,, + 2F,, — Fp, —mgsing = ma (2.152) 

2F,, + 2F., — F,,—mgcos¢ =0 (2.153) 
OP = 2 apt (Rh 

—F,, (hk — hi) + Fy, (b) + a2) =0 (2.154) 


If the value of traction forces F,, and F., are given, then these are six equa- 
tions for six unknowns: a, Fy,, Fz,, Fz, Fz,, Fz,. Solving these equations 
provide the following solutions: 


2 
a= (F., + F,,) — gsing (2.155) 
TM —- Ut 
2 
ho = otk or (2.156) 
TM MN 
hy _ ho 2m bg 
t are i+ a) 5 pe ( 57) 
bg 2a2 = by ag 
EF. = 
, 3 (eS me+ 2m) gcos 
2a2 — by Fy, ar Fy, 
———— (h, -—h h h 1 z 2.158 
eo alate Tae n| aaa: 
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FIGURE 2.12. Free-body-diagram of a car and the trailer when moving on an 
uphill road. 


b3 fa, — ag + 4 ay 
Py = S 
is Ti ( eds me + om) g cos @ 
ay — dg + by} Fy, + Fe 
hy —h h hm| —+——__ (2.159 
+| = (hy — ho) me + hye + m| ate ( ) 
1 by hy—ho om 
F,, = => ; Fy, + Fr 2.1 
3 5 tet =i it al ( 60) 
l = ay + ag. (2.161) 


However, if the value of acceleration a is known, then unknowns are: Fy, + 
Fea, eae ewe Bois By, , Fy. 


1 
Fy, + Fr. = 5 (m+ mz) (a+ gsin ¢) (2.162) 
F,, = m(a+gsing) (2.163) 
hy — he ; b3 
FPF. = m(at+gsing) + Mz g cos @ (2.164) 
bz — bg bg — bg 
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= bs 2a2 = by ag 
F., => Oy (Fn + 2m) gcos (2.165) 
1 | 2a2 —b 
aoa (hi — he) mz — him, — hm| (a+ gsin®@) 
D1 | by-— bs 
bs a, — a2 + by ay 
Hogs = 2.1 
- 51 ( aera met fm) gcos (2.166) 
1 _ b 
+— aie — ho) ms, + him, + hm| (a+ gsin¢) 
2l bg — bg 
1 Mt ‘ 
F., = x~—— (begcos¢+ (hi — ha) (a+ gsing)) (2.167) 
2 bz — bg 
= a, + Qo. 


Example 61 *% Mazimum inclination angle for a car with a trailer. 

For a car and trailer as shown in Figure 2.11, the maximum inclina- 
tion angle dj, 18 the angle at which the car cannot accelerate the vehicle. 
Substituting a = 0 and d= dy, in Equation (2.155) shows that 


: 2 

sin dj, = Ea (Fy, + Fir,)- (2.168) 
The value of maximum inclination angle @,, increases by decreasing the 
total weight of the vehicle and trailer (m+ mz) g or increasing the traction 
force Fy, + F,. 

The traction force is limited by the maximum torque on the drive wheel 
and the friction under the drive tire. Let’s assume the vehicle is four-wheel- 
drive and friction coefficients at the front and rear tires are equal. Then, 
the front and rear traction forces are 


Ro SP (2.169) 
Be S, uy: (2.170) 


If we assume the front and rear wheels reach their traction limits at the 
same time, then 
Fup = be Fy (2.171) 
Feo = Mg E xn (2.172) 


and we may rewrite the Equation (2.168) as 


; 2p 
es a fs ee 2 2.1 
sin by, ( ‘Ng ( 1 ) ( 73) 


Now substituting F., and F, from (2.158) and (2.159) results in 


(mb3 — mbz — mezb3) pL, COS bjg + (b2 — bg) (M+ Me) Sin bag 
Met (hy = he) 


mm tm (Fes + Fea) (2.174) 


= 2b, 


If we arrange Equation (2.174) as 
Acos¢@y + Bsindy =C 


/ C? A 
ty/1— Pa Be) — atan2( ,B) 
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t\/ A? + B* — C2) — atan2(A, B) 


(Fr, + Foo) 


(2.175) 


(2.176) 


(2.177) 


(2.178) 
(2.179) 


(2.180) 


(2.181) 


(2.182) 


then 
ou = atan2( 4 
and 
ou = ata 4 
where 
A = (mb3 — mbz — mib3) Ly 
B= (bz — bs) (m+ me) 
C= Die my (hy — ho) 
m+me 
For a rear-wheel-drive car pulling a trailer with the following character- 
istics: 
1 = 2272mm 
w = 1457mm 
h = 230mm 
a1 = a 
hy = 310mm 
b} = 680mm 
bo = 610mm 
b3 = 120mm 
hg = 560mm 
m = 1500kg 
m = 150kg 
M, = 1 
¢ = 10deg 
a = Im/s? 
we find 
F,, = 3441.78N 
F,, = 3877.93N 
F,, = 798.57N 
F,, = 147.99N 
F,, = 405.52N 
Fy, = 2230.37N. 
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To check if the required traction force F’,, is applicable, we should compare 
it to the maximum available friction force uF. and it must be 

Py < bP zy. (2.183) 


Example 62 *% Solution of equation acos@ + bsiné =. 
The first type of trigonometric equation is 


acos@ + bsin@ =c. (2.184) 
It can be solved by introducing two new variables r and 7 such that 


a = rsinn (2.185) 
b = rcosy (2.186) 


and therefore, 


ro = Vai+ (2.187) 


n =  atan2(a,)d). (2.188) 
Substituting the new variables show that 


sin(7+@) = (2.189) 


310 


cos(n +0) = t4/1-—5. (2.190) 


Hence, the solutions of the problem are 


2 
6 = atan2(£,+4/1— 5) — atan2(a, b) (2.191) 
r r 


and 


0 = atan2(<, +y/72 — 2) — atan2(a, b). (2.192) 


Therefore, the equation acos@ + bsin@ = c has two solutions if r? = 
a? + b? > c?, one solution if r2 = c?, and no solution if r? < c?. 
Example 63 % The function tany' 4 = atan2(y, 2). 

There are many situations in kinematics calculation in which we need 
to find an angle based on the sin and cos functions of an angle. However, 
tan~! cannot show the effect of the individual sign for the numerator and 
denominator. It always represents an angle in the first or fourth quadrant. 
To overcome this problem and determine the angle in the correct quadrant, 
the atan2 function is introduced as below. 


1 


tan if y>O 
z 
atan2(y,x) = ¢ tan! +rmsigny if y<0 (2.193) 
- sign x if y=0 


2 
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In this text, whether it has been mentioned or not, wherever tan~* = is 
used, it must be calculated based on atan2(y, x). 


Example 64 Zero vertical force at the hinge. 
We can make the vertical force at the hinge equal to zero by examining 
Equation (2.157) for the hinge vertical force F-,. 


- hy _ ho 2m 


b3 
2.194 
oe migeos (2.194) 


bz — b3 


Zt (Fo, + es) + 
To make F, = 0, it is enough to adjust the position of trailer mass center 
C, exactly on top of the trailer arle and at the same height as the hinge. In 
these conditions we have 


hy = he (2.195) 

b3 = O (2.196) 
that makes 

F,, =0. (2.197) 


However, to increase safety, the load should be distributed evenly through- 
out the trailer. Heavy items should be loaded as low as possible, mainly over 
the azle. Bulkier and lighter items should be distributed to give a little pos- 
itive b3. Such a trailer is called nose weight at the towing coupling. 


2.5 Parked Car on a Banked Road 


Figure 2.13 depicts the effect of a bank angle ¢ on the load distribution of 
a vehicle. A bank causes the load on the lower tires to increase, and the 
load on the upper tires to decrease. The tire reaction forces are: 


1 
F,, = (bo cos d — hsin d) (2.198) 
W 
1 
ae ae (b cos ¢ + hsin @) (2.199) 


Proof. Starting with equilibrium equations 


sso (2.201) 
ye (2.202) 
S" Mz =0. (2.203) 
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FIGURE 2.13. Normal force under the uphill and downhill tires of a vehicle, 
parked on banked road. 


we can write 


2Fy, + 2F,, —mgsind = 0 (2.204) 
2F,, +2F., —mgcos¢ =0 (2.205) 
2F.,b1 — 2F 4b +2 (Fy, + Fy) hh =0. (2.206) 


We assumed the force under the lower tires, front and rear, are equal, and 
also the forces under the upper tires, front and rear are equal. To calculate 
the reaction forces under each tire, we may assume the overall lateral force 
Fy, + Fy. as an unknown. The solution of these equations provide the lateral 
and reaction forces under the upper and lower tires. 


1 be 1 ha, 
FF, = 59 cos 59 sin d (2.207) 
1 by 1 Re 
f= 39, cos @ + gD sin d (2.208) 
1 
Fy, + Fy. = gmgsin o (2.209) 


At the ultimate angle ¢ = @y,, all wheels will begin to slide simultane- 
ously and therefore, 


i = High (2.210) 
Bi = fy Biss (2.211) 
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The equilibrium equations show that 


Qty, Fe, + 2My, Fr, — mgsing = 0 (2.212) 
2F., + 2F., —mgcos¢ = 0 (2.213) 
2F 2,61 — 2F bo + 2 (ty, Fer + My, Fen) h = 0. (2.214) 
Assuming 
Hy, = Byy = Hy (2.215) 
will provide 
iD. ob 1K 
F., = =mg— cos dy, — =mg—sindy (2.216) 
2 w 2 “w 
by: 30 S48 
F,, = =mg— cos dy + =mg—sindy (2.217) 
2 w 2 ~“w 
tan @yy = My. (2.218) 


These calculations are correct as long as 


IA 


tan Pag (2.219) 


(es (2.220) 


be 
h 
be 
h 
If the lateral friction 1, is higher than b2/h then the car will roll downhill. 
To increase the capability of a car moving on a banked road, the car should 
be as wide as possible with a mass center as low as possible. m 


Example 65 Tire forces of a parked car in a banked road. 
A car having 


m = 980kg 

h = 06m (2.221) 
w = 1.52m 

b5 = bg 


is parked on a banked road with ¢ = 4deg. The forces under the lower and 
upper tires of the car are: 


F., = 2265.2N 
F., = 2529.9N (2.222) 
Fy, +Fy = 335.3N 


The ratio of the uphill force F., to downhill force F',, depends on only 
the mass center position. 

F,, = bz cos @ — hsing 

F., bi, cos¢+hsing 


(2.223) 
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: h=0.6 m 
w=1.52m 
Oe] b;=b2 
Fi, 0.6- Rolling down angle 
ee 
0.44 
0.25 
: 02 04 0.6 08 btradN 
0 10 20 30 40 5 ideg] 


FIGURE 2.14. Illustration of the force ratio F,,/Fz, as a function of road bank 
angle ¢. 


Assuming a symmetric car with b, = bz = w/2 simplifies the equation to 


F,, — weosd— 2hsing (2.224) 
F.,  weosd+2hsing ; 


Figure 2.14 illustrates the behavior of force ratio F,,/F'z. as a function of d 
forh = 0.6m andw = 1.52m. The rolling down angle dy, = tan~* (b2/h) = 
51.71 deg indicates the bank angle at which the force under the uphill wheels 
become zero and the car rolls down. The negative part of the curve indicates 
the required force to keep the car on the road, which is not applicable in real 
situations. 


2.6 ¥ Optimal Drive and Brake Force Distribution 


A certain acceleration a can be achieved by adjusting and controlling the 
longitudinal forces F,, and F,,. The optimal longitudinal forces under the 
front and rear tires to achieve the maximum acceleration are 


Fu, 1h fa "laa 
mg 21 \qg 21g 


= -598 T+ 5H (2.225) 
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Fr, — Ahfa “lava 
mg  21\qg DAG 
1 h ay 


1 
= S724 22. 2.22 


Proof. The longitudinal equation of motion for a car on a horizontal road 
is 
2F,, +2F,, = ma (2.227) 


and the maximum traction forces under each tire is a function of normal 
force and the friction coefficient. 


Fy, 
Fy, 


tp,Fe, (2.228) 
tp,F, (2.229) 


IN IA 


However, the normal forces are a function of the car’s acceleration and 
geometry. 


1 a 1 ha 
fF = = —-- —— 2.230 
q a aT ( ) 

1 ay 1 ha 
Ff, = - —+- — 2.231 
: amg7 + 595 ( ) 


We may generalize the equations by making them dimensionless. Under 
the best conditions, we should adjust the traction forces to their maximum 


Fy, 1 a2 ha 

= 2.232 
mg ge ( =) ( ) 
Fr. 1 ay ha 

= — + 2.233 
m= an (F475) (2.283) 


and therefore, the longitudinal equation of motion (2.227) becomes 


a 


= fly. (2.234) 


Substituting this result back into Equations (2.232) and (2.233) shows that 


Fy, lh (a\? laga 
= ---[- -—- 2.2 
mg 1 (5) "OT G ee) 
2 
7 1 
oe es En (2) p(Bonm. (2.236) 
mg 21\qg 214g 


Depending on the geometry of the car (h, a1, a2), and the acceleration a > 
0, these two equations determine how much the front and rear driving 
forces must be. The same equations are applied for deceleration a < 0, to 
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1 
Fy, /mg 


0.5 


FIGURE 2.15. Optimal driving and braking forces for a sample car. 


determine the value of optimal front and rear braking forces. Figure 2.15 
represents a graphical illustration of the optimal driving and braking forces 
for a sample car using the following data: 


Me = 1 

h 0.56 

= = ~ ~0,21538 2.237 
l 2.6 ( ) 
ay _ ag _ 1 

Io 


When accelerating a > 0, the optimal driving force on the rear tire grows 
rapidly while the optimal driving force on the front tire drops after a max- 
imum. The value (a/g) = (a2/h) is the maximum possible acceleration 
at which the front tires lose their contact with the ground. The accelera- 
tion at which front (or rear) tires lose their ground contact is called tilting 
acceleration. 

The opposite phenomenon happens when decelerating. For a < 0, the 
optimal front brake force increases rapidly and the rear brake force goes to 
zero after a minimum. The deceleration (a/g) = — (a1 /h) is the maximum 
possible deceleration at which the rear tires lose their ground contact. 

The graphical representation of the optimal driving and braking forces 
can be shown better by plotting F,,/(mg) versus F;,,/ (mg) using (a/g) 
as a parameter. 


a 
ag — —h 
Fy, = a, (2.238) 
ay + —h 
Fo, _ 2 ~Hgh (2.239) 
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Fyi/mg Driving 


Fy /mg 


FIGURE 2.16. Optimal traction and braking force distribution between the front 
and rear wheels. 


Such a plot is shown in Figure 2.16. This is a design curve describing the 
relationship between forces under the front and rear wheels to achieve the 
maximum acceleration or deceleration. 

Adjusting the optimal force distribution is not an automatic procedure 
and needs a force distributor control system to measure and adjust the 
forces. & 


Example 66 * Slope at zero. 
The initial optimal traction force distribution is the slope of the optimal 
curve (F,.,/ (mg), Fr,/(mg)) at zero. 


qe Lh fa laga 
mg 21 \g 21g 
qe "9 Lh fa)” | laa 
mg 21 \qg 214g 
ee, 12 (2.240) 
a1 


Therefore, the initial traction force distribution depends on only the position 
of mass center C’. 


Example 67 * Brake balance and ABS. 

When braking, a car is stable if the rear wheels do not lock. Thus, the 
rear brake forces must be less than the maximum possible braking force at 
all time. This means the brake force distribution should always be in the 
shaded area of Figure 2.17, and below the optimal curve. This restricts the 
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Fy; /mg 
A 


-0.2 


Fy. /mg 


FIGURE 2.17. Optimal braking force distribution between the front and rear 
wheels, along with a thre-line under estimation. 


achievable deceleration, especially at low friction values, but increases the 
stability of the car. 

Whenever it is easier for a force distributor to follow a line, the optimal 
brake curve is underestimated using two or three lines, and a control system 
adjusts the force ratio F,,/F,,. A sample of three-line approximation is 
shown in Figure 2.17. 

Distribution of the brake force between the front and rear wheels is called 
brake balance. Brake balance varies with deceleration. The higher the stop, 
the more load will transfer to the front wheels and the more braking effort 
they can support. Meanwhile the rear wheels are unloaded and they must 
have less braking force. 


Example 68 *% Best race car. 

Racecars always work at the maximum achievable acceleration to finish 
their race in minimum time. They are usually designed with rear-wheel- 
drive and all-wheel-brake. However, if an all-wheel-drive race car is reason- 
able to build, then a force distributor, to follow the curve shown in Figure 
2.18, is what it needs to race better. 


Example 69 *% Effect of C location on braking. 

Load is transferred from the rear wheels to the front when the brakes are 
applied. The higher the C, the more load transfer. So, to improve braking, 
the mass center C should be as low as possible and as back as possible. 
This is not feasible for every vehicle, especially for forward-wheel drive 
street cars. However, this fact should be taken into account when a car is 
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Fy; /mg 


Driving 


0.2 


Ts i Fg / mg 
0 0.2 0.4 0.6 0.8 1.0 1.2 


FIGURE 2.18. Optimal traction force distribution between the front and rear 
wheels. 


FIGURE 2.19. 180 deg sliding rotation of a rear-wheel-locked car. 


being designed for better braking performance. 


Example 70 *% Front and rear wheel locking. 

The optimal brake force distribution is according to Equation (2.239) for 
an ideal F,,/Fz, ratio. However, if the brake force distribution is not ideal, 
then either the front or the rear wheels will lock up first. Locking the rear 
wheels makes the vehicle unstable, and it loses directional stability. When 
the rear wheels lock, they slide on the road and they lose their capacity to 
support lateral force. The resultant shear force at the tireprint of the rear 
wheels reduces to a dynamic friction force in the opposite direction of the 
sliding. 

A slight lateral motion of the rear wheels, by any disturbance, develops 
a yaw motion because of unbalanced lateral forces on the front and rear 
wheels. The yaw moment turns the vehicle about the z-axis until the rear 
end leads the front end and the vehicle turns 180 deg. Figure 2.19 illustrates 
a 180deg sliding rotation of a rear-wheel-locked car. 
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The lock-up of the front tires does not cause a directional instability, 
although the car would not be steerable and the driver would lose control. 


2.7 ¥* Vehicles With More Than Two Axles 


If a vehicle has more than two axles, such as the three-axle car shown 
in Figure 2.20, then the vehicle will be statically indeterminate and the 
normal forces under the tires cannot be determined by static equilibrium 
equations. We need to consider the suspensions’ deflection to determine 
their applied forces. 

The n normal forces F,, under the tires can be calculated using the 
following n algebraic equations. 


25° F., —mgcos¢ =0 (2.241) 
i=1 
2S° F.,«; + h(a+mgsin¢) = 0 (2.242) 
t=1 
F,, Lyi XY F, F., F., : 
é i =0 f ae i ee ee 

ki Haft. =) Re een ee 

(2.243) 


where F,, and F,, are the longitudinal and normal forces under the tires 
attached to the axle number i, and 2; is the distance of mass center C’ 
from the axle number i. The distance 2; is positive for axles in front of C, 
and is negative for the axles in back of C. The parameter k; is the vertical 
stiffness of the suspension at axle i. 

Proof. For a multiple-axle vehicle, the following equations 


S° Fy = ma (2.244) 
SF =0 (2.245) 
S"M, =0 (2.246) 


provide the same sort of equations as (2.126)-(2.128). However, if the total 
number of axles are n, then the individual forces can be substituted by a 
summation. 


2S > Fy, —mgsing = ma (2.247) 
w=1 
2S° F., —mgcos¢ =0 (2.248) 


i=l 
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FIGURE 2.20. A three-axle car moving on an inclined road. 


2 3 Fa; + ons? F,, =0 (2.249) 
t=1 i=1 


The overall forward force F, = Oy i F,, can be eliminated between 
Equations (2.247) and (2.249) to make Equation (2.242). Then, there re- 
main two equations (2.241) and (2.242) for n unknowns F,,, i = 1,2,--- ,n. 
Hence, we need n — 2 extra equations to be able to find the wheel loads. 
The extra equations come from the compatibility among the suspensions’ 
deflection. 

We ignore the tires’ compliance, and use z to indicate the static vertical 
displacement of the car at C’. Then, if z; is the suspension deflection at the 
center of axle i, and k; is the vertical stiffness of the suspension at axle 7, 
the deflections are 


= : 2.250 
a= (2.250) 
For a flat road, and a rigid vehicle, we must have 

he aS yt (2.251) 


Li— Vy Ln — LY 


which, after substituting with (2.250), reduces to Equation (2.243). The 
n — 2 equations (2.251) along with the two equations (2.241) and (2.242) 
are enough to calculate the normal load under each tire. The resultant set 
of equations is linear and may be arranged in a matrix form 


[A] [X] = [8] (2.252) 
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where 
[X] = [ Fy, F,, Fy; F,,, ily (2.253) 
2 2 2 
221 229 2Ln, 
In — X2 eo %Q— Ly 
kyl ko Kin l 
[A] = ee ; a, | (2-254) 
kyl ky Knl 
Ln — Ln—1 1 Ln—1 — Ly 
kyl kn—1 kyl 
[ = 2%-2y (2.255) 
[B]=[ mgcosd —h(a+mgsing) 0 --- 0 ine (2.256) 
| 


Example 71 *% Wheel reactions for a three-azle car. 

Figure 2.20 illustrates a three-atle car moving on an inclined road. We 
start counting the axles of a multiple-azle vehicle from the front azle as 
azle-1, and move sequentially to the back as shown in the figure. 

The set of equations for the three-azle car, as seen in Figure 2.20, is 


2F,, +2Fr, +2Fr,-mgsing = ma_ (2.257) 

2F,, +2F,,+2F.,—mgcos¢ = 0 (2.258) 

2F 01 + 2F..%2 + 2F 2,03 + 2h (Fe, + Fro + Fe) = 0 (2.259) 

1 Py Fes 1 F,, Fy, 
=' "0 2.260 
salt =) aa (= ky ( ) 
which can be simplified to 

2F,, +2F,,+2F., —mgcosd¢ = 0 (2.261) 

2F,,01 + 2F.,%2 + 2F 2,03 +hm(at+gsing) = 0 (2.262) 
(aokok3 = x3kgk3) Fi. + (a1k ky - xokyk2) Fy, 

i (a1k kg = x3kykg) F, = 0. (2.263) 


The set of equations for wheel loads is linear and may be rearranged in a 
matriz form 


[A] [X] = [8] (2.264) 
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where 
2 2 2 
koks (xo <= x3) ky kg (a3 os L1) ky ke (v1 = x2) 
F,, 
[X] = Ey, (2.266) 
F,5 
mg cos @ 
[B] = —hm(at+qgsing) |. (2.267) 
0 
The unknown vector may be found using matrix inversion 
[X] = [A]7* [B]. (2.268) 
The solution of the equations are 
1 Ly 
——F = — . 
boa Zo (2.269) 
1 LZ 
a 2.2 
kom 2 Zo ( 70) 
1 Z3 
—F, = = 2.271 
ia Zo (2.271) 


where, 


Zo = —Aky ke (x1 = a2)” —Akok3 (xo = a3)" —Akykg (x3 = @1)° (2.272) 


A g (aoke —a1k3 — 2k + x3kz3) hsingd 
+a (aoke —a1k3 —2,ko + x3k3) h 
+ (kov3 — 21 kotq + k3x3 — x1 k3x3) cos ¢ (2.273) 
Zo = g(aiki — «2k; — ok3 + 23k3) hsing 
ra (ay ky = tok, = tok3 + x3k3) h 
+g (kizi — 9ky21 + k3x3 = «2k323) cos @ (2.274) 
Z3 = g(aiki + oko — 3k — x3k2)hsind 
ra (a1ky + rok = 23k, = x3k2) h 
+g (kixi — ¢3kyx4, + kow3 = a3k2@2) cos @ (2.275) 
ty = a (2.276) 
%2Q = —ag2 (2.277) 


r3 = —Q3. (2.278) 
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FIGURE 2.21. A cresting vehicle at a point where the hill has a radius of curvature 
Rn. 


2.8 Vehicles on a Crest and Dip 


When a road has an outward or inward curvature, we call the road is a 
crest or a dip. The curvature can decrease or increase the normal forces 
under the wheels. 


2.8.1 * Vehicles on a Crest 


Moving on the convex curve of a hill is called cresting. The normal force 
under the wheels of a cresting vehicle is less than the force on a flat in- 
clined road with the same slope, because of the developed centrifugal force 
mv?/Ry in the —z-direction. 

Figure 2.21 illustrates a cresting vehicle at the point on the hill with a 
radius of curvature Ry. The traction and normal forces under its tires are 
approximately equal to 


1 
Fy, + Fe, * ue (a+ gsin¢) (2.279) 


1 h 
PF, gg (4 cos @ + sind) 


ma m (2.280) 


r 
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Fi ae (Goose sino) 


2 l 
1 h 1 v2 ay 
l= a, + Qo. (2.282) 


Proof. For the cresting car shown in Figure 2.21, the normal and tangential 
directions are equivalent to the —z and x directions respectively. Hence, the 
governing equation of motion for the car is 


S > Fy = ma (2.283) 
ne 
-\oF, = mp— (2.284) 
y MM, =0, (2.285) 
Expanding these equations produces the following equations: 
2F,, cos@ + 2F;,, cos6 — mg sing = ma (2.286) 
—2F., cos@ — 2F,, cos6 + mg cos ¢ = me (2.287) 


2F,,a1 cos 0 — 2F,,a2 cos + 2 (Fy, + Fr,) hcos 0 
+2F,, a1 sin@ — 2F,,a2 sin? — 2(F,, + F,,) hsin dé = 0. (2.288) 
We may eliminate (F,,, + F,,) between the first and third equations, and 


solve for the total traction force F,, + F,, and wheel normal forces F;,, 
Ps 


ma+mgsin d 


fi, + Fk: = —————— 2.2 
eee 2 cos 6 G28?) 
= a a2 h(1—sin26) . 
He, SS a2 (5 eee cos 8 cos 20 sy 


1 A(1—sin20) 1 wv? a 


2p ey ae 2.2 
2" c0s 0 cos 20 2 Ru 1cos0 2-200) 
pee fl a1 h(1—sin26) , 
Fa = sing | (jai goose less cos20 
— ] 2 
tg OU sin20) 1 v ay (2.291) 


2 1 cos 6 cos 20 ~ 9"" Riz Leos 0 cos 8 


If the car’s wheel base is much smaller than the radius of curvature, |< 
Ry, then the slope angle @ is too small, and we may use the following 
trigonometric approximations. 


2 


cos 6 cos 20 = 1 (2.292) 


sin 20 ~ 0 (2.293) 


2 


sin 8 
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Substituting these approximations in Equations (2.289)-(2.291) produces 


the following approximate results: 


1 
Fy, + Fr. & gi (a+ gsind) 

1 h 

PF, ® sna | (Pose + Fina) 
1 h 1 wv? a 
Sig espe 
OE 2. Re 
1 

FP, & sing | (Geos sino) 
ee h 1 wa 
Oak, Or He a 


Example 72 *% Wheel loads of a cresting car. 


Consider a car with the following 


I = 


> sé 
ll 


2 
| 


specifications: 


2272 mm 
1457 mm 
1500 kg 
230 mm 
a2 
15m/s 


1m/s? 


which is cresting a hill at a point where the road has 


Ry = 
e 
0 — 


The force information on the car is: 


Fy, + Fe, 
Fy 
Fey 
mg 
Fy, + Frey 


TD 


40m 
30 deg 
2.5 deg. 


4432.97N 
= 666.33N 
= 1488.75N 
= 14715N 
= 2155.08N 


= 8437.5N 


(2.294) 


(2.295) 


(2.296) 


(2.297) 


(2.298) 


(2.299) 
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If we simplifying the results by assuming small 0, the approximate values 
of the forces are 


Fy, + Fe, = 4428.75N 
F., © 628.18N 
F., © 1524.85N 
mg = 14715N (2.300) 
F..+F., © 2153.03N 


m——— = 8437.5N. 


Example 73 * Losing the road contact in a crest. 
When a car goes too fast, it can lose its road contact. Such a car is called 
a flying car. The condition to have a flying car is F,, =0 and F,, = 0. 
Assuming a symmetric car a, = a2 = 1/2 with no acceleration, and using 
the approximate Equations (2.280) and (2.281) 


1 Qo h. he Vv ao 
= a2 = as eee ee ‘es 2.301 
sma |(5 cos @ + ; sind) 5 Lae 7 0 (2.301) 
1 at h 7 1 v? ay 
= —cosd— — —— = 2.302 
sna |( ; cos @ rind) | - 2” Ra 7 0 (2.302) 


we can find the critical minimum speed vu, to start flying. There are two 
critical speeds ve, and U-, for losing the contact of the front and rear wheels 
respectively. 


h 1 
Vee = 2gRu (7 sin db + 5 008 6) (2.303) 


Veo = —2gRuy (7 sin d — ; cos 6) (2.304) 


For any car, the critical speeds ve, and vc, are functions of the hill’s 
radius of curvature Ry and the angular position on the hill, indicated by @. 
The angle ¢ cannot be out of the tilting angles given by Equation (2.141). 


—-—<tang< — (2.305) 


Figure 2.22 illustrates a cresting car over a circular hill, and Figure 2.28 
depicts the critical speeds ve, and ve, at a different angle @ for —1.371rad < 
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FIGURE 2.22. A cresting car over a circular hill. 


@ <1.371rad. The specifications of the car and the hill are: 


1 = 2272mm 
h = 230mm 
ay = a2 
@.=> Om/s* 
Ry = 100m. 


At the maximum uphill slope @ = 1.371rad = 78.5deg, the front wheels 
can leave the ground at zero speed while the rear wheels are on the ground. 
When the car moves over the hill and reaches the maximum downhill slope 
o@ = —1.37lrad = —78.5deg the rear wheels can leave the ground at zero 
speed while the front wheels are on the ground. As long as the car is moving 
uphill, the front wheels can leave the ground at a lower speed while going 
downhill the rear wheels leave the ground at a lower speed. Hence, at each 
slope angle ¢ the lower curve determines the critical speed v¢. 

To have a general image of the critical speed, we may plot the lower 
values of ve as a function of @ using Ry or h/l as a parameter. Figure 
2.24 shows the effect of hill radius of curvature Ry on the critical speed 
Ue for a car with h/l = 0.10123 mm/mm and Figure 2.25 shows the effect 
of a car’s high factor h/l on the critical speed v. for a circular hill with 
Ry = 100m. 


2.8.2. ¥% Vehicles on a Dip 


Moving on the concave curve of a hill is called dipping. The normal force 
under the wheels of a dipping vehicle is more than the force on a flat 
inclined road with the same slope, because of the developed centrifugal 
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Ve [m/s] 7 
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FIGURE 2.23. Critical speeds vc, and vc, at different angle ¢ for a specific car 


and hill. 


V- [m/s]4 


Ry=1000 m 


n/l=0.10123 
aj-a2 


FIGURE 2.24. Effect of hill radius of curvature Rp on the critical speed vu. for a 


car. 
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FIGURE 2.25. Effect of a car’s height factor h/I on the critical speed v. for a 
circular hill. 


force mv?/Ryz in the z-direction. 

Figure 2.26 illustrates a dipping vehicle at a point where the hill has a 
radius of curvature Ry. The traction and normal forces under the tires of 
the vehicle are approximately equal to 


Fy, + Fo, ® “m Cone) (2.306) 
PF, 8 sng (4 cos @ + — sind) 
—hrnalt + sma (2.307) 
FP. mg (4 cos @ i sino) 
+5ma a sme = (2.308) 
lL = ayt+agz. (2.309) 


Proof. To develop the equations for the traction and normal forces under 
the tires of a dipping car, we follow the same procedure as a cresting car. 
The normal and tangential directions of a dipping car, shown in Figure 2.21, 
are equivalent to the z and x directions respectively. Hence, the governing 
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FIGURE 2.26. A dipping vehicle at a point where the hill has a radius of curvature 


Rn. 


equations of motion for the car are 


Expanding these equations produces the following equations: 


2F,,, cos 6 + 2F;,, cos@ — mg sind = ma 


—2F,, cos — 2F,, cos? + mgcos ¢ = ii 
Ru 


2F,,a1 cos 0 — 2F.,a2 cos@ + 2 (Fy, + Fy) hcosé 
+2F,, a1 sin 0 — 2F,, a2 sin? — 2(F,, + Fy,) hsind = 0. 


(2.310) 
(2.311) 


(2.312) 


(2.313) 


(2.314) 


(2.315) 


The total traction force (F,, + F,) may be eliminated between the first 
and third equations. Then, the resultant equations provide the following 
forces for the total traction force F,, + F,, and wheel normal forces F~,, 


F, 


2° 


ma+mgsin db 
Foy + Ferg = 2cos 0 


(2.316) 
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2 Mk a2 h(1—sin26) . 
Ee = sna | (egos + FG nd 


1 cos 6 cos 26 a 
1 A(i-sin20) 1 vw? a 


pene lcos 6 cos 20 2’ Ry [cod 
aid ay h(1—sin20) , 
Fn = ging (aoe leosOeos2g. 


il h(1—sin20) 1. v? ay 
m 
pene i cos @ cos 26 2 Ry lcos@cosé 


(2.317) 


(2.318) 


Assuming 0 < 1, these forces can be approximated to 


2 


Taeen 0) (2.319) 


Fy, + Fe, ») 


2 
je (2.320) 


1 ay h , 
PF. sma |(5 cos @ rind) 


1 h 1 wa 
=ma— + =<m———. 2.321 
+ymas + 3” Ra i ( ) 
a 
Example 74 *% Wheel loads of a dipping car. 
Consider a car with the following specifications: 
1 = 2272mm 
w = 1457mm 
m = 1500kg 
h = 230mm (2.322) 
aj, = a2 
v = 15m/s 
a = I1m/s? 
that is dipping on a hill at a point where the road has 
Ry = 40m 
@ = 380deg (2.323) 


6 = 2.5deg. 
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The force information of the car is: 


Fy, + Foy 
F,, 
F,, 
mg 
Bay Es 


ope 


If we ignore the effect of 0 by 
value of the forces are 


2.9 Summary 


4432.97 N 
4889.1 N 
5711.52 N 
14715 N 
10600.62 N 


(2.324) 


8437.5 N 


assuming 0 <1, then the approximate 


4428.75 N 
4846.93 N 
1524.85 N 
5743.6 N 
10590.53 N 


(2.325) 


8437.5 N. 


For straight motion of a symmetric rigid vehicle, we may assume the forces 
on the left wheel are equal to the forces on the right wheel, and simplify 


the tire force calculation. 


When a car is accelerating on an inclined road with angle ¢, the normal 
forces under the front and rear wheels, F.,, F'z,, are: 


= 1 ag * 1 h 
ho xg G cos b — 7 sin 6) — pmay (2.326) 
1 h 1 oA 
F.. = =mg a cos¢+ —sing ) + =ma— (2.327) 
2 l l 2 1 
l= ay + a2 (2.328) 
where, $mg (4 cos@+ * sin o) is the static part and +5mghs is the dy- 


namic part, because it depends on the acceleration a. 
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2.10 Key Symbols 


a=2 
aAfwd 
Qrwd 


by 


a 


iN) 


wo 


SPAT aa OAs eS 


+ 


> 
oa 


DES 3 TRS 


acceleration 

front wheel drive acceleration 

rear wheel drive acceleration 

distance of first axle from mass center 
distance of second axle from mass center 
distance of axle number 7 from mass center 
maximum acceleration 

arguments for atan2(a, b) 

constant parameters 

distance of left wheels from mass center 
distance of hinge point from rear axle 
distance of right wheels from mass center 
distance of hinge point from trailer mass center 
distance of trailer axle from trailer mass center 
mass center of vehicle 

mass center of trailer 

force 

traction or brake force under a wheel 
traction or brake force under front wheels 
traction or brake force under rear wheels 
horizontal force at hinge 

normal force under a wheel 

normal force under front wheels 

normal force under rear wheels 

normal force under trailer wheels 

normal force at hinge 

gravitational acceleration 

height of C 

height 

mass moment of inertia 

vertical stiffness of suspension at axle number 7 
wheel base 

car mass 

trailer mass 

moment 

tire radius 

front tire radius 

rear tire radius 

radius of curvature 

time 

velocity 

critical velocity 


Subscriptions 
dyn 

y 

fwd 
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track 

deflection of axil number 7 
vehicle coordinate axes 
global coordinate axes 


road slope 

road angle with horizon 
maximum slope angle 
friction coefficient 


dynamic 

front 
front-wheel-drive 
maximum 

rear 
rear-wheel-drive 
statics 
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Exercises 


1. Axle load. 


Consider a car with the following specifications that is parked on a 
level road. Find the load on the front and rear axles. 


m = 1765kg 
1 = 2.84m 
ay = 1.22m 
ag = 162m 
2. Axle load. 
Consider a car with the following specification, and find the axles 
load. 
m = 1245kg 
a, = 1100mm 
ag = 1323mm 


3. Mass center distance ratio. 
Peugeot 907 Concept?” approximately has the following specifica- 
tions. 
m = 1400ke 
1 = 97.5in 


Assume a /ag * 1.131 and determine the axles load. 


4, Axle load ratio. 
Jeep Commander XK7™ approximately has the following specifica- 
tions. 
mg 5091 lb 
1 = 109.5in 


Assume F’,, /F,, 1.22 and determine the axles load. 


5. Axle load and mass center distance ratio. 
The wheelbase of the 1981 DeLorean Sportscar?™ is 


| = 94.89 in. 
Find the axles load if we assume 


ai;/ag ~*~ 0.831 
mg = 3000|b. 
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6. Mass center height. 
McLaren SLR 722 Sportscar7™™ has the following specifications. 
front tire 255/35Z7R19 
rear tire 295/30ZR19 


m = 1649kg 
1 = 2700mm 
When the front axle is lifted H = 540mm, assume that 


ay = a2 


F., = 0.68mg. 
What is the height h of the mass center? 


7. A parked car on an uphill road. 


Specifications of Lamborghini Gallardo™™ are 
m = 1430kg 
1 = 2560mm. 
Assume 
ay = ag 
h = 520mm 


and determine the forces F,,, Fz, and F,, if the car is parked on an 
uphill with ¢@ = 30deg and the hand brake is connected to the rear 
wheels. 


What would be the maximum road grade ¢j,, that the car can be 
parked, if w,, = 1. 
8. Parked on an uphill road. 


Rolls-Royce Phantom?™ has the following specifications 


m = 2495kg 
1 = 3570mm 
Fy, 0.499m4g. 


Assume the car is parked on an uphill road and 


ay = a2 
h = 670mm 
o = 30deg. 


Determine the forces under the wheels if the car is 
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9. 


10. 


11. 


12. 


2. Forward Vehicle Dynamics 


(a) front wheel braking 
(b) rear wheel braking 
(c) four wheel braking. 


A parked car on an downhill road. 


Solve Exercise 7 if the car is parked on a downhill road. 


Maximum acceleration. 


Honda CR-V?™ is a midsize SUV car with the following specifica- 
tions. 


m = 1550kg 
1 = 2620mm 
Assume 
ayo= a2 
h = 720mm 
Lb, = 0.8 


and determine the maximum acceleration of the car if 


(a) the car is rear-wheel drive 
(b) the car is front-wheel drive 


(c) the car is four-wheel drive. 


Minimum time for 0 — 100km/h. 


RoadRazer?™ is a light weight rear-wheel drive sportscar with 


m = 300kg 
1 = 2286mm 
h = 260mm. 


Assume a, = dg. If the car can reach the speed 0 — 100km/h in 
t = 3.28, what would be the minimum friction coefficient? 


Axle load of an all-wheel drive car. 


Acura Courage?™ is an all-wheel drive car with 


m = 2058.9kg 
1 = 2750.8mm. 


Assume a, = ag and h = 760mm. Determine the axles load if the car 
is accelerating at a = 1.7m/s?. 


13. 


14. 


15. 


16. 
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A car with a trailer. 


Volkswagen Touareg!™ is an all-wheel drive car with 


m = 2268kg 
1 = 2855mm. 


Assume a, = @2 and the car is pulling a trailer with 


mm, = 600kg 
b) = 855mm 
bg = 1350mm 
b; = 150mm 
hy = he. 


If the car is accelerating on a level road with acceleration a = 2m/s?, 
what would be the forces at the hinge. 


A parked car on a banked road. 
Cadillac Escalade?™ is a SUV car with 


m = 2569.6kg 

1 = 2946.4mm 
wr = 1732.3mm 
wr = 1701.8mm. 


Assume b; = bg, h = 940mm, and use an average track to determine 
the wheels load when the car is parked on a banked road with ¢ = 
12 deg. 

* A parked car on a banked road with wy 4 wr. 

Determine the wheels load of a parked car on a banked road, if the 
front and rear tracks of the car are different. 

Optimal traction force. 


Mitsubishi Outlander?™ is an all-wheel drive SUV car with the fol- 
lowing specifications. 


m = 1599.8kg 
1 = 2669.6mm 
w = 1539.3mm. 
Assume 
ay = a2 
h = 760mm 


lip = 0.75 
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and find the optimal traction force ratio Fy, /F,, to reach the maxi- 
mum. acceleration. 


17. % A three-axle car. 


Citroén Cruise Crosser?™ is a three-axle off-road pick-up car. Assume 

m = 1800ke 

a, = 1100mm 

ag = 1240mm 

az = 1500mm 

kt = 12800N/m 

ko = 14000N/m 

kg = 14000N/m 


and find the axles load on a level road when the car is moving with 
no acceleration. 
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Tire Dynamics 


The tire is the main component interacting with the road. The performance 
of a vehicle is mainly influenced by the characteristics of its tires. Tires 
affect a vehicle’s handling, traction, ride comfort, and fuel consumption. 
To understand its importance, it is enough to remember that a vehicle can 
maneuver only by longitudinal, vertical, and lateral force systems generated 
under the tires. 


Loaded tire A 


FIGURE 3.1. A vertically loaded stationary tire. 


Figure 3.1 illustrates a model of a vertically loaded stationary tire. To 
model the tire-road interactions, we determine the tireprint and describe 
the forces distributed on the tireprint. 


3.1 Tire Coordinate Frame and Tire Force System 


To describe the tire-road interaction and force system, we attach a Carte- 
sian coordinate frame at the center of the tireprint, as shown in Figure 
3.2, assuming a flat and horizontal ground. The z-axis is along the inter- 
section line of the tire-plane and the ground. Tire plane is the plane made 
by narrowing the tire to a flat disk. The z-axis is perpendicular to the 
ground, opposite to the gravitational acceleration g, and the y-axis makes 
the coordinate system a right-hand triad. 

To show the tire orientation, we use two angles: camber angle y and 
sideslip angle a. The camber angle is the angle between the tire-plane and 
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Camber angle Y F, 


FIGURE 3.2. Tire coordinate system. 


the vertical plane measured about the x-axis. The camber angle can be 
recognized better in a front view as shown in Figure 3.3. The sideslip angle 
a, or simply sideslip, is the angle between the velocity vector v and the 
z-axis measured about the z-axis. The sideslip can be recognized better in 
a top view, as shown in Figure 3.4. 

The force system that a tire receives from the ground is assumed to be 
located at the center of the tireprint and can be decomposed along z, y, 
and z axes. Therefore, the interaction of a tire with the road generates a 3D 
force system including three forces and three moments, as shown in Figure 
3.2. 


1. Longitudinal force F’,. It is a force acting along the z-axis. The resul- 
tant longitudinal force F, > 0 if the car is accelerating, and F), < 0 
if the car is braking. Longitudinal force is also called forward force. 


2. Normal force F,. It is a vertical force, normal to the ground plane. 
The resultant normal force F, > 0 if it is upward. Normal force is 
also called vertical force or wheel load. 


3. Lateral force Fy. It is a force, tangent to the ground and orthogonal 
to both F, and F,. The resultant lateral force F, > 0 if it is in the 
y-direction. 


4. Roll moment Mg. It is a longitudinal moment about the z-axis. The 
resultant roll moment M, > 0 if it tends to turn the tire about the 
z-axis. The roll moment is also called the bank moment, tilting torque, 
or overturning moment. 


3. Tire Dynamics 


FIGURE 3.3. Front view of a tire and measurment of the camber angle. 


FIGURE 3.4. Top view of a tire and measurment of the side slip angle. 
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5. Pitch moment M,. It is a lateral moment about the y-axis. The resul- 
tant pitch moment M,, > 0 if it tends to turn the tire about the y-axis 
and move forward. The pitch moment is also called rolling resistance 
torque. 


6. Yaw moment M,. It is an upward moment about the z-axis. The 
resultant yaw moment M, > 0 if it tends to turn the tire about 
the z-axis. The yaw moment is also called the aligning moment, self 
aligning moment, or bore torque. 


The moment applied to the tire from the vehicle about the tire axis is 
called wheel torque T. 


Example 75 Origin of tire coordinate frame. 

For a cambered tire, it is not always possible to find or define a center 
point for the tireprint to be used as the origin of the tire coordinate frame. 
It is more practical to set the origin of the tire coordinate frame at the 
center of the intersection line between the tire-plane and the ground. So, 
the origin of the tire coordinate frame is at the center of the tireprint when 
the tire is standing upright and stationary on a flat road. 


Example 76 SAE tire coordinate system. 

The tire coordinate system adopted by the Society of Automotive Engi- 
neers (SAE) is shown in Figure 3.5. The origin of the coordinate system 
is at the center of the tireprint when the tire is standing stationary. The 
x-axis is at the intersection of the tire-plane and the ground plane. The 
z-axis is downward and perpendicular to the tireprint. The y-axis is on the 
ground plane and goes to the right to make the coordinate frame a right- 
hand frame. 

The sideslip angle a is considered positive if the tire is slipping to the 
right, and the camber angle y is positive when the tire leans to the right. 

The SAE coordinate system is as good as the coordinate system in Fig- 
ure 3.2 and may be used alternatively. However, having the z-axis directed 
downward is sometimes inefficient and confusing. Furthermore, in SAE 
convention, the camber angle for the left and right tires of a vehicle have 
opposite signs. So, the camber angle of the left tire is positive when the tire 
leans to the right and the camber angle of the right tire 1s positive when the 
tire leans to the left. 


3.2 Tire Stiffness 


As an applied approximation, the vertical tire force F’, can be calculated 
as a linear function of the normal tire deflection Az measured at the tire 
center. 

F, =k, Az (3.1) 
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Camber angle Y 


FIGURE 3.5. SAE tire coordinate system. 


The coefficient k, is called tire stiffness in the z-direction. Similarly, the 
reaction of a tire to a lateral and a longitudinal force can be approximated 
by 


F, = k,Ag (3.2) 
F, ky Ay (3.3) 


where the coefficient k, and ky, are called tire stiffness in the x and y 
directions. 


Proof. The deformation behavior of tires to the applied forces in any three 
directions x, y, and z are the first important tire characteristics in tire 
dynamics. Calculating the tire stiffness is generally based on experiment 
and therefore, they are dependent on the tire’s mechanical properties, as 
well as environmental characteristics. 

Consider a vertically loaded tire on a stiff and flat ground as shown in 
Figure 3.6. The tire will deflect under the load and generate a pressurized 
contact area to balance the vertical load. 

Figure 3.7 depicts a sample of experimental stiffness curve in the (F., Az) 
plane. The curve can be expressed by a mathematical function 


F, = f (Az) (3.4) 


however, we may use a linear approximation for the range of the usual 
application. 


| ee ee (3.5) 
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Fi <F)< F; 


FIGURE 3.6. Vertically loaded tire at zero camber. 


0 10 20 30 40 50 60 
Deflection [mm] 


FIGURE 3.7. A sample tire vertical stiffness curve. 
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Longitudinal 


0 10 20 30 40 50 60 
Vertical, longitudinal and lateral deflections [mm] 


FIGURE 3.8. Vertical, longitudinal, and lateral stiffness curves. 


The coefficient as is the slope of the experimental stiffness curve at zero 
and is shown by a stiffness coefficient k, 


ccguiigbe Ace 1 SOF 
Ae okey! 


(3.6) 
Therefore, the normal tire deflection Az remains proportional to the ver- 
tical tire force Fy. 


PF, =k, Az (3.7) 


The tire can apply only pressure forces to the road, so normal force is 
restricted to F, > 0. 

The stiffness curve can be influenced by many parameters. The most 
effective one is the tire inflation pressure. 

Lateral and longitudinal force/deflection behavior is also determined ex- 
perimentally by applying a force in the appropriate direction. The lateral 
and longitudinal forces are limited by the sliding force when the tire is 
vertically loaded. Figure 3.8 depicts a sample of longitudinal and lateral 
stiffness curves compared to a vertical stiffness curve. 

The practical part of a tire’s longitudinal and lateral stiffness curves is 
the linear part and may be estimated by linear equations. 


F, = k,Aa (3.8) 
F, = kyAy (3.9) 


The coefficients kz, and ky are called the tire stiffness in the x and y direc- 
tions. They are measured by the slope of the experimental stiffness curves 
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S==SSSSee 


FIGURE 3.9. Illustration of laterally and longitudinally tire deformation. 


in the (F,, Ax) and (Fy, Ay) planes. 


Of 
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When the longitudinal and lateral forces increase, parts of the tireprint 
creep and slide on the ground until the whole tireprint starts sliding. At 
this point, the applied force saturates and reaches its maximum supportable 
value. 

Generally, a tire is most stiff in the longitudinal direction and least stiff 
in the lateral direction. 

ky > kz > ky (3.12) 
Figure 3.9 illustrates tire deformation under a lateral and a longitudinal 


force. 


Example 77 * Nonlinear tire stiffness. 
In a better modeling, the vertical tire force F', is a function of the normal 
tire deflection Az, and deflection velocity Az. 
PF, = F, (Az,Az) (3.13) 
F,, + Fy, (3.14) 
In a first approximation we may assume F, is a combination of a static 
and a dynamic part. The static part is a nonlinear function of the vertical 
tire deflection and the dynamic part is proportional to the vertical speed of 
the tire. 
FL = k, Azt+kp (Az) (3.15) 
F., = k3z (3.16) 
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The constants k, and kz are calculated from the first and second slopes of 


the experimental stiffness curve in the (F.,Az) plane, and kg is the first 
slope of the curve in the (F.,2) plane, which indicates the tire damping. 


OF, 


hh = axe (3.17) 
2 
kg = pee (3.18) 
2 0 (Az) Rei 
OF, 
kg = cae (3.19) 


The value of ky = 200000 N/m is a good approximation for a 205/50R15 
passenger car tire, and k; = 1200000N/m is a good approximation for a 
X31580R22.5 truck tire. 

Tires with a larger number of plies have higher damping, because the 
plies’ internal friction generates the damping. Tire damping decreases by 
increasing speeds. 


Example 78 * Hysteresis effect. 

Because tires are made from rubber, which is a viscoelastic material, the 
loading and unloading stiffness curves are not exactly the same. They are 
similar to those in Figure 3.10, which make a loop with the unloading curve 
below the loading. The area within the loop is the amount of dissipated en- 
ergy during loading and unloading. As a tire rotates under the weight of a 
vehicle, it experiences repeated cycles of deformation and recovery, and it 
dissipates energy loss as heat. Such a behavior is a common property of hys- 
teretic material and is called hysteresis. So, hysteresis is a characteristic 
of a deformable material such as rubber, that the energy of deformation is 
greater than the energy of recovery. The amount of dissipated energy de- 
pends on the mechanical characteristics of the tire. Hysteretic energy loss 
in rubber decreases as temperature increases. 

The hysteresis effect causes a loaded rubber not to rebound fully after load 
removal. Consider a high hysteresis race car tire turning over road irreg- 
ularities. The deformed tire recovers slowly, and therefore, it cannot push 
the tireprint tail on the road as hard as the tireprint head. The difference 
in head and tail pressures causes a resistance force, which is called rolling 
resistance. 

Race cars have high hysteresis tires to increase friction and limit traction. 
Street cars have low hysteresis tires to reduce the rolling resistance and low 
operating temperature. Hysteresis level of tires inversely affect the stopping 
distance. A high hysteresis tire makes the stopping shorter, however, it 
wears rapidly and has a shorter life time. 
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FIGURE 3.10. Histeresis loop in a vertically loading and unloading tire. 


3.3 Tireprint Forces 


The force per unit area applied on a tire in a tireprint can be decomposed 
into a component normal to the ground and a tangential component on 
the ground. The normal component is the contact pressure o,, while the 
tangential component can be further decomposed in the « and y directions 
to make the longitudinal and lateral shear stresses Tz and T,. For a station- 
ary tire under normal load, the tireprint is symmetrical. Due to equilibrium 
conditions, the overall integral of the normal stress over the tireprint area 
Ap must be equal to the normal load F',, and the integral of shear stresses 
must be equal to zero. 


a o.(2,y)dA = F, (3.20) 

| Tx(z,y) dA =0 (3.21) 
Ap 

| Ty(z,y) dA =0 (3.22) 
Ap 


3.3.1 Static Tire, Normal Stress 


Figure 3.11 illustrates a stationary tire under a normal load F, along with 
the generated normal stress 0, applied on the ground. The applied loads on 
the tire are illustrated in the side view shown in Figure 3.12. For a station- 
ary tire, the shape of normal stress o,(x, y) over the tireprint area depends 
on tire and load conditions, however its distribution over the tireprint is 
generally in the shape shown in Figure 3.13. 


Stationary 
loaded tire @ y 
Ground surface 
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FIGURE 3.11. Normal stress o, applied on the round because of a stationary 


tire under a normal load F;,. 


Ground plane 


FIGURE 3.12. Side view of a normal force F, and stress 0 applied on a stationary 


tire. 
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FIGURE 3.13. A model of normal stress oz(,y) in the tireprint area for a sta- 
tionary tire. 


The normal stress o,(x,y) may be approximated by the function 


8 y® 
02(x,Y) = Oz (1 = ao i t) (3.23) 


where a and 6 indicate the dimensions of the tireprint, as shown in Figure 
3.14. The tireprints may approximately be modeled by a mathematical 
function 


—=+--=1 neN. (3.24) 
For radial tires, n = 3 or n = 2 may be used, 
6 6 
x y 
ae + an 1 (3.25) 


while for non-radial tires n = 1 is a better approximation. 
Fa 21. (3.26) 
Example 79 Normal stress in tireprint. 


A car weighs 800 kg. If the tireprint of each radial tire is Ap = 4xaxb= 
4x 5cm x 12cm, then the normal stress distribution under each tire, oz, 
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Tireprint 


FIGURE 3.14. A mode for tireprint of stationary radial tires under normal load. 


must satisfy the equilibrium equation. 


f= 7800 x 9.81 


= i o.(x,y)dA 


0.05 0.12 6 6 
~ [on fone (= seas) 


S114 S102 (3.27) 
Therefore, the maximum normal stress is 
C= an [ost = 11445 x 10° Pa (3.28) 
and the stress distribution over the tireprint is 
; 6 y® 
o.(x,y) = 1.1445 x 10 (1 — D056 7 no Pa. (3.29) 


Example 80 Normal stress in tireprint for n = 2. 
The maximum normal stress oz,, for an 800kg car having an Ap = 
4xaxb=4x5cm x 12cm, can be found for n = 2 as 


f= 800 x 9.81 


= I. o.(z,y) dA 


05 0.12 a y we.) 
Ozn 1 AeA dy dx 
a 05 [ 012 0.054 0. os 


=1.44x 107202, (3.30) 
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FIGURE 3.15. Direction of tangential stresses on the tireprint of a stationary 
vertically loaded tire. 


Czm ~ 144 x 10-2 
Comparing oz,, = 1.3625 x 10° Pa for n = 2 to oz,, = 1.1445 x 10° Pa 


for n = 3 shows that maximum stress for n = 2 is (1 - ee x 100 = 16% 
more than n = 3. 


= 1.3625 x 10° Pa. (3.31) 


38.3.2 Static Tire, Tangential Stresses 


Because of geometry changes to a circular tire in contact with the ground, a 
three-dimensional stress distribution will appear in the tireprint even for a 
stationary tire. The tangential stress 7 on the tireprint can be decomposed 
in x and y directions. The tangential stress is also called shear stress or 
friction stress. 

The tangential stress on a tire is inward in x direction and outward in 
y direction. Hence, the tire tries to stretch the ground in the x-axis and 
compact the ground on the y-axis. Figure 3.15 depicts the shear stresses on 
a vertically loaded stationary tire. The force distribution on the tireprint 
is not constant and is influenced by tire structure, load, inflation pressure, 
and environmental conditions: 

The tangential stress 7, in the x-direction may be modeled by the fol- 
lowing equation. 


2n+1 


Toy — Tey (S) sin? (=n) cos (47) néEN (3.32) 
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FIGURE 3.16. Absolute value of a 7, distribution model for n = 1. 


T, is negative for x > 0 and is positive for « < 0, showing an inward longi- 
tudinal stress. Figure 3.16 illustrates the absolute value of a 7, distribution 
forn=1. 

The y-direction tangential stress T, may be modeled by the equation 


2n 
Ty(2,Y) = Tyas (= _ 1) sin (Fr) neN (3.33) 


where 7, is positive for y > 0 and negative for y < 0, showing an outward 
lateral stress. Figure 3.17 illustrates the absolute value of a 7, distribution 
for n = 1. 


3.4 Effective Radius 


Consider a vertically loaded wheel that is turning on a flat surface as shown 
in Figure 3.18. The effective radius of the wheel R,,, which is also called a 
rolling radius, is defined by 


Ry = — (3.34) 


where, vz is the forward velocity, and wy is the angular velocity of the 
wheel. The effective radius R,, is approximately equal to 
R,-R 
R, ~ R,- = (3.35) 
and is a number between the unloaded or geometric radius Rg and the 
loaded height Rj. 
Rn < Ru < Ry (3.36) 
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FIGURE 3.17. Absolute value of a Ty distribution model for n = 1. 


Proof. An effective radius R,, = vz/wy is defined by measuring a wheel’s 
angular velocity w,, and forward velocity v,. As the tire turns forward, each 
part of the circumference is flattened as it passes through the contact area. 
A practical estimate of the effective radius can be made by substituting the 
arc with the straight length of tireprint. The tire vertical deflection is 


R, — Ry = Ry (1 — cosy) (3.37) 

and therefore 
Rr = R,cosy (3.38) 
a = Rgsing. (3.39) 


If the motion of the tire is compared to the rolling of a rigid disk with 
radius R,,, then the tire must move a distance a = R,,y for an angular 
rotation yp. 


a= R,sing = Ryp (3.40) 
Hence, 
po (3.41) 
~ 
Expanding sn in a Taylor series show that 


Ripe Rs (1 - av? +0 (*')) (3.42) 
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Ground plane 


FIGURE 3.18. Effective radius Ry» compared to tire radius Ry and loaded height 
Rn. 


Using Equation (3.37) we may approximate 


1 
cosp & 1- a (3.43) 
y? x 2(1-—cosy) 
Rn 
~ 2(1-— 44 
-#) (a) 
and therefore, 
1 Rh, 
wy (=i 
te = Re(1-3(1-F)) 
2 1 
— - _- 2 A 
3 fo + gith (3 5) 
Because Ra is a function of tire load F,, 
Rn = Rr(F:) 
F, 


the effective radius R,, is also a function of the tire load. The angle y is 
called tireprint angle or tire contact angle. 

The vertical stiffness of radial tires is less than non-radial tires under 
the same conditions. So, the loaded height of radial tires, Ry, is less than 
the non-radials’. However, the effective radius of radial tires R,,, is closer 
to their unloaded radius R,. As a good estimate, for a non-radial tire, 
Ry © 0.96R,, and R;, + 0.94R,, while for a radial tire, Ry + 0.98Rg, and 
Rp & 0.92Rg. 
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Generally speaking, the effective radius R,, depends on the type of tire, 
stiffness, load conditions, inflation pressure, and wheel’s forward velocity. 
| 


Example 81 Compression and expansion of tires in the tireprint zone. 
Because of longitudinal deformation, the peripheral velocity of any point 
of the tread varies periodically. When it gets close to the starting point of 
the tireprint, it slows down and a circumferential compression results. The 
tire treads are compressed in the first half of the tireprint and gradually 
expanded in the second half. The treads in the tireprint contact zone almost 
stick to the ground, and therefore their circumferential velocity is close 
to the forward velocity of the tire center v,. The treads regain their initial 
circumferential velocity Ryw,, after expanding and leaving the contact zone. 


Example 82 Tire rotation. 
The geometric radius of a tire P235/75R15 is Ry = 366.9mm, because 
hp = 235 x 75% 
176.25mm ®& 6.94 in (3.47) 


and therefore, 


a Qh = 15 
2x 6.94 + 15 

2 
= 14.44in ~ 366.9mm. (3.48) 


Consider a vehicle with such a tire is traveling at a high speed such as 
v = 50m/s = 180km/h # 111.8 mi/h. The tire is radial, and therefore the 
effective tire radius Ry is approximately equal to 


Ry, © 0.98R, © 359.6mm. (3.49) 


After moving a distance d = 100km, this tire must have been turned ny = 
44259 times because 


ny = z= 


100 x 10° 
= — —,—, = 44259. 3.50 
Qn x 359.6 x 10-3 ( ) 
Now assume the vehicle travels the same distance d = 100km at a low 
inflation pressure, such that the effective radius of the tire remained close 
to at the loaded radius 


Ry 


2 


RR, ¥ 0.92R, 
= 330.8mm. (3.51) 
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FIGURE 3.19. Radial motion of the tire peripheral points in the contact area. 


This tire must turn ng = 48112 times to travel d = 100km, because, 


d 
tD 
100 x 102 


> sees 2) 


ng = 


Example 83 * Radial motion of tire’s peripheral points in the tireprint. 
The radial displacement of a tire’s peripheral points during road contact 
may be modeled by a function 


d=d(z,6). (3.53) 


We assume that a peripheral point of the tire moves along only the radial 
direction during contact with the ground, as shown in Figure 3.19. 
Let’s show a radius at an angle 0, byr =r (x,0). Knowing that 


cos@ = An (3.54) 
cos = ie (3.55) 
we can find 
cos @ 


(3.56) 


114 3. Tire Dynamics 


Thus, the displacement function is 


d = R,-r(a,@) 
= R, (1 Rn ) -$<0<¢. (3.57) 


R, cosé 
Example 84 Tread travel. 

Let’s follow a piece of tire tread in its travel around the spin axis when 
the vehicle moves forward at a constant speed. Although the wheel is turning 
at constant angular velocity wy, the tread does not travel at constant speed. 
At the top of the tire, the radius is equal to the unloaded radius Rg and the 
speed of the tread is Raw relative to the wheel center. As the tire turns, the 
tread approaches the leading edge of tireprint, and slows down. The tread 
is compacted radially, and gets squeezed in the heading part of the tireprint 
area. Then, it is stretched out and unpacked in the tail part of the tireprint 
as it moves to the tail edge. In the middle of the tireprint, the tread speed 
is Rpwy relative to the wheel center. 

The variable radius of a tire during the motion through the tireprint is 


_ cos @ 7 
r=R, eT b<O0<¢ (3.58) 


where @ is the half of the contact angle, and 0 is the angular rotation of the 
tire, as shown in Figure 8.19. The angular velocity of the tire is wy = 0 
and is assumed to be constant. Then, the radial velocity 7 and acceleration 
¥ of the tread with respect to the wheel center are 


: sind 
r= Rwy cos P20 (3.59) 
_ 1 2 cos@ 
= - __ = 20 . . 
ia 5 Rew ay (3 — cos 20) (3.60) 
Figure 3.20 depicts r, *, and for a sample car with the following data: 
R, = 05m (3.61) 
@ = 15deg (3.62) 
Ww = 60rad/s (3.63) 


3.5 Rolling Resistance 


A turning tire on the ground generates a longitudinal force called rolling 
resistance. The force is opposite to the direction of motion and is propor- 
tional to the normal force on the tireprint. 
F, = —F,7 (3.64) 
Fe = p,F, (3.65) 
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FIGURE 3.20. Radial displacement, velocity, and acceleration of tire treads in 
the tireprint. 


The parameter p,. is called the rolling friction coefficient. 1, is not constant 
and mainly depends on tire speed, inflation pressure, sideslip and camber 
angles. It also depends on mechanical properties, speed, wear, temperature, 
load, size, driving and braking forces, and road condition. 


Proof. When a tire is turning on the road, that portion of the tire’s circum- 
ference that passes over the pavement undergoes a deflection. Part of the 
energy that is spent in deformation will not be restored in the following re- 
laxation. Hence, a change in the distribution of the contact pressure makes 
normal stress a, in the heading part of the tireprint be higher than the 
tailing part. The dissipated energy and stress distortion cause the rolling 
resistance. 

Figures 3.21 and 3.22 illustrate a model of normal stress distribution 
across the tireprint and their resultant force F, for a turning tire. 

Because of higher normal stress in the front part of the tireprint, the 
resultant normal force moves forward. Forward shift of the normal force 
makes a resistance moment in the —y direction, opposing the forward ro- 
tation. 


M, = —-M,j (3.66) 
MoD BRS (3.67) 


The rolling resistance moment M,. can be substituted by a rolling resistance 
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FIGURE 3.21. A model of normal stress oz(«, y) in the tireprint area for a rolling 
tire. 


FIGURE 3.22. Side view of a normal stress a, distribution and its resultant force 
F, on a rolling tire. 
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force F, parallel to the x-axis. 


FEF. = —F.2 (3.68) 
1 Ax 
F. = —M,=—F, 3.69 


Practically the rolling resistance force can be defined using a rolling friction 
coefficient U,.. 
F, = p, F: (3.70) 


Example 85 A model for normal stress of a turning tire. 
We may assume that the normal stress of a turning tire is expressed by 


en ee a 
Oz = Ox, (1-5-4 +z) (3.71) 


where n = 3 or n = 2 for radial tires and n = 1 for non-radial tires. 
We may determine the stress mean value oz,, by knowing the total load 
on the tire. As an example, using n = 3 for an 800kg car with a tireprint 
Ap=4xaxb=4x5cm x 12cm, we have 


i= * 800 x 9.81 


4 
=| oz(a,y)dA 
Ap 
0.05 0.12 6 6 
x Yy x 
= Pau ie : dy d 
re ae, ( 0.05° 0.125 1 ax 5) see 
= 1.7143 x 10-76;,. (3.72) 
and therefore, 
F, 


ln Tp x 10° Pa (3.73) 
Example 86 Deformation and rolling resistance. 

The distortion of stress distribution is proportional to the tire-road de- 
formation that is the reason for shifting the resultant force forward. Hence, 
the rolling resistance increases with increasing deformation. A high pres- 
sure tire on concrete has lower rolling resistance than a low pressure tire 
on soil. 

To model the mechanism of dissipation energy for a turning tire, we as- 
sume there are many small dampers and springs in the tire structure. Pairs 
of parallel dampers and springs are installed radially and circumstantially. 
Figures 3.28 and 8.24 illustrate the damping and spring structure of a tire. 


FIGURE 3.24. Spring structure of a tire. 
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3.5.1 % Effect of Speed on the Rolling Friction Coefficient 


The rolling friction coefficient j1,. increases with a second degree of speed. 
It is possible to express ju,. = p,.(Ux) by the function 


Hy = fo + Hy Uz- (3.74) 


Proof. The rolling friction coefficient increases by increasing speed exper- 
imentally. We can use a polynomial function 


Mp = Doe Ue (3.75) 
1=0 


to fit the experimental data. Practically, two or three terms of the polyno- 
mial would be enough. The function 


Lp = My + M1 U5 (3.76) 


is simple and good enough for representing experimental data and analytic 
calculation. The values of 


lo = 0.015 (3.77) 
fy = TK 107 8? fm? (3.78) 


are reasonable values for most passenger car tires. However, fg and j1, 
should be determined experimentally for any individual tire. Figure 3.25 
depicts a comparison between Equation (3.74) and experimental data for 
a radial tire. 

Generally speaking, the rolling friction coefficient of radial tires show to 
be less than non-radials. Figure 3.26 illustrates a sample comparison. 

Equation (3.74) is applied when the speed is below the tire’s critical 
speed. Critical speed is the speed at which standing circumferential waves 
appear and the rolling friction increases rapidly. The wavelength of the 
standing waves are close to the length of the tireprint. Above the critical 
speed, overheating happens and tire fails very soon. Figure 3.27 illustrates 
the circumferential waves in a rolling tire at its critical speed. m™ 


Example 87 Rolling resistance force and vehicle velocity. 
For computer simulation purposes, a fourth degree equation is presented 
to evaluate the rolling resistance force F;, 


PF, = Co + Ci vz + Co v9. (3.79) 
The coefficients C; are dependent on the tire characteristics, however, the 
following values can be used for a typical raided passenger car tire: 
Co = 9.91 x 1073 
Cy = 1.95x10~° (3.80) 
Cp = 1.76x 107° 
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FIGURE 3.25. Comparison between the analytic equation and experimental data 
for the rolling friction coefficient of a radial tire. 
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FIGURE 3.26. Comparison of the rolling friction coefficient between radial and 
non-radial tires. 
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FIGURE 3.27. Illustration of circumferential waves in a rolling tire at its critical 
speed. 


Example 88 Road pavement and rolling resistance. 
The effect of the pavement and road condition is introduced by assigning 
a value for fo in equation [, = [lg + Hy, v2. Table 3.1 is a good reference. 


Table 3.1 - The value of tug on different pavements. 


Road and pavement condition Log 
Very good concrete 0.008 — 0.1 
Very good tarmac 0.01 — 0.0125 
Average concrete 0.01 — 0.015 
Very good pavement 0.015 
Very good macadam 0.013 — 0.016 
Average tarmac 0.018 
Concrete in poor condition 0.02 
Good block paving 0.02 
Average macadam 0.018 — 0.023 
Tarmac in poor condition 0.23 
Dusty macadam 0.023 — 0.028 
Good stone paving 0.033 — 0.055 
Good natural paving 0.045 
Stone pavement in poor condition | 0.085 
Snow shallow (5cm) 0.025 
Snow thick (10cm) 0.037 
Unmaintained natural road 0.08 — 0.16 
Sand 0.15 — 0.3 


122 3. Tire Dynamics 


Example 89 Tire information tips. 

A new front tire with a worn rear tire can cause instability. 

Tires stored in direct sunlight for long periods of time will harden and 
age more quickly than those kept in a dark area. 

Prolonged contact with oil or gasoline causes contamination of the rubber 
compound, making the tire life short. 


Example 90 *% Wave occurrence justification. 

The normal stress will move forward when the tire is turning on a road. 
By increasing the speed, the normal stress will shift more and concentrate 
in the first half of the tireprint, causing low stress in the second half of the 
tireprint. High stress in the first half along with no stress in the second half 
is similar to hammering the tire repeatedly. 


Example 91 *% Race car tires. 

Racecars have very smooth tires, known as slicks. Smooth tires reduce the 
rolling friction and maximize straight line speed. The slick racing tires are 
also pumped up to high pressure. High pressure reduces the tireprint area. 
Hence, the normal stress shift reduces and the rolling resistance decreases. 


Example 92 *% Effect of tire structure, size, wear, and temperature on 
the rolling friction coefficient. 

The tire material and the arrangement of tire plies affect the rolling fric- 
tion coefficient and the critical speed. Radial tires have around 20% lower 
L,, and 20% higher critical speed. 

Tire radius R, and aspect ratio hr/wr are the two size parameters that 
affect the rolling resistance coefficient. A tire with larger Rg and smaller 
hr/wr has lower rolling resistance and higher critical speed. 

Generally speaking, the rolling friction coefficient decreases with wear in 
both radial and non-radial tires, and increases by increasing temperature. 


3.5.2 % Effect of Inflation Pressure and Load on the Rolling 
Friction Coefficient 


The rolling friction coefficient ju,, decreases by increasing the inflation pres- 
sure p. The effect of increasing pressure is equivalent to decreasing normal 
load Fy. 

The following empirical equation has been suggested to show the effects 
of both pressure p and load F, on the rolling friction coefficient. 


K 5.5 x 10°+90F, | 1100+0.0388F, 5 
= — | 5.1 3.81 
m= ag (8 +O) Bal) 


The parameter K is equal to 0.8 for radial tires, and is equal to 1.0 for non- 
radial tires. The value of F,, p, and vz must be in [N], [Pal], and [m/s] 
respectively. 
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FIGURE 3.28. Motorcycle rolling friction coefficient. 


Example 93 Motorcycle rolling friction coefficient. 

The following equations are suggested for calculating rolling friction coef- 
ficient 1, applicable to motorcycles. They can be only used as a rough lower 
estimate for passenger cars. The equations consider the inflation pressure 
and forward velocity of the motorcycle. 


1800 2.0606 , 


0.0085 + —— + Uz < 46 m/s (& 165 km/h) 
Pp Pp 


Uz 
By = (3.82) 


P Pp 


1 3.7714 
ae + ve Vy > 46m/s(* 165 km/h) 


The speed vz, must be expressed in m/s and the pressure p must be in 
Pa. Figure 3.28 illustrates this equation for vz < 46m/s(* 165km/h). 

Increasing the inflation pressure p decreases the rolling friction coefficient 
[np 


Example 94 Dissipated power because of rolling friction. 

Rolling friction reduces the vehicle’s power. The dissipated power because 
of rolling friction is equal to the rolling friction force F,. times the forward 
velocity v,. Using Equation (3.81), the rolling resistance power is 


P = F,v¢z 
= —[, Vy FP, 
—Kvz 5x105+90F, 11 0388 F; 
= v 51 5.0 X 10° + 90 i. 00 + 0.0388 v2) F.. (3.83) 
1000 Pp 
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The resultant power P is in [W] when the normal force F, is expressed in 
[N], velocity vz in [m/s], and pressure p in [ Pal. 

The rolling resistance dissipated power for motorcycles can be found based 
on Equation (3.82). 


1 2} 
(0.0085 + a + 2) Uz, Vy, <46m/s (= 165 km/h) 
Pp 
—) fl 7714 
(= + eae 2] U,F; Uz > 46m/s(& 165 km/h) 
Pp 
(3.84) 


Example 95 Rolling resistance dissipated power. 

If a vehicle is moving at 100km/h *% 27.78m/s ~ 62mi/h and each 
radial tire of the vehicle is pressurized up to 220kPa & 32 psi and loaded 
by 220kg, then the dissipated power, because of rolling resistance, is 


- 5490F, 11 0388F. 
Pp a= ax Kee (514 55X10 +90F. , 1100 + 0.0388 ) 
1000 Pp p 
= 2424.1W © 2.4kW. (3.85) 


To compare the given equations, assume the vehicle has motorcycle tires 
with power loss given by Equation (8.84). 


1 2. 
Pn (0.0085 + eee + uu 2) Fy 
Pp Pp 
= 5734.1W = 5.7kW. (3.86) 


It shows that if the vehicle uses motorcycle tires, it dissipates more power. 


Example 96 Effects of improper inflation pressure. 

High inflation pressure increases stiffness, which reduces ride comfort 
and generates vibration. Tireprint and traction are reduced when tires are 
over inflated. Over-inflation causes the tire to transmit shock loads to the 
suspension, and reduces the tire’s ability to support the required load for 
cornerability, braking, and acceleration. 

Under-inflation results in cracking and tire component separation. It also 
increases sidewall flexing and rolling resistance that causes heat and me- 
chanical failure. A tire’s load capacity is largely determined by its inflation 
pressure. Therefore, under-inflation results in an overloaded tire that oper- 
ates at high deflection with a low fuel economy, and low handling. 

Figure 3.29 illustrates the effect of over and under inflation on tire-road 
contact compared to a proper inflated tire. 

Proper inflation pressure is necessary for optimum tire performance, 
safety, and fuel economy. Correct inflation is especially significant to the 
endurance and performance of radial tires because it may not be possible 
to find a 5psi ® 35kPa under-inflation in a radial tire just by looking. 
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FIGURE 3.29. Tire-road contact of an over- and under-inflated tire compared to 
a properly inflated tire. 


However, under-inflation of 5 psi ~ 35kPa can reduce up to 25% of the tire 
performance and life. 

A tire may lose 1 to 2psi (® 7 to 14kPa) every month. The inflation 
pressure can also change by 1 psi 7kPa for every 10°F & 5°C of tem- 
perature change. As an example, if a tire is inflated to 35psi ~ 240kPa 
on an 80°F = 26°C summer day, it could have an inflation pressure of 
23 psi ~ 160kPa on a 20°F = —6°C day in winter. This represents a nor- 
mal loss of 6psi ~ 40kPa over the six months and an additional loss of 
6 psi = 40kPa due to the 60°F = 30°C change. At 23 psi = 160kPa, this 
tire is functioning under-inflated. 


Example 97 Small / large and soft / hard tires. 

If the driving tires are small, the vehicle becomes twitchy with low traction 
and low top speed. However, when the driving tires are big, then the vehicle 
has slow steering response and high tire distortion in turns, decreasing the 
stability. 

Softer front tires show more steerability, less stability, and more wear 
while hard front tires show the opposite. Soft rear tires have more rear 
traction, but they make the vehicle less steerable, more bouncy, and less 
stable. Hard rear tires have less rear traction, but they make the vehicle 
more steerable, less bouncy, and more stable. 


3.5.38 %& Effect of Sideslip Angle on Rolling Resistance 


When a tire is turning on the road with a sideslip angle a, a significant 
increase in rolling resistance occurs. The rolling resistance force F;. would 
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FIGURE 3.30. Effect of sideslip angle a on rolling resistance force F,. 


then be 


Fe = F,cosa+Fy,sina (3.87) 
a SB = Car (3.88) 


where, F;, is the longitudinal force opposing the motion, and Fy is the 
lateral force. 


Proof. Figure 3.30 illustrates the top view of a turning tire on the ground 
under a sideslip angle a. The rolling resistance force is defined as the force 
opposite to the velocity vector of the tire, which has angle @ with the x- 
axis. Assume a longitudinal force F, in —x-direction is applied on the tire. 
Sideslip @ increases F, and generates a lateral force Fy. The sum of the 
components of the longitudinal force F, and the lateral force F, makes the 
rolling resistance force F,. 


FF, = F, cosa + Fy sina (3.89) 


For small values of the sideslip a, the lateral force is proportional to —@ 
and therefore, 


Ba Cor (3.90) 
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3.5.4. % Effect of Camber Angle on Rolling Resistance 


When a tire travels with a camber angle y, the component of rolling mo- 
ment M,. on rolling resistance F,. will be reduced, however, a component 
of aligning moment M, on rolling resistance will appear. 


F. = —-Fi (3.91) 
1 1 
F,. => ra cosy + R, sin y (3.92) 


Proof. Rolling moment M,. appears when the normal force F., shifts for- 
ward. However, only the component M,.cos7y is perpendicular to the tire- 
plane and prevents the tire’s spin. Furthermore, when a moment in z- 
direction is applied on the tire, only the component M, sin y will prevent 
the tire’s spin. Therefore, the camber angle y will affect the rolling resis- 
tance according to 
F,. —F,% 
1 


1 
a Mr cosy> Mz sin y (3.93) 


where M;, may be substituted by Equation (3.66) to show the effect of 
normal force Fy. 


A 1 
FF, = =F, cos 17M siny (3.94) 


3.6 Longitudinal Force 


The longitudinal slip ratio of a tire is 


gies (3.95) 
Ug 
where, R, is the tire’s geometric and unloaded radius, w, is the tire’s 
angular velocity, and vz is the tire’s forward velocity. Slip ratio is positive 
for driving and is negative for braking. 

To accelerate or brake a vehicle, longitudinal forces must develop between 
the tire and the ground. When a moment is applied to the spin axis of 
the tire, slip ratio occurs and a longitudinal force F), is generated at the 
tireprint. The force F, is proportional to the normal force, 


F, = Fi (3.96) 
F, = w,(s) Fz (3.97) 


where the coefficient ju, (s) is called the longitudinal friction coefficient and 
is a function of slip ratio s as shown in Figure 3.31. The friction coefficient 
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FIGURE 3.31. Longitudinal friction coefficient as a function of slip ratio s, in 
driving and braking. 


reaches a driving peak value jug, at s ~ 0.1, before dropping to an al- 
most steady-state value 44,. The friction coefficient pu, (s) may be assumed 
proportional to s when s is very small 


[, (8) = Css s<<l (3.98) 


where C;; is called the longitudinal slip coefficient. 
The tire will spin when s > 0.1 and the friction coefficient remains almost 
constant. The same phenomena happens in braking at the values j,,, and 


Mos: 


Proof. Slip ratio, or simply slip, is defined as the difference between the 
actual speed of the tire vz and the equivalent tire speeds Ry~wy. Figure 3.32 
illustrates a turning tire on the ground. The ideal distance that the tire 
would freely travel with no slip is denoted by dy, while the actual distance 
the tire travels is denoted by d4. Thus, for a slipping tire, d4 > dr, and 
for a spinning tire, d4 < dp. 
The difference de — dy, is the tire slip and therefore, the slip ratio of the 
tire is 
as dp —da 


re (3.99) 


To have the instant value of s, we must measure the travel distances in an 
infinitesimal time length, and therefore, 


dp ~da 
da 


Ss 


(3.100) 
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dy 


FIGURE 3.32. A turning tire on the ground to show the no slip travel distance 
dr, and the actual travel distance da. 


If the angular velocity of the tire is w,, then, d F = Rwy and d A = Rywy 
where, R, is the geometric tire radius and R,, is the effective radius. There- 
fore, the slip ratio s can be defined based on the actual speed vz = Ryww, 
and the free speed Rywy 


RygWw — Ry ww 
RyWw 
Rwy 


= -1 3.101 
“ (3.101) 


A tire can exert longitudinal force only if a longitudinal slip is present. 
Longitudinal slip is also called circumferential or tangential slip. During 
acceleration, the actual velocity vz is less than the free velocity Ryw,, and 
therefore, s > 0. However, during braking, the actual velocity vz is higher 
than the free velocity Rgwy and therefore, s < 0. 

The frictional force Ff, between a tire and the road surface is a function of 
normal load F,, vehicle speed vz, and wheel angular speed w,,. In addition 
to these variables there are a number of parameters that affect F’,, such as 
tire pressure, tread design, wear, and road surface. It has been determined 
empirically that a contact friction of the form Fy, = t,,(Ww, U2)F2 can model 
experimental measurements obtained with constant vz, Ww. 


Example 98 Slip ratio based on equivalent angular velocity weg. 

It is possible to define an effective angular velocity weq as an equivalent 
angular velocity for a tire with radius R, to proceed with the actual speed 
Uz = RgWeq. Using Weg we have 


Uz = RgWeq = Rwww (3.102) 
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and therefore, 


= =i (3.103) 


Example 99 Slip ratio is —1 < s <0 in braking. 

When we brake, a braking moment is applied to the wheel axis. The tread 
of the tire will be stretched circumstantially in the tireprint zone. Hence, 
the tire is moving faster than a free tire 


RyWy > Rywy (3.104) 


and therefore, s <0. The equivalent radius for a braking tire is more than 
the free radius 
Ry > Rg. (3.105) 


Equivalently, we may express the condition using the equivalent angular 
velocity we and deduce that a braking tire turns slower than a free tire 


HgWeq > Rgties (3.106) 


The brake moment can be high enough to lock the tire. In this case Ww = 0 
and therefore, s = —1. It shows that the longitudinal slip would be between 
—1<s <0 when braking. 


-l<s<0 for a<0 (3.107) 


Example 100 Slip ratio is 0 < s < 00 in driving. 

When we drive, a driving moment is applied to the tire axis. The tread 
of the tire will be compressed circumstantially in the tireprint zone. Hence, 
the tire is moving slower than a free tire 


Rywy < Rgww (3.108) 


and therefore s > 0. The equivalent radius for a driving tire is less than the 
free radius 
Ry < Rg. (3.109) 


Equivalently, we may express the condition using the equivalent angular 
velocity we and deduce that a driving tire turns faster than a free tire 


RgWeq < Rgww- (3.110) 


The driving moment can be high enough to overcome the friction and turn 
the tire on pavement while the car is not moving. In this case vz = 0 
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and therefore, s = co. It shows that the longitudinal slip would be between 
0<s < oo when accelerating. 


O0<s<oo for a>0 (3.111) 


The tire speed RywWwy equals vehicle speed vz only if acceleration is zero. 
In this case, the normal force acting on the tire and the size of the tireprint 
are constant in time. No element of the tireprint is slipping on the road. 


Example 101 Power and maximum velocity. 
Consider a moving car with power P = 100kW & 134hp can attain 
279 km/h 77.5m/s ¥ 173.3 mi/h. The total driving force must be 


P _ 100 ~x 103 


F, =— 
Vp 77.5 


= 1290.3N. (3.112) 


If we assume that the car is rear-wheel-drive and the rear wheels are driving 
at the maximum traction under the load 1600N, then the longitudinal fric- 
tion coefficient [,, is 
F, 1290.3 
ie F,~ 1600 ~ 0.806. (3.113) 
Example 102 Slip of hard tire on hard road. 

A tire with no slip cannot create any tangential force. Assume a toy 
car equipped with steel tires is moving on a glass table. Such a car cannot 
accelerate or steer easily. If the car can steer at very low speeds, it is because 
there is sufficient microscopic slip to generate forces to steer or drive. The 
glass table and the small contact area of the small metallic tires deform and 
stretch each other, although such a deformation is very small. If there is any 
friction between the tire and the surface, there must be slip to maneuver. 


Example 103 Samples for longitudinal friction coefficients Lg, and [gs- 
Table 3.2 shows the average values of longitudinal friction coefficients 
Hap and fg, for a passenger car tire 215/65R15. It is practical to assume 


Madp i Mop» and Mads = Mos: 


Table 3.2 - Average of longitudinal friction coefficients. 


Road surface | Peak value, ig, | Sliding value, ta. 


Asphalt, dry 0.8—0.9 0.75 


Concrete, dry 0.8 — 0.9 0.76 
Asphalt, wet 0.5 — 0.7 0.45 — 0.6 


0.2 
0.1 


Concrete, wet hz ae 0.7 
Gravel | 06 0.55 
Snow, packed aa 0.15 
Ice 0.07 
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FIGURE 3.33. The molecular binding between the tire and road surfaces. 


Example 104 Friction mechanisms. 
Rubber tires generate friction in three mechanisms: 1— adhesion, 2— 
deformation, and 3— wear. 


Fy = Faa + Fae + Fue: (3.114) 


Adhesion friction is equivalent to sticking. The rubber resists sliding 
on the road because adhesion causes it stick to the road surface. Adhesion 
occurs as a result of molecular binding between the rubber and surfaces. 
Because the real contact area is much less than the observed contact area, 
high local pressure make molecular binding, as shown in Figure 3.83. Bound 
occurs at the points of contact and welds the surfaces together. The adhesion 
friction is equal to the required force to break these molecular bounds and 
separate the surfaces. The adhesion is also called cold welding and is 
attributed to pressure rather than heat. Higher load increases the contact 
area, makes more bounds, and increases the friction force. So the adhesion 
friction confirms the friction equation 


F, = pu, (8) Fy. (3.115) 


The main contribution to tire traction force on a dry road is the adhesion 
friction. The adhesion friction decreases considerably on a road covered by 
water, ice, dust, or lubricant. Water on a wet road prevents direct contact 
between the tire and road and reduces the formation of adhesion friction. 
The main contribution to tire friction when it slides on a road surface is the 
viscoelastic energy dissipation in the tireprint area. This dissipative energy 
is velocity and is time-history dependent. 

Deformation friction is the result of deforming rubber and filling the 
microscopic irregularities on the road surface. The surface of the road has 
many peaks and valleys called asperities. Movement of a tire on a rough 
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surface results in the deformation of the rubber by peaks and high points on 
the surface. A load on the tire causes the peaks of irregularities to penetrate 
the tire and the tire drapes over the peaks. The deformation friction force, 
needed to move the irregularities in the rubber, comes from the local high 
pressure across the irregularities. Higher load increases the penetration of 
the irregularities in the tire and therefore increases the friction force. So 
the deformation friction confirms the friction equation (3.115). 

The main contribution to the tire traction force on a wet road is the 
deformation friction. The adhesion friction decreases considerably on a road 
covered by water, ice, dust, or lubricant. 

Deformation friction exists in relative movement between any contacted 
surfaces. No matter how much care is taken to form a smooth surface, the 
surfaces are irregular with microscopic peaks and valleys. Opposite peaks 
interact with each other and cause damage to both surfaces. 

Wear friction is the result of excessive local stress over the tensile 
strength of the rubber. High local stresses deform the structure of the tire 
surface past the elastic point. The polymer bonds break, and the tire surface 
tears in microscopic scale. This tearing makes the wear friction mechanism. 
Wear results in separation of material. Higher load eases the tire wear and 
therefore increases the wear friction force. So the wear friction confirms the 
friction equation (8.115). 


Example 105 Empirical slip models. 

Based on experimental data and curve fitting methods, some mathemati- 
cal equations are presented to simulate the longitudinal tire force as a func- 
tion of longitudinal slip s. Most of these models are too complicated to be 
useful in vehicle dynamics. However, a few of them are simple and accurate 
enough to be applied. 

The Pacejka model, which was presented in 1991, has the form 


F, (s) = c,sin (cz tan! (c38 — ca (c3 — tan” * (c38)))) (3.116) 


where c1, C2, and c3 are three constants based on the tire experimental data. 
The 1987 Burckhardt model is a simpler equation that needs three num- 

bers. 
F, (8) = c; (1— e~?*) — egs (3.117) 


There is another Burckhardt model that includes the velocity dependency. 
Fy (s) = (c1 (1 — e~*) — cgs) e7” (3.118) 


This model needs four numbers to be measured from experiment. 
By expanding and approximating the 1987 Burckhardt model, the simpler 
model by Kiencke and Daviss was suggested in 1994. This model is 


F, (s) = u 


= k, ——————_s 3.119 
1+es+ cs? ( ) 
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where k, is the slope of F,(s) versus s at s =0 


AF, 
ks = li 12 
a As ic ) 
and c,, C2 are two experimental numbers. 
Another simple model is the 2002 De-Wit model 
F, (s) = c/s — c28 (3.121) 


that is based on two numbers cy, C2. 

In either case, we need at least one experimental curve such as shown 
in Figure 8.31 to find the constant numbers c;. The constants c; are the 
numbers that best fit the associated equation with the experimental curve. 
The 1997 Burckhardt model (3.118) needs at least two similar tests at two 
different speeds. 


Example 106 * Alternative slip ratio. 
An alternative method for defining the slip ratio is 


Vz 


1- Rgww > v2 drivin 
RgwWw aiid * y 
$= (3.122) 
Ryww 

—— -1 Rywy<vz braking 

Va 
where vz is the speed of the wheel center, wy is the angular velocity of the 
wheel, and Rg is the tire radius. 

In another alternative definition, the following equation is used for lon- 


gitudinal slip: 


= Rioy.\ _ f +1 Ryww < ve 
s = 1l- (A+) where n={ ee ee (3.123) 


In this definition s is always between zero and one. When s = 1, then the 
tire is either locked while the car is sliding, or the tire 1s spinning while the 
car 1s not moving. 


Example 107 *% Tire on soft sand. 

Figure 8.84 tlustrates a tire turning on sand. The sand will be packed 
when the tire passes. The applied stresses from the sand on the tire are 
developed during the angle 0, < 0 < 63 measured counterclockwise from 
vertical direction. 

It is possible to define a relationship between the normal stress 0 and 
tangential stress T under the tire 


rT =(c+otan6) (1 = eel ee nas ser) (3.124) 
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FIGURE 3.34. A tire turning on sand. 


where s is the slip ratio defined in Equation (8.122), and 
Tu =ct+otand (3.125) 


is the maximum shear stress in the sand applied on the tire. In this equation, 
c is the cohesion stress of the sand, and k is a constant. 


Example 108 * Lateral slip ratio. 

Analytical expressions can be established for the force contributions in x 
and y directions using adhesive and sliding concept by defining longitudinal 
and lateral slip ratios s, and sy 


by 25 SE (3.126) 
Ux 

ae 2 ce (3.127) 
U 
y 


where vz is the longitudinal speed of the wheel and v, is the lateral speed of 
the wheel. The unloaded geometric radius of the tire is denoted by Rg and 
Wy is the rotation velocity of the wheel. 

At very low slips, the resulting tire forces are proportional to the slip 


F, = Cs, Se (3.128) 
Fy, = Cy, Sy (3.129) 


where Cy, is the longitudinal slip coefficient and Cy, is the lateral slip 
coefficient. 


3.7 Lateral Force 


When a turning tire is under a vertical force F, and a lateral force Fy, its 
path of motion makes an angle a with respect to the tire-plane. The angle 
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FIGURE 3.35. Front view of a laterally deflected tire. 


is called sideslip angle and is proportional to the lateral force 


Ky = 2g (3.130) 
F, = -Cya (3.131) 
where C, is called the cornering stiffness of the tire. 
Cao = lim ake ty) 
a0 Oa 
OF, 

= |lim —4 3.132 
im =, (3.132) 


The lateral force F, is at a distance a,, behind the centerline of the 
tireprint and makes a moment M, called aligning moment. 


M. = Mk (3.133) 
For small a, the aligning moment M, tends to turn the tire about the 


z-axis and make the z-axis align with the velocity vector v. The aligning 
moment always tends to reduce a. 


Proof. When a wheel is under a constant load F, and then a lateral force 
is applied on the rim, the tire will deflect laterally as shown in Figure 3.35. 
The tire acts as a linear spring under small lateral forces 


Fy = ky Ay (3.135) 


with a lateral stiffness ky. 

The wheel will start sliding laterally when the lateral force reaches a 
maximum value F,,,. At this point, the lateral force approximately remains 
constant and is proportional to the vertical load 


Fry = My Fe (3.136) 
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FIGURE 3.36. Bottom view of a laterally deflected tire. 


where, 2, is the tire friction coefficient in the y-direction. A bottom view 
of the tireprint of a laterally deflected tire is shown in Figure 3.36. 

If the laterally deflected tire is turning forward on the road, the tireprint 
will also flex longitudinally. A bottom view of the tireprint for such a lat- 
erally deflected and turning tire is shown in Figure 3.37. Although the 
tire-plane remains perpendicular to the road, the path of the wheel makes 
an angle a with tire-plane. As the wheel turns forward, undeflected treads 
enter the tireprint region and deflect laterally as well as longitudinally. 
When a tread moves toward the end of the tireprint, its lateral deflection 
increases until it approaches the tailing edge of the tireprint. The normal 
load decreases at the tail of the tireprint, so the friction force is lessened and 
the tread can slide back to its original position when leaving the tireprint 
region. The point where the laterally deflected tread slides back is called 
sliding line. 

A turning tire under lateral force and the associated sideslip angle a 
are shown in Figure 3.38. Lateral distortion of the tire treads is a result 
of a tangential stress distribution T, over the tireprint. Assuming that the 
tangential stress Ty is proportional to the distortion, the resultant lateral 
force Fy 


Fy =| Ty dAy (3.137) 
Ap 
is at a distance az, behind the center line. 


1 
Gr, = =| LTy dA, (3.138) 
Fy Jap 


The distance az, is called the pneumatic trail, and the resultant moment 
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FIGURE 3.37. Bottom view of a laterally deflected and turning tire. 


M, is called the aligning moment. 


M, = Mk (3.139) 
MM, = Fite, (3.140) 


The aligning moment tends to turn the tire about the z-axis and make it 
align with the direction of tire velocity vector v. A stress distribution Ty, 
the resultant lateral force Fy, and the pneumatic trail az, are illustrated 
in Figure 3.38. 

There is also a lateral shift in the tire vertical force F, because of slip 
angle a, which generates a slip moment M, about the forward z-axis. 


M, = —M,i (3.141) 
M, = Fyoy, (3.142) 


The slip angle a always increases by increasing the lateral force Fy. 
However, the sliding line moves toward the tail at first and then moves 
forward by increasing the lateral force Fy. Slip angle a and lateral force Fy 
work as action and reaction. A lateral force generates a slip angle, and a 
slip angle generates a lateral force. Hence, we can steer the tires of a car 
to make a slip angle and produce a lateral force to turn the car. Steering 
causes a slip angle in the tires and creates a lateral force. The slip angle 
a > 0 if the tire should be turned about the z-axis to be aligned with the 
velocity vector v. A positive slip angle a generates a negative lateral force 
F,. Hence, steering to the right about the —z-axis makes a positive slip 
angle and produces a negative lateral force to move the tire to the right. 

A sample of measured lateral force Fy as a function of slip angle a for 
a constant vertical load is plotted in Figure 3.39. The lateral force Fi is 
linear for small slip angles, however the rate of increasing Ff, decreases 
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FIGURE 3.38. The stress distribution 7,, the resultant lateral force Fy, and the 
pneumatic trail a, for a turning tire going on a positive slip angle a. 


for higher a. The lateral force remains constant or drops slightly when a 
reaches a critical value at which the tire slides on the road. Therefore, we 
may assume the lateral force Fy, is proportional to the slip angle a for low 
values of a. 


Fy = —Cya (3.143) 
—  m Oy) 
Ca => i or re (3.144) 


The cornering stiffness C,, of radial tires are higher than C, for non-radial 
tires. This is because radial tires need a smaller slip angle a to produce the 
same amount of lateral force Fy. 

Examples of aligning moments for radial and non-radial tires are illus- 
trated in Figure 3.40. The pneumatic trail a,,, increases for small slip angles 
up to a maximum value, and decreases to zero and even negative values for 
high slip angles. Therefore, the behavior of aligning moment M, is similar 
to what is shown in Figure 3.40. 

The lateral force Fy = —C a can be decomposed to Fy cosa, parallel to 
the path of motion v, and Fy sina, perpendicular to v as shown in Figure 
3.41. The component Fy cosa, normal to the path of motion, is called 
cornering force, and the component F, sina, along the path of motion, is 
called drag force. 

Lateral force Fy is also called side force or grip. We may combine the 
lateral forces of all a vehicle’s tires and have them acting at the car’s mass 
center C. 
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FIGURE 3.39. Lateral force Fy as a function of slip angle a for a constant vertical 
load. 
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FIGURE 3.40. Aligning moment M, as a function of slip angle a for a constant 
vertical load. 
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FIGURE 3.41. The cornering and drag components of a lateral force Fy. 


Example 109 Effect of tire load on lateral force curve. 

When the wheel load F, increases, the tire treads can stick to the road 
better. Hence, the lateral force increases at a constant slip angle a, and the 
slippage occurs at the higher slip angles. Figure 3.42 illustrates the lateral 
force behavior of a sample tire for different normal loads. 

Increasing the load not only increases the maximum attainable lateral 
force, it also pushes the maximum of the lateral force to higher slip angles. 

Sometimes the effect of load on lateral force is presented in a dimen- 
stonless variable to make it more practical. Figure 3.48 depicts a sample. 


Example 110 Gough diagram. 

The slip angle a is the main affective parameter on the lateral force Fy 
and aligning moment M, = Fyaz,,. However, F, and M, depend on many 
other parameters such as speed v, pressure p, temperature, humidity, and 
road conditions. A better method to show F and M, is to plot them versus 
each other for a set of parameters. Such a graph is called a Gough dia- 
gram. Figure 3.44 depicts a sample Gough diagram for a radial passenger 
car tire. Every tire has its own Gough diagram, although we may use an 
average diagram for radial or non-radial tires. 


Example 111 Effect of velocity. 

The curve of lateral force as a function of the slip angle Fy (a) decreases 
as velocity increases. Hence, we need to increase the sideslip angle at higher 
velocities to generate the same lateral force. Sideslip angle increases by 
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FIGURE 3.42. Lateral force behavior of a sample tire for different normal loads 
as a function of slip angle a. 
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FIGURE 3.43. Effect of load on lateral force as a function of slip angle a presented 
in a dimensionless fashion. 


3. Tire Dynamics 143 


FIGURE 3.44. Gough diagram for a radial passenger car tire. 


increasing the steer angle. Figure 3.45 illustrates the effect of velocity on Fy, 
for a radial passenger tire. Because of this behavior, a fixed steer angle, the 
curvature of a one-wheel-car trajectory, increases by increasing the driving 
speed. 


Example 112 *% A model for lateral force. 

When the sideslip angle is not small, the linear approximation (3.131) 
cannot model the tire behavior. Based on a parabolic normal stress distrib- 
ution on the tireprint, the following third-degree function was presented in 
the 1950s to calculate the lateral force at high sideslips 


1 (Cya 2 
+ 3.145 
n(Ge)) ous 
where Fy,, 1s the maximum lateral force that the tire can support. Fy,, 1s 
set by the tire load and the lateral friction coefficient ,. Let’s show the 


sideslip angle at which the lateral force Fy reaches its maximum value Fy,, 
by ay. Equation (3.145) shows that 


y= Coot aa 


3 | F 


YM 


— —u 14 
OM = (3.146) 
and therefore, 
a a \? 
By, = —Cyo (: —-—-+ (=) (3.147) 
QAM QAM 
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FIGURE 3.45. Effect of velocity on Fy and M, for a radial tire. 


Figure 3.46 shows the cubic curve model for lateral force as a function 
of the sideslip angle. The Equation is applicable only for0O<a<ay. 


Example 113 *% A model for lateral stress. 

Consider a tire turning on a dry road at a low sideslip angle a. Assume 
the developed lateral stress on tireprint can be expressed by the following 
equation: 


Ty(#,¥) = crys, (1- = (1 = =) cos” (Zr) (3.149) 


The coefficient c is proportional to the tire load F, sideslip a, and longitu- 
dinal slip s. If the tireprint Ap = 4x axb=4x 5cm x 12cm, then the 
lateral force under the tire, Fy, forc = 1 is 


F=f Ty(x,y) dA 


0.05 0.12 . 
x x 

(1 1 ? dy d. 

=F sand oan™ sis) ( ast) e0 Ge eee 


= 0.0144 Ty). (3.150) 


If we calculate the lateral force Fy, = 1000N by measuring the lateral accel- 
eration, then the maximum lateral stress is 


F, 
Tum ~ 0.0144 
and the lateral stress distribution over the tireprint is 


x a? of yt 
Ty(2,y) = 69444 (1 = =) (1 = nen cos (*) Pa. (3.152) 


= 69444Pa (3.151) 
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FIGURE 3.46. A cubic curve model for lateral force as a function of the sideslip 
angle. 


3.8 Camber Force 


Camber angle y is the tilting angle of tire about the longitudinal z-axis. 
Camber angle generates a lateral force Fy called camber trust or camber 
force. Figure 3.47 illustrates a front view of a cambered tire and the gen- 
erated camber force Fy. Camber angle is assumed positive y > 0, when it 
is in the positive direction of the x-axis, measured from the z-axis to the 
tire. A positive camber angle generates a camber force along the —y-axis. 

The camber force is proportional to y at low camber angles, and depends 
directly on the wheel load F’,. Therefore, 


F, = Fyj (3.153) 
Fo = -C,4 (3.154) 


(3.155) 


In presence of both, camber y and sideslip a, the overall lateral force Fy 
on a tire is a superposition of the corner force and camber trust. 


F, =—-C,y- Cao (3.156) 


Proof. When a wheel is under a constant load and then a camber angle 
is applied on the rim, the tire will deflect laterally such that it is longer in 
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FIGURE 3.47. A front view of a cambered tire and the generated camber force. 


the cambered side and shorter in the other side. Figure 3.48 compares the 
tireprint of a straight and a cambered tire, turning slowly on a flat road. As 
the wheel turns forward, undeflected treads enter the tireprint region and 
deflect laterally as well as longitudinally. However, because of the shape of 
the tireprint, the treads entering the tireprint closer to the cambered side, 
have more time to be stretched laterally. Because the developed lateral 
stress is proportional to the lateral stretch, the nonuniform tread stretching 
generates an asymmetric stress distribution and more lateral stress will be 
developed on the cambered side. The result of the nonuniform lateral stress 
distribution over the tireprint of a cambered tire produces the camber trust 
fF, in the cambered direction. 


F, = Fyj (3.157) 


fy = i) Ty dA (3.158) 
Ap 


The camber trust is proportional to the camber angle for small angles. 
Fy =-Cyy7 (3.159) 


The camber trust F, shifts a distance Ax., forward when the cambered 
tire turns on the road. The resultant moment 


M. = Mk (3.160) 
:) San ea (3.161) 
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FIGURE 3.48. The tireprint of a straight and a cambered tire, turning slowly on 
a flat road. 


is called camber torque, and the distance az, is called camber trail. Camber 
trail is usually very small and hence, the camber torque can be ignored in 
linear analysis of vehicle dynamics. 

Because the tireprint of a cambered tire deforms to be longer in the 
cambered side, the resultant vertical force F, 


F, =| o,dA (3.162) 
Ap 


that supports the wheel load, shifts laterally to a distance a,, from the 
center of the tireprint. 


1 
Cy, = i yo, dA, (3.163) 
z P 


The distance a,, is called the camber arm, and the resultant, moment M, 
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FIGURE 3.49. The camber force Fy for different camber angle 7 at a constant 
tire load. 


is called the camber moment. 


M, = Mk (3.164) 
M, = —Fry, (3.165) 


The camber moment tends to turn the tire about the z-axis and make the 
tire-plane align with the z-axis. The camber arm ay, is proportional to the 
camber angle y for small angles. 


dy, = Cy, ¥ (3.166) 


Figure 3.49 shows the camber force Fi, for different camber angle y at a 
constant tire load F, = 4500N. Radial tires generate lower camber force 
due to their higher flexibility. 

It is better to illustrate the effect of F’, graphically to visualize the camber 
force. Figure 3.50 depicts the variation of camber force Fy as a function of 
normal load F, at different camber angles for a sample radial tire. 

If we apply a slip angle a to a turning cambered tire, the tireprint will 
distort similar to the shape in Figure 3.51 and the path of treads become 
more complicated. The resultant lateral force would be at a distance az, 
and a,, from the center of the tireprint. Both distances az, and ay, are 
functions of angles a and y. Camber force due to y, along with the corner 
force due to a, give the total lateral force applied on a tire. Therefore, the 
lateral force can be calculated as 


Fy =-Cyga-Cyy (3.167) 
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FIGURE 3.50. The variation of camber force Fy as a function of normal load F, 
at different camber angles for a sample radial tire. 


FIGURE 3.51. Tireprint of a cambered tire under a sideslip. 
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FIGURE 3.52. An example for lateral force as a function of y and a at a constant 
load F, = 4000N. 


that is acceptable for y < 10 deg and a < 5deg. Presence of both camber 
angle y and slip angle a makes the situation interesting because the total 
lateral force can be positive or negative. Figure 3.52 illustrates an example 
of lateral force as a function of y and a at a constant load F, = 4000N. 
Similar to lateral force, the aligning moment M, can be approximated as 
a combination of the slip and camber angle effects 


M, = Cu, 0+ Cm, 7- (3.168) 


For a radial tire, Cyy,, © 0.013 Nm/ deg and Cyz,, © 0.0003 N m/ deg, while 
for a non-radial tire, Cay, © 0.01 Nm/ deg and Cy, © 0.001Nm/deg. m 


Example 114 Banked road. 

Consider a vehicle moving on a road with a transversal slope B, while 
its tires remain vertical. There is a downhill component of weight, Fy = 
mg sin 3, that pulls the vehicle down. There is also an uphill camber force 
due to camber y ® 6 of tires with respect to the road Fy = Cyy. The 
resultant lateral force Fy = Cyy — mgsinG depends on camber stiffness 
C, and determines if the vehicle goes uphill or downhill. Since the camber 
stiffness Cy is higher for non-radial tires, it is more possible for a radial 
tire to go downhill and a non-radial uphill. 

The effects of cambering are particularly important for motorcycles that 
produce a large part of the cornering force by cambering. For cars and 
trucks, the cambering angles are much smaller and in many applications 
their effect can be negligible. However, some suspensions are designed to 
make the wheels camber when the axle load varies. 
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Example 115 Camber importance and tireprint model. 

Cambering of a tire creates a lateral force, even though there is no sideslip. 
The effects of cambering are particularly important for motorcycles that 
produce a large part of the lateral force by camber. The following equations 
are presented to model the lateral deviation of a cambered tireprint from the 
straight tireprint, and expressing the lateral stress T, due to camber 


y = —siny(,/R2 2? - /R2 2?) (3.169) 


Ty = —yk (a? — 2”) (3.170) 
where k is chosen such that the average camber defection is correct in the 
tereprint 

‘i, Ty dx =) y da. (3.171) 
Therefore, 
3siny 2.1 @ 
k = Ta (-« /R2—a? + Rjsin R, (3.172) 
Rgy/R2 - a? 
309 9g 
ac ee 3.173 
4 a2 ( ) 
and 
Ry/R2 - a? 
3. °"9 9g 
iS a a re (a? — x7). (3.174) 


3.9 Tire Force 


Tires may be considered as a force generator with two major outputs: for- 
ward force F,,, lateral force Fy, and three minor outputs: aligning moment 
M,, roll moment M,, and pitch moment M,. The input of the force gen- 
erator is the tire load F,, sideslip a, longitudinal slip s, and the camber 
angle ¥. 


F, = F,(F,a,8,7) (3.175) 
F, = F,(F.,0,8,7) (3.176) 
M, = Mz (F:,0,8,7) (3.177) 
M, = M,(F.,0,8,7) (3.178) 
M, = M, (F:,a0,8,7) (3.179) 


Ignoring the rolling resistance and aerodynamic force, and when the tire 
is under a load F, plus only one more of the inputs a, s, or 7, the major 
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output forces can be approximated by a set of linear equations 


F, = p,(s) F: (3.180) 
[Ly (8) = Cys 

F, = —Cya (3.181) 

F, = -Cyy (3.182) 


where, C, is the longitudinal slip coefficient, Cg is the lateral stiffness, and 
C’, is the camber stiffness. 

When the tire has a combination of tire inputs, the tire forces are called 
tire combined force. The most important tire combined force is the shear 
force because of longitudinal and sideslips. However, as long as the angles 
and slips are within the linear range of tire behavior, a superposition can 
be utilized to estimate the output forces. 

Driving and braking forces change the lateral force Fy generated at any 
sideslip angle a. This is because the longitudinal force pulls the tireprint 
in the direction of the driving or braking force and hence, the length of 
lateral displacement of the tireprint will also change. 

Figure 3.53 illustrates how a sideslip a affects the longitudinal force 
ratio F,/F as a function of slip ratio s. Figure 3.54 illustrates the effect 
of sideslip a on the lateral force ratio F/F, as a function of slip ratio s. 
Figure 3.55 and 3.56 illustrate the same force ratios as Figures 3.53 and 
3.54 when the slip ratio s is a parameter. 


Proof. Consider a turning tire under a sideslip angle a. The tire devel- 
ops a lateral force F, = —C, a. Applying a driving or braking force on 
this tire will reduce the lateral force while developing a longitudinal force 
F, = pu, (s) F,. Experimental data shows that the reduction in lateral 
force in presence of a slip ratio s is similar to Figure 3.54. Now assume 
the sideslip a is reduced to zero. Reduction a will increase the longitudinal 
force while decreasing the lateral force. Increasing the longitudinal force is 
experimentally similar to Figure 3.55. 

A turning tire under a slip ratio s develops a longitudinal force Ff, = 
i, (s) F,. Applying a sideslip angle @ will reduce the longitudinal force 
while developing a lateral force. Experimental data shows that the reduc- 
tion in longitudinal force in presence of a sideslip @ is similar to Figure 
3.53. Now assume the slip ratio s and hence, the driving or breaking force 
is reduced to zero. Reduction s will increase the lateral force while decreas- 
ing the longitudinal force. Increasing the lateral force is similar to Figure 
3.54. 


Example 116 Pacejka model. 
An approximate equation is presented to describe force Equations (8.175) 
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FIGURE 3.53. Longitudinal force 


ratio F,/F. as a function of slip ratio s for 
different sideslip a. 
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FIGURE 3.54. Lateral force ratio F,/F, as a function of slip ratio s for different 
sideslip a. 
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FIGURE 3.55. Longitudinal force ratio F,/Fz as a function of sideslip a for 
different slip ratio s. 
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FIGURE 3.56. Lateral force ratio F'y/F, as a function of sideslip a for different 
slip ratio s. 
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FIGURE 3.57. Parameters A, B, C, D and a tire experimental curve. 


or (8.176). This equation is called the Pacejka model. 


F = Asin{Btan~' [Cx —D(Cx-—tan™'(Cz))]} (3.183) 

A> oh (3.184) 
Ca 

c= = (3.185) 

B,D = shape factors (3.186) 


The Pacejka model is substantially empirical. However, when the para- 
meters A, B, C, D, C1, and C2 are determined for a tire, the equation 
expresses the tire behavior well enough. Figure 8.57 wlustrates how the pa- 
rameters can be determined from a test force-slip experimental result. 


Example 117 Friction ellipse. 

When the tire is under both longitudinal and sideslips, the tire is under 
combined slip. The shear force on the tireprint of a tire under a combined 
slip can approximately be found using a friction ellipse model. 


=) +(z) 
+ =1 (3.187) 
(= Pans 


A friction ellipse is shown in Figure 3.58. 


Proof. The shear force F snear, applied on the tire at tireprint, parallel to 

the ground surface, has two components: the longitudinal force F, and the 
lateral force Fy. 

F shear = EF, z + Fyj (3.188) 

F, C,sF, (3.189) 

Fy = -Caa (3.190) 
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FIGURE 3.58. Friction ellipse. 


These forces cannot exceed their maximum values Fy,, and Fy, 


Fyny = Hy FP, 
Foy, = Hy Fy 


The tire shown in Figure 3.58 is moving along the velocity vector v at 
a sideslip angle a. The x-axis indicates the tire-plane. When there is no 
sideslip, the maximum longitudinal force is Fy,, = [by Pz = OA. Now, if a 
sideslip angle a is applied, a lateral force Fy = OE is generated, and the 
longitudinal force reduces to Fy = OB. The maximum lateral force would 


be Fyy = by Bz = OD when there is no longitudinal slip. 


In presence of the longitudinal and lateral forces, we may assume that 
the tip point of the maximum shear force vector is on the following friction 


ellipse: 
aa cak 
+ =1 (3.191) 
(= Fin 


When [,, = Hy = f, the friction ellipse would be a circle and 


Fshear = [b Fe. (3.192) 
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Example 118 Wide tires. 

A wide tire has a shorter tireprint than a narrow tire. Assuming the 
same vehicle and same tire pressure, the area of tireprint would be equal in 
both tires. The shorter tireprint at the same sideslip has more of its length 
stuck to the road than longer tireprint. So, a wider tireprint generates more 
lateral force than a narrower tireprint for the same tire load and sideslip. 

Generally speaking, tire performance and maximum force capability de- 
crease with increasing speed in both wide and narrow tires. 


Example 119 sin tire forces model. 

A few decades ago, a series of applied sine functions were developed based 
on experimental data to model tire forces. The sine functions, which are 
explained below, may be used to model tire forces, especially for computer 
purposes, effectively. 

The lateral force of a tire is 


F, = Asin{Btan7!(C6)} (3.193) 
® = (1-£)(a+4d) pF, (3.194) 
Ca 
_ Ca 1 
C a (3.195) 
‘ i F, 
Ca. = Cysin | 2tan7* = (3.196) 
C2 
A,B = Shape factors (3.197) 
Ci, = Maximum cornering stif fness (3.198) 
Cy = Tire load at maximum cornerin stiffness (3.199) 


3.10 Summary 


We attach a coordinate frame (oxyz) to the tire at the center of the 
tireprint, called the tire frame. The z-axis is along the intersection line of 
the tire-plane and the ground. The z-axis is perpendicular to the ground, 
and the y-axis makes the coordinate system right-hand. We show the tire 
orientation using two angles: camber angle y and sideslip angle a. The 
camber angle is the angle between the tire-plane and the vertical plane 
measured about the z-axis, and the sideslip angle a is the angle between 
the velocity vector v and the z-axis measured about the z-axis. 

A vertically loaded wheel turning on a flat surface has an effective radius 
Ry, called rolling radius 

Us 


Ry =— (3.200) 


Ww 


where vz is the forward velocity, and wy is the angular velocity of the 


158 3. Tire Dynamics 


wheel. The effective radius R,, is approximately equal to 


Rea 


Ry = Rg - 3 


(3.201) 


and is a number between the unloaded or geometric radius Rg and the 
loaded height Rp. 
Rn < Ru < Rg (3.202) 


A turning tire on the ground generates a longitudinal force called rolling 
resistance. The force is opposite to the direction of motion and is propor- 
tional to the normal force on the tireprint. 


F.=p, F, (3.203) 


The parameter su, is called the rolling friction coefficient and is a function 
of tire mechanical properties, speed, wear, temperature, load, size, driving 
and braking forces, and road condition. 

The tire force in the x-direction is a combination of the longitudinal force 
F, and the roll resistance F.. The longitudinal force is 


F, = yu, (s) F: (3.204) 


where s is the longitudinal slip ratio of the tire 


ps Wee a (3.205) 
Ux 
Ht, (s) = Cys s<<l (3.206) 


The wheel force in the tire y-direction, Fy, is a combination of the lateral 
force and the tire roll resistance F;.. The lateral force is 


Fy =—-Cyy—-Caa (3.207) 


where —C,7¥ is called the camber trust and Ca is called the sideslip force. 
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3.11 Key Symbols 


P 

C1, €2, C3, C4 
Co, C1, Ce 
Cs 
Crees, 


DADE NOSSs Og 
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vy 
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XR 


zs 
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acceleration 
semiaxes of Ap 


camber trail 

camber arm 

tireprint area 

coefficients of the function F;, = F;, (s) 
coefficients of the polynomial function F,. = F, (vz) 
longitudinal slip coefficient 

longitudinal and lateral slip coefficients 

sideslip coefficient 

camber stiffness 

distance of tire travel 

no slip tire travel 

actual tire travel 

tire diameter 

Young modulus 

function 

spring force 

rolling resistance force 

longitudinal force, forward force 

lateral force 

pneumatic trail 

normal force, vertical force, wheel load 
gravitational acceleration 

stiffness 

nonlinear tire stiffness coefficients 

equivalent stiffness 

slope of F;, (s) versus s at s = 0 

tire stiffness in the x-direction 

tire stiffness in the y-direction 

tire stiffness in the z-direction 

radial and non-radial tires parameter in pu, = U4, (p, Vz) 
mass 

rolling resistance moment 

roll moment, bank moment, tilting torque, 

pitch moment, rolling resistance torque 

yaw moment, aligning moment, self aligning moment, bore torque 
exponent for shape and stress distribution of Ap 
number of tire rotations 

tire inflation pressure 

rolling resistance power 
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i 
r=W/Wy 


Sy 
T 
V=2£,V 
T,Y,%, X 


Lads 

Ozm 

o2(2,¥) 

Ozm 

Ta(Z, y); Ty (a, y) 
Tams Tym 


radial position of tire periphery 
frequency ratio 

geometric radius 

loaded height 

rolling radius 

longitudinal slip 

lateral slip 

wheel torque 

velocity 

displacement 

coordinate axes 

tire deflection in the x-direction, rolling resistance arm 
tire deflection in the y-direction 

tire deflection in the z-direction 

tire deflection rate in the z-direction 


sideslip angle 

maximum sideslip angle 

transversal slope 

camber angle 

deflection 

tire deflection in the x-direction, rolling resistance arm 
tire deflection in the y-direction 

tire deflection in the z-direction 

tire angular rotation 

nonlinear rolling friction coefficient 
rolling friction coefficient 
longitudinal friction coefficient 
friction coefficient driving peak value 
friction coefficient steady-state value 
maximum normal stress 

normal stress over the tireprint 
normal stress mean value 

shear stresses over the tireprint 
maximum shear stresses 

contact angle, angular length of Ap 
equivalent tire angular velocity 
angular velocity of a wheel 

actual tire angular velocity 
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Exercises 


1. Tireprint size and average normal stress. 
The curb weight of a model of Land Rover LR37™ is 


m = 2461 kg = 5426 1b 
while the gross vehicle weight can be 
m = 3230kg = 7121 |b. 


Assume a front to rear load ratio 


F., — 1450ke 


F..  1875ke 


and use the following data 


1 = 2885mm *¥ 113.6in 
Tires = 255/55R19 


to determine the the size parameters of the tireprints a, and b, for the 
front and rear tires. Assume a uniform normal stress on tireprints. 


2. Tireprint size, radial tire. 
Holden TK Barina?™ is a hatchback car with the following charac- 


teristics. 
m = 2461kg = 5426 1b 
1 = 2480mm 
Tires = 185/55R15 82V 
Assume 
m = 860kg 
a ae 
a2 


and determine the size of its tireprints for n = 3. 


3. Rolling resistance coefficient. 


Alfa Romeo Spider?™ has the following characteristics. 


m = 1690kg = 3725.8lb 
l 2530 mm * 99.6 in 
Tires = P225/50R17 
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Determine the rolling resistance coefficient yw, for the front and rear 
tires of the car at zero and at top speed vy. 


um = 235.0km/h & 146.0 mi/h 


Assume a;/ag = 1.2 and use p = 27 psi. 


. Rolling resistance power. 


A model of Mitsubishi Galant?” has the following specifications. 


m = 1,700kg 
1 = 2750mm 
Tires = P235/45R18 


um ®& 190km/h 


Assume a;/a2 = 1.2 and p = 27 psi to find the rolling resistance 
power at the maximum speed. 


. Longitudinal slip. 


(a) Determine the longitudinal slip s for the tire P225/50R17 if 
Ry = 0.98Ry. 
(b) If the speed of the wheel is v, = 100km/h, what would be the 


angular velocity wy, and equivalent angular velocity we, of the 
tire. 


. Cornering and drag force on a tire. 


Consider the tire for which we have estimated the lateral force be- 
havior shown in Figure 3.42. If the sideslip angle a is 4deg and 
F, = 5000N, calculate the cornering and drag force on the tire. 


. Required camber angle. 


Consider the tire for which we have estimated the behavior shown 
in Figure 3.52. Assume F, = 4000N and we need a lateral force 
Fy, = —3000N. If a = 4deg, what would be the required camber 
angle y? Estimate the coefficients Ci and Cy. 


. High camber angle. 


Consider a tire with C, = 300N/deg and C, = 700N/ deg. If the 
camber angle is y = 18 deg how much lateral force will develop for a 
zero sideslip angle? How much sideslip angle is needed to reduce the 
value of the lateral force to Fy = —3000 N? 


9. 


10. 
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Sideslip and longitudinal slip. 


Consider the tire for which we have estimated the behavior shown in 
Figure 3.54. Assume a vehicle with that tire is turning with a constant 
speed on a circle such that a = 4deg. What should be the sideslip 
angle a if we accelerate the vehicle such that s = 0.05, or decelerate 
the vehicle such that s = —0.05? 


%* Motion of the air in tire. 


What do you think about the motion of the pressurized air within 
the tires, when the vehicle moves with constant velocity or constant 
acceleration? 


A 


Driveline Dynamics 


The maximum achievable acceleration of a vehicle is limited by two fac- 
tors: maximum torque at driving wheels, and maximum traction force at 
tireprints. The first one depends on engine and transmission performance, 
and the second one depends on tire-road friction. In this chapter, we ex- 
amine engine and transmission performance. 


4.1 Engine Dynamics 


The maximum attainable power P. of an internal combustion engine is a 
function of the engine angular velocity w.. This function must be deter- 
mined experimentally, however, the function P. = P. (w-), which is called 
the power performance function, can be estimated by a third-order poly- 
nomial 
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FIGURE 4.1. A sample of power and torque performances for a spark ignition 
engine. 


3 
Fee ee 
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= Pi We + Pow? + P3w. (4.1) 
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If we use wyy to indicate the angular velocity, measured in [rad/s], at 
which the engine power reaches the maximum value Py, measured in |W = 
Nm/s], then for spark ignition engines we use 

P. 
Py =: 2 (4.2) 
WM 
P. 
R= (4.3) 
Wt 
Py 
W'4 


Figure 4.1 illustrates a sample for power performance of a spark ignition 
engine that provides Pyy = 50kW at wy = 586rad/s + 5600rpm. The 
curve begins at an angular velocity at which the engine starts running 
smoothly. 

For indirect injection Diesel engines we use 


P. 

P = 064 (4.5) 
WM 
P. 

mR = 14-4 (4.6) 
Wt 
P 

P; = ees (4.7) 
Wy 


and for direct injection Diesel engines we use 


P 

P, = 087— (4.8) 
WM 
P 

PR = 113-4 (4.9) 
Wi 
P. 

PR, = —-%, (4.10) 
Wi 


The driving torque of the engine T, is the torque that provides P- 


Pe 
T = 
We 


= Pit+ Powe + P3u%. (4.11) 


Example 120 Porsche 9117™ and Corvette Z06™™ engines. 

A model of Porsche 911 turbo has a flat-6 cylinder, twin-turbo engine with 
3596 cm? = 220in® total displacement. The engine provides a maximum 
power Py = 353kW = 480hp at wy = 6000 rpm + 628 rad/s, and a max- 
imum torque Ty = 620Nm & 457 Ibft at we = 5000rpm ~ 523 rad/s. The 
car weighs around 1585kg % 34941b and can move from 0 to 96km/h & 
60 mi/h in 3.78. Porsche 911 has a top speed of 310km/h = 193 mi/h. 
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The power performance equation for the Porsche 911 engine has the co- 
efficients 


Pu 353000 
Pw _ 353000 _ 5 
Py = i = og? = 0.89507 W/s (4.13) 
Py 353000 ios 
Py = -— =-—— = -142 1 4.14 
, z = 53x 1073 W/s? (4.14) 


and, its power performance function is 
P, = 562.1we + 0.89507 w? — 1.4253 x 1073 v3. (4.15) 


A model of Corvette Z06 uses a V8 engine with 6997 cm? ~ 427 in® total 
displacement. The engine provides a maximum power Py = 377kW & 
512hp at wy = 6300rpm & 660rad/s, and a maximum torque Ty = 
637Nm = 470lbft at w. = 4800rpm = 502rad/s. The Corvette weighs 
around 1418kg = 31261b and can move from 0 to 100km/h © 62 mi/h in 
3.98 in first gear. Its top speed is 320km/h © 198 mi/h. 

The power performance equation for the engine of Corvette Z06 has the 
coefficients 


Py 377000 
P. — SS => 1.2 4.1 
1 5607 = O7L.2W/s (4.16) 
— Pu _ 377000 _ - 
Po = B66 = 0.86547 W/s (4.17) 
Pyr 377000 - . 
P, = -S~=- = —1.3113 x 107° W/s° 4.18 
; <a: x /ss (4.18) 


and, its power performance function is 
P, = 571.2we + 0.86547 w? — 1.3113 x 1073 w. (4.19) 


The power performance curves for the Porsche 911 and Corvette Z06 are 
plotted in Figure 4.2. 

Although there is almost no limit for developing a powerful engine, any 
engine with power around 100hp would be enough for street cars with nor- 
mal applications. It seems that engines with 600 hp reach the limit of appli- 
cation for street cars. However, race cars may have higher power depending 
on the race regulations. As an example, formula 1 regulations dictates the 
type of engine permitted. It must be a four-stroke engine, less than 3000 cm? 
swept volume, no more than ten cylinders, and no more than five valves per 
cylinder, but there is no limit for power. 
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FIGURE 4.2. Power performance curves for the Porsche 911 and Corvette Z06. 


Example 121 Below the curves P. = P. (we) and T. = Te (we). 

An engine can theoretically work at any point under the performance 
curve P. = P. (we). Assume the angular velocity of an engine is kept con- 
stant by applying a braking force. Then, by opening the throttle, we produce 
more power until the throttle is wide open, and the maximum power at that 
angular velocity is gained. 

Power rises with we, and continues to climb until a maximum power Py, 
and then starts decreasing. The torque T. = P./we also increases with we 
but reaches a maximum point before the maximum power. Hence, the torque 
starts decreasing sooner than the power. When the power starts decreasing, 
the torque is very far from its peak value. 

Drivers usually cannot feel the engine power, however they may feel the 
engine torque. 


Example 122 Engine efficiency curves. 

Engines are supposed to convert the chemical energy, embedded in the 
fuel, into mechanical energy at the engine output shaft. Depending on the 
working conditions, this conversion happens at a specific efficiency. The 
constant efficiency contours can be added to the performance map of the 
engine to show the efficiency at an operating condition. Hence, every point 
under the curve P. = P.(we) can be an operating condition at a specific 
efficiency. The maximum efficiency usually happens around the angular 
velocity corresponding to the maximum torque when the throttle is almost 
wide open. A sample of power performance of a spark ignition engine with 
constant efficiency contours is shown in Figure 4.3. 
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FIGURE 4.3. An example of power performance in a spark ignition engine with 
constant efficiency contours. 


Example 123 Power units. 
There are many different units for expressing power. The metric unit for 
power is Watt |W]. 


1J 1iNm 
1WwW=—= 4,20 
Is Is ( ) 
Horsepower [hp] is also used in vehicle dynamics. 
1W = 0.001341 hp (4.21) 
lhp = 745.699872 W (4.22) 


There are four definitions for horsepower: international, metric, water, and 
electric. They slightly differ. 


Lhp(international) = 745.699872 W (4.23) 
Lhp(electrical) = 746W (4.24) 
Lhp(water) = 746.043 W (4.25) 
Lhp(metric) = 735.4988 W (4.26) 
Depending on the application, other units may also be useful. 
1W = 0.239006 cal/s (4.27) 
1W = _ 0.000948 Btu/s (4.28) 


1W = 0.737561 ftlb/s (4.29) 
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James Watt (1736 — 1819) experimented and concluded that a horse can 
lift a weight of 5501b for one foot in one second. It means the horse per- 
forms work at the rate of 550 ft lb/s = 745.701 W, or 33000 ft lb/ min. Watt 
then stated that 33000-foot-pounds per minute of work was equivalent to the 
power of one horse, or, one horsepower. He said that 33000 ftlb/ min is 
equivalent to one horsepower. The following formulas apply for calculating 
horsepower from a torque measurement in the English unit system: 


Big oe vietpn (4.30) 
Ping) = ELL ay 


Example 124 Fuel consumption at constant speed. 

Consider a vehicle moving straight at a constant speed v,. The energy 
required to travel can be calculated by multiplying the power at the drive 
wheels by time 


E = Pt 
d 
P— (4.32) 


Ug 


where d is the distance traveled and E is the needed energy to turn the 
wheels. To find the actual energy needed to run the whole vehicle, we should 
include the coefficients of efficiencies. We use n. for engine efficiency, H 
for thermal value of fuel, and p, for density of the fuel. When the vehicle 
moves at constant speed, the traction force F, is equal to the resistance 
forces. Therefore, the fuel consumption per unit distance, q, is 


Fy 


q = ————.. 4.33 
Ne: Ps H vee) 

The dimension of q in SI is [m°?/m], however, liter per 100km is more 

common. In the United States, the fuel consumption of vehicles is called by 


[mi/ gal]. 


Example 125 % Changing the curve P. = Pz (we). 

The whole power performance curve moves up when the engine’s com- 
pression ratio increases. The angular velocity at which the engine’s peak 
torque happens can be moved by changing the cam, header lengths, and 
intake manifold runner lengths. 

The wheel power curve, or the power delivered to the ground, may have 
a different shape and a different peak we, because of transmission losses. 
The best result is obtained from a power curve measured by a chassis dy- 
namometer. 
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Example 126 *% Power peak versus torque peak. 

When the engine is operating at its torque peak (say P. = 173.4kW & 
232.5hp at we = 3600rpm) in a gear, it is generating some level of torque 
(say Ty, = 460 Nm ®& 340 ft lb times the overall gearing ratio) at the drive 
wheels. This is the best performance in that gear. By changing the gear 
and making the engine to operate at the power peak (say P. = 209kW = 
280hp at we = 5000rpm), it delivers less torque T. = 400 Nm *& 295 ft lbf. 
However, it will deliver more torque to the drive wheels, at the same car 
speed. This is because we gear it up by nearly 39%(= [5000 — 3600] /3600), 
while the engine torque is dropped by 13%(= [460 — 400] /460). Hence, we 
gain 26% in drive wheel torque at the power peak versus the torque peak, at 
a given car speed. 

As long as the performance curves of engines are similar to those in 
Figure 4.1, any engine speed, other than the power peak speed wy, at a 
given car speed will provide a lower torque value at the drive wheels. There- 
fore, theoretically the best top speed will always occur when the vehicle is 
operating at its power peak. 

A car running at its power peak can accelerate no faster at the same 
vehicle speed. There is no better gear to choose, even if another gear would 
place the engine closer to its torque peak. A car running at peak power at a 
given vehicle speed is delivering the maximum possible torque to the tires, 
although the engine may not be running at its torque peak. The transmission 
amplifies the torque coming from the engine by a factor equal to the gear 
ratio. 


Example 127 * Ideal engine performance. 
It is said that an ideal engine is one that produces a constant power 
regardless of speed. For this kind of ideal engine we have 


P. = P (4.34) 
P 

Te Se ES, (4.35) 
We 


Figure 4.4 depicts a sample of the power and torque performance curves 
for an ideal engine having Po = 50kW. 

In vehicle dynamics, we introduce a gearbox to keep the engine running 
at the maximum power or in a working range around the maximum power. 
So, practically we keep the power of the engine, and therefore, the power 
at wheels constant at the maximum value. Hence, the torque at the wheels 
should be similar to the torque of an ideal engine. A constant power per- 
formance is an applied approximation for electrical motors. 

Another ideal engine would generate a linear torque-speed relationship. 
For such an ideal engine we have 


Te. = Os (4.36) 
Pos Ogu (4.37) 
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FIGURE 4.4. Power and torque performance curves for an ideal engine. 


However, internal combustion engines do not work like this ideal engine. 
Figure 4.5 illustrates such an ideal performance for C. = 0.14539. 


Example 128 *% Maximum power and torque at the same wy. 

Ideal performance for an engine would be having mazimum power and 
maximum torque at the same angular velocity wiz. However, it is impossible 
to have such an engine because the maximum torque Ty of a spark ignition 
engine occurs at 


dT. 

= P,+2Psw.= 4.38 
as 2 + 263 W 0 ( ) 

Pu 

—P» we 1 

one Spee =o 4.39 
= 2P3 PM po (299) 

wy 


that is half of the speed at which the power is maximum. 
When the torque is maximum, the power is at 


= 2Py. (4.40) 


However, when the power is maximum at Wwe = wy, the torque is 


1 
T. = —Py. (4.41) 
WM 
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FIGURE 4.5. Performance curves of an ideal engine having a linear torque-speed 
relationship T. = 0.14539 we. 


4.2 Driveline and Efficiency 


We use the word driveline, equivalent to transmission, to call the systems 
and devices that transfer torque and power from the engine to the drive 
wheels of a vehicle. Most vehicles use one of two common transmission 
types: manual gear transmission, and automatic transmission with torque 
convertor. A driveline includes the engine, clutch, gearbox, propeller shaft, 
differential, drive shafts, and drive wheels. Figure 4.6 illustrates how the 
driveline for a rear-wheel-drive vehicle is assembled. 

The engine is the power source in the driveline. The output from the 
engine is an engine torque T7., at an associated engine speed we. 

The clutch connects and disconnects the engine to the rest of the driveline 
when the vehicle is equipped with a manual gearbox. 

The gearbox can be used to change the transmission ratio between the 
engine and the drive wheels. 

The propeller shaft connects the gearbox to the differential. The propeller 
shaft does not exist in front-engined front-wheel-drive and rear-engined 
rear-wheel-drive vehicles. In those vehicles, the differential is integrated 
with the gearbox in a unit that is called the transazle. 

The differential is a constant transmission ratio gearbox that allows the 
drive wheels to have different speeds. So, they can handle the car in a curve. 


The drive shafts connect the differential to the drive wheels. 
The drive wheels transform the engine torque to a traction force on the 
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FIGURE 4.6. Driveline components of a rear wheel drive vehicle. 


road. 

The input and output torque and angular velocity for each device in a 
driveline are indicated in Figure 4.7. 

The available power at the drive wheels is 


P,, = nP. (4.42) 


where 7 < 1 indicates the overall efficiency between the engine and the 
drive wheels 


1 =NeM- (4.43) 


nN. < 1is the convertor efficiency and n, < 1 is the transmission efficiency. 


The relationship between the angular velocity of the engine and the ve- 


locity of the vehicle is 
Rw We 


(4.44) 


Uz = 
Ng Nd 
where ng is the transmission ratio of the gearbox, ng is the transmission 
ratio of the differential, w. is the engine angular velocity, and R, is the 
effective tire radius. 
Transmission ratio or gear reduction ratio of a gearing device, n, is the 
ratio of the input velocity to the output velocity 
n= (4.45) 
Wout 
while the speed ratio w, is the ratio of the output velocity to the input 


velocity. 
= Wout 


Wr = 
Win 


(4.46) 
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FIGURE 4.7. The input and output torque and angular velocity of each driveline 
component. 


Proof. The engine is connected to the drive wheels through a driveline. 
Because of friction in the driveline, especially in the gearbox and torque 
convertor, the power at the drive wheels is always less than the power at 
the engine output shaft. The ratio of output power to input power is a 


number called efficiency 
P. out 
= —. 4.47 
=p (4.47) 
If we show the efficiency of transmission by 7, and the efficiency of torque 
convertor by 7,, then the overall efficiency of the driveline is 7 = n.,. The 
power at the wheel is the output power of driveline P,,,,; = P,, and the 


engine power is the input power to the driveline P;,, = P.. Therefore, 
Pw = Pe. (4.48) 
Figure 4.8 illustrates a driving wheel with radius R,, that is turning with 
angular velocity w, on the ground and moving with velocity vz. 
Uz = Ry Wy (4.49) 


There are two gearing devices between the engine and the drive wheel: 
gearbox and differential. Assigning n, for the transmission ratio of the 
gearbox and na for the transmission ratio of the differential, the overall 
transmission ratio of the driveline is 


n= Ng Na. (4.50) 
So, the angular velocity of the engine w. is n times of the angular velocity 
of the drive wheel wy. 
We = NWy 


= NgNdWy (4.51) 
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FIGURE 4.8. A tire with radius Ry rolling on the ground and moving with 
velocity v and angular velocity wy. 


Therefore, 


Ry We 
Vz = 


(4.52) 


Tg Nd 


Example 129 Front and rear-engined, front and rear drive. 

The engine may be installed in the front or back of a car. They are called 
front-engined and rear-engined vehicle respectively. The driving wheels may 
also be the front, the rear, or all wheels. Therefore, there are six possible 
combinations. Out of those six combinations, the front-engined front-wheel- 
drive, front-engined rear-wheel-drive, and front-engined all-wheel-drive ve- 
hicles are the most common. There are only a few manufacturers that make 
cars with rear-engined rear-wheel-drive. However, there is no rear-engined 
front-wheel-drive vehicle. 


Example 130 Torque at the wheel. 

The power at the wheel is P,, = nP., and the angular velocity at the 
wheel is Wy = We/ (Ng na). Knowing P = Tw, we find out that the available 
torque at the wheel, Ty, is 


Pw e 
Ty = —=7Ngna — 
Ww We 

= hg tad. (4.53) 


Example 131 Power law. 
For any mechanical device in the driveline of a car, there is a simple law 
to remember. 


Power in = Power out minus losses 
Pin = Pout = Pross (4.54) 
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Also, because of 


Power = Torque x angular velocity 
P= Tw (4.55) 


any gearing device in the driveline of a car can reduce or increase the input 
torque in by increasing or decreasing the angular velocity. 


Example 132 *% Volumetric, thermal, and mechanical efficiencies. 
There is an efficiency between the attainable power in fuel and the power 
available at the engine’s output shaft. 


n! =v 17 1m: (4.56) 


ny ts the engine volumetric efficiency, np is the thermal efficiency, 
and ny, ts the mechanical efficiency. 

Volumetric efficiency ny, identifies how much fueled air gets into the 
cylinder. 

The fueled air mixture that fills the cylinder volume in the intake stroke 
is what will be used to create the power. Volumetric efficiency ny indicates 
the amount of fueled air in the cylinder relative to atmospheric air. If the 
cylinder is filled with fueled air at atmospheric pressure, then the engine 
has 100% volumetric efficiency. Super and turbo chargers increase the pres- 
sure entering the cylinder, giving the engine a volumetric efficiency greater 
than 100%. However, if the cylinder is filled with less than the atmospheric 
pressure, then the engine has less than 100% volumetric efficiency. Engines 
typically run between 80% and 100% of ny, 

Volumetric efficiency ny can be changed by any occurrence that affects 
the fueled air flow into the cylinder. The power of an engine is proportion- 
ally dependent on the mass ratio of fuel/air that gets into the cylinders of 
the engine. 

Thermal efficiency nr identifies how much of the fuel is converted to 
usable power. 

Although having more fueled air into the cylinder means more fuel en- 
ergy is available to make power, not all of the available energy converts 
to mechanical energy. The best engines can convert only about 1/3 of the 
chemical energy to mechanical energy. 

Thermal efficiency is changed by the compression ratio, ignition timing, 
plug location, and chamber design. Low compression engines may have an 
Nr & 0.26. A high compression racing engine may have an np ®& 0.34. 
Therefore, racing engines may produce about 30% more power because of 
their higher np. 

Any improvement in the thermal efficiency np significantly improves the 
final power that the engine produces. Therefore, a huge investment is ex- 
pended in research to improve nr. 

Mechanical efficiency nj, identifies how much power is consumed by 
the engine to run itself. 
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Some of the produced power is consumed by the engine’s moving parts. 
It takes power to overcome the friction between parts and to run engine ac- 
cessories. So, depending on how much fuel goes into the cylinder and how 
much converts to power, some of this power is used by the engine to run it- 
self. The leftover power is what we can measure on an engine dynamometer. 
The difference between the engine output power and the generated power in 
the cylinders is the mechanical efficiency nj,. 

Mechanical efficiency is affected by mechanical components of the engine 
or the devices attached to the engine. It also depends on the engine speed. 
The greater the speed, the more power it takes to turn the engine. This 
means the nq drops with speed. The mechanical efficiency naz is also called 
friction power because it indicates how much power is needed to overcome 
the engine friction. 

The engine power performance curve supplied by a car manufacturer is 
usually the gross engine performance and does not include the mechanical 
efficiency. Therefore, the effective engine power available at the transmis- 
sion input shaft is reduced by the power needed for accessories such as the 
fan, electric alternator, power steering pump, water pump, braking system, 
and air conditioning compressor. 


4.3. Gearbox and Clutch Dynamics 


The internal combustion engine cannot operate below a minimum engine 
speed Win. Consequently, the vehicle cannot move slower than a minimum 
speed Umin while the engine is connected to the drive wheels. 
Tg Nd 

At starting and stopping stages of motion, the vehicle needs to have speeds 
less than Umin. A clutch or a torque converter must be used for starting, 
stopping, and gear shifting. 

Consider a vehicle with only one drive wheel. Then, the forward velocity 
vz of the vehicle is proportional to the angular velocity of the engine we, 
and the tire traction force F, is proportional to the engine torque Ty 


ni Nd 


We = R, Ver (4.58) 
1 Rw 

{a it Es (4.59) 
1 NiNa 


where R,, is the effective tire radius, ng is the differential transmission 
ratio, n; is the gearbox transmission ratio in gear number 7, and 77 is the 
overall driveline efficiency. Equation (4.58) is called the speed equation, and 
Equation (4.59) is called the traction equation. 
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Proof. The froward velocity vz of a driving wheel with radius R,, is 
Uz = Ry Wy (4.60) 
and the traction force F, on the driving wheel is 


Tw 
ff, ==. 4.61 
ie (4.61) 
Tw is the applied spin torque on the wheel, and wy is the wheel angular 
velocity. 
The wheel inputs T,, and wy are the output torque and angular velocity 
of differential. The differential input torque Ty and angular velocity wg are 
1 
Ta = Ly (4.62) 
Nq Nd 


Wd = NdWw (4.63) 


where nq is the differential transmission ratio and 7, is the differential 
efficiency. 

The differential inputs Tg and wg are the output torque and angular 
velocity of the vehicle’s gearbox. The engine’s torque JT, and angular ve- 
locity we are the inputs of the gearbox. The input-output relationships for 
a gearbox depend on the engaged gear ratio n,. 


1 
T = ie (4.64) 
Tg Ni 
We = NiWa (4.65) 


n, is the gearbox efficiency, and n; is the gear reduction ratio in the gear 
number 7. Therefore, the forward velocity of a driving wheel v,, is propor- 
tional to the engine angular velocity w., and the tire traction force F), is 
proportional to the engine torque T., when the driveline is engaged to the 
engine. 
N; Nd 
ee. Ri, Uy (4.66) 
1 1 
Te = Tie 
Nga N4Nd 
1 Ry PF 
NgNa MiNd 
1 Ry 


= Fy, (4.67) 
1) U4N| 


Having the torque performance function T. = T. (w-) enables us to de- 
termine the wheel torque T,, as a function of vehicle speed v, at each gear 
ratio nj. 

Tw = nina Te (we) (4.68) 
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Using the approximate equation (4.11) for T. provides 


2 
mou (mon (Fate) + (Gem) ) 


P. P. 
n (Pinan, - 1 R_NaNi Ve - ngpenin’e) : (4.69) 


Tw 


Example 133 A siz-gear gearbox. 
Consider a inefficient passenger car with the following specifications: 


m = 1550kg 
Ry = 0.326m 
7 = 0.24 
torque = 392Nm at 4400rpm & 460.7 rad/s 
power = 206000 W at 6800rpm & 712.1 rad/s 
lst gear ratio = ny = 3.827 
2nd gear ratio = nz = 2.36 (4.70) 
3rd gear ratio = ng = 1.685 
Ath gear ratio = nag = 1.312 
5th gear ratio = n5=1 
6th gear ratio = ng = 0.793 
reverse gear ratio = Np = 3.28 


final drive ratio Na = 3.5451 


Based on the speed equation (4.58), 


Ny Nd 
We = Ug 
Ry 
3.9451n; 
— —_——_——_- Ug 


0.326 
= 10.875n; vz (4.71) 


we can find the gear-speed plot that is shown in Figure 4.9. The angular 
velocities associated to maximum power and maximum torque are indicated 
by dashed lines. 

The power and torque performance equations for the engine can be ap- 
proximated by 


P, = 289.29w,. + 0.40624 w? — 5.7049 x 107-4 w? (4.72) 
T. = 289.29 + 0.406 24w. — 5.7049 x 107 4w? (4.73) 
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FIGURE 4.9. A sample of a gear-speed plot for a gearbox. 


because 
P= — = oT = 289.29W/s (4.74) 
Py = - 7 = ao = 0.40624 W/s? (4.75) 
Pz = = = a = —5.7049 x 10-4 W/s°. (4.76) 


Using the torque equation (4.73) and the traction equation (4.71), we can 
plot the wheel torque as a function of vehicle speed at different gears. 
Tw = nninaTe 
= nnn (289.29 + 0.406 24w, — 5.7049 x 10~4w2) 
—5.7405 x 107-?n3v2 + 3.758 8n7u, + 246.13n; (4.77) 


Figure 4.10 shows the wheel torque-speed Equation (4.77) at each gear nj. 
The envelope curve for the series of torque-speed equations is similar to the 
torque curve of a constant power ideal engine. 


Example 134 *% Envelope curve for torque-speed family. 
Assume the torque-speed equation of a car is similar to Equation (4.77) 
that is a second degree of speed having the gear ration = n; as a parameter. 


T = an>v* + bn?u + cn (4.78) 
A variation of the parameter generates a series of curves called family. An 


envelope is a curve tangent to all members of the family. To find the enve- 
lope of a family, we should eliminate the parameter between the equation of 
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FIGURE 4.10. Wheel torque-speed Equation (4.77) at each gear n; of a gearbox, 
and the envelope curve simulating an ideal engine behavior. 


the family and its derivative with respect to the parameter. The derivative 
of the family (4.78) with respect to the parameter n 


T 
an = 3an?v? + 2bnv +c =0 (4.79) 
on 
leads to 
—h+ ./h2 — 
pee (4.80) 


3avu 


Substituting the parameter back into the equation of the family provides the 
equation of the envelop analytically. 


u (0 _ /P- 3ac) (0 — /e — 3ac — ) (4.81) 


~ 97a20 b 


The equation of envelope for the wheel torque-speed family at different gears 
is equivalent to 


ae (4.82) 


VU 


where C is a constant. Such a torque equation belongs to an ideal constant 
power device introduced in Example 127. 


Example 135 Mechanical and hydraulic clutches. 

Mechanical clutches are widely used in passenger cars and are normally 
in the form of a dry single-disk clutch. The adhesion between input and 
output shafts is produced by circular disks that rub against each other. 
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Engagement begins with the engine running at We = Wmin and the clutch 
being released gradually from time t = 0 to t = t such that the transmitted 
torque T. from the engine to the gearbox increases almost linearly in time 
from T, = 0 to the maximum value T,, = T,, that can be handled in slipping 
mode. The transmitted torque remains constant until the input and output 
disks stick together and a speed equality is achieved. At this time, the clutch 
is rigid and T, = Te. 

The transmitted torque T. should overcome the resistance force and the 
vehicle should accelerate sometime in 0 < t < t;. The magnitude of the 
transferable torque depends on the applied force between the disks, the fric- 
tional coefficient between clutch disks, the effective frictional area, and the 
number of frictional pairs. The axial force is generally produced by a pre- 
loaded spring. The driver can control the spring force by using the clutch 
pedal, and adjust the transferred torque. 

The hydraulic clutch consists of a pump wheel connected to the engine 
and a clutch-ended turbine that is equipped with radial vanes. A torque is 
transferred between the pump wheel and the turbine over a fluid, which 
is accelerated by the pump and decelerated in the turbine. The hydraulic 
clutch is also called Foettinger clutch. 

The transferred torque can be calculated according to the Foettinger’s law 


Lo C.pui.D? (4.83) 


where C, is slip factor, p is the oil density, w, is the pump angular velocity, 
and D is the clutch diameter. 


Example 136 Acceleration capacity at different speed. 
Assume an engine is working at speed wy associated to the maximum 
power Py. 


Py = Te WM 
1 
= —F,v, (4.84) 
1) 
Substituting 
F, = maz (4.85) 
indicates that a 
Py = —Gyz Vy (4.86) 
1) 
and therefore, 
7 1 
dz = Py —. (4.87) 
M Vy 


Equation (4.87) is called acceleration capacity and expresses the achiev- 
able acceleration of a vehicle at speed vz. The acceleration capacity de- 
creases by increasing velocity. As an example, Figure 4.11 depicts the ac- 
celeration capacity a, as a function of the forward speed vz for a vehicle 
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FIGURE 4.11. An example for the acceleration capacity az as a fucntion of 
forward speed vz. 


with mass m = 860kg, maximum power Py = 180kW & 241.4hp at 
wu = 4600rpm & 481.7rad/s, and efficiency n = 0.25. 


Example 137 Power-limited and traction-limited accelerations. 

Acceleration capacity is power-limited acceleration and is based on the 
assumption that the driving force does not reach the tire traction limit. 
Therefore, the vehicle reaches its peak acceleration because the engine can- 
not deliver any more power. 

The traction-limited acceleration happens when the engine delivers more 
power, but vehicle acceleration is limited because the tires cannot transmit 
any more driving force to the ground. Equation F, = pF, gives the max- 
imum transmittable force. If more driving torque is applied to the wheel, 
the tire slips and enters the dynamic friction regime where the coefficient 
of friction, and hence the traction force, are less. 


Example 138 *% Gearbor stability condition. 

Consider a vehicle moving at speed vz when the gearbox is engaged in 
gear number i with transmission ratio n;. To be safe, we have to select the 
transmission ratios such that when the engine reaches the maximum torque 
it can shift to a lower gear ni_-1 without reaching the maximum permissible 
engine speed. The maximum permissible engine speed is usually indicated 
by a red line or red region. 

Let’s show the engine speed for the maximum torque Ty by We = wr. 
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The speed of the vehicle at we = wr is 


Oe: (4.88) 


Ny, Md 


When we shift the gear to n;_1 the engine speed we jumps to a higher speed 
We =Wj_-1 > wr at the same vehicle speed 


Mj—1 Nd 
Rw 


Up. (4.89) 


Wi-1 = 


The stability condition requires that w;_1 be less than the maximum per- 
missible engine speed Wax 


Wi] < W Max: (4.90) 


Using Equations (4.88) and (4.89), we may define the following condition 
between transmission ratios at two successive gears and the engine speed: 
Wi-1 _  WMax _ Mi-1 (4.91) 


Wj WT Ni 


A constant relative gear ratio, at a constant vehicle speed, can be a simple 
rule for a stable gearbox design 


= Cy. (4.92) 


Example 139 Transmission ratios and stability condition. 
Consider a passenger car with the following gearbox transmission ratios: 


1st gear ratio = ny, = 3.827 
2nd gear ratio = ng = 2.36 
8rd gear ratio = ng = 1.685 
4th gear ratio = ng =1.312 
bth gear ratio = n5=1 
6th gear ratio = ng = 0.793 
final drive ratio = nq = 3.5451 (4.93) 


The stability condition requires that ni_-1/n; = cte. We examine the gear 
ratios and find out that the relative gear ratios are not constant. 


5 1 

— = — = 1.261 
n6 0.793 

mg _ 1.312 _ 1.312 


5, 1 
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ng 1.685 

— = —— = 1.284 

4 1.312 3 

De ee i 

ng 1.685 

ny 3.827 

— = — =1.6216 4.94 


We may change the gear ratios to have ni_-1/n; = cte. Let’s start from 
the higher gear and find the lower gears using cg = ng/ns5 = 1.261. 


ne = 0.793 

nm = 1 

Ng = Cgn5 = 1.261 

ng = Cgn4 = 1.261 x 1.261 = 1.59 

ng = ¢€gn3g = 1.261 x 1.59 = 2 

Ny = Cgng = 1.261 x 2 = 2.522 (4.95) 


We may also start from the first two gears and find the higher gears using 
Cg = 11 /N2 = 3.827/2.36 = 1.6216. 


nm = 3.827 

ng = 2.36 

ede a ag = 19 

i 8 = DO = 0.807 

nt = a ig = 0588 

ig. = = = = 0.341 (4.96) 


None of these two sets shows a practical design. The best way to apply 
a constant relative ratio is to use the first and final gears and fit four 
intermittent gears such that ni_-1/n; = cte. Using ny and ng we have, 


ny 3.827 


ne 0.793 
Ny Ng 3 M4 5 


= 2 (4.97) 


and therefore, 
Cg = 1.87. (4.98) 
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Now we are able to find the gear ratios. 


ier So BI 

ny = — 2.793 

ns es a 2.039 

na 7 =~ 1.488 

ns - — 1.086 

ng = 0.793 (4.99) 


4.4 Gearbox Design 


The speed and traction equations (4.58) and (4.59) can be used to calculate 
the gear ratios of a gearbox as well as vehicle performance. Theoretically 
the engine should work at its maximum power to have the best perfor- 
mance. However, to control the speed of the vehicle, we need to vary the 
engine’s angular velocity. Hence, we pick an angular velocity range (w1,w2) 
around wa,, which is associated to the maximum power Pa,, and sweep the 
range repeatedly at different gears. The range (w1,w2) is called the engine’s 
working range. 

As a general guideline, we may use the following recommendations to 
design the transmission ratios of a vehicle gearbox: 


1. We may design the differential transmission ratio ng and the final gear 
Ny such that the final gear n,, is a direct gear, n, = 1, when the ve- 
hicle is moving at the moderate highway speed. Using n, = 1 implies 
that the input and output of the gearbox are directly connected with 
each other. Direct engagement maximizes the mechanical efficiency 
of the gearbox. 


2. We may design the differential transmission ratio ng and the final 
gear n, such that the final gear n, is a direct gear, n, = 1, when the 
vehicle is moving at the maximum attainable speed. 


3. The first gear ny may be designed by the maximum desired torque 
at driving wheels. Maximum torque is determined by the slope of a 
desired climbing road. 


4. We can find the intermediate gears using the gear stability condition. 
Stability condition provides that the engine speed must not exceed 
the maximum permissible speed if we gear down from n; to nj_1, 
when the engine is working at the maximum torque in n;. 
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Vv, OY; Vv; Vy 


FIGURE 4.12. A gear-speed plot for a geometric gearbox design. 


5. The value of cy for relative gear ratios 


=Cy (4.100) 


can be chosen in the range. 


ear ceee. (4.101) 


To determine the middle gear ratios, there are two recommended meth- 
ods: 

1— Geometric ratios 

2— Progressive ratios 


4.4.1. Geometric Ratio Gearbox Design 


When the jump of engine speed in any two successive gears is constant at 
a vehicle speed, we call the gearbox geometric. The design condition for a 


geometric gearbox is 
Ni-1 


ny= 


4.102 
7 (4.102) 


where cg is the constant relative gear ratio and is called step jump. 


Proof. A geometric gearbox has constant engine speed jump in any gear 
shift. So, a geometric gearbox must have a gear-speed plot such as that 
shown in Figure 4.12. 
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The engine working range is defined by two speeds (wi, we) 
{(w1,wW2),w1 << wy < Wwe}. (4.103) 


When the engine reaches the maximum speed wz in the gear number 7 with 
ratio nj, we gear up to n;41 to jump the engine speed down to w,. The 
engine’s speed jump is kept constant for any gear change from n; to nj+41. 
Employing the speed equation (4.58), we have 


Aw = wWe-Wwy, 
— Mi-1 Ta, LLL 
Rip: akage 
Nd 
= (ni-1— Ni) B— Ve (4.104) 
Rw 
and therefore, 
W2-Wy  Mj-1 — N% 
Wy Nr 
Be (ep eB 
Wy NY; 
2 ee Eh aie (4.105) 
Wy Nr; 


Let’s indicate the maximum vehicle speed in gear n; by v; and in gear 
mi—1 by vj-1, then, 
Ny Nd 
Wg = R, Ui 
Ni-17 
= ae Vji-1 (4.106) 
“WwW 
and therefore, the maximum speed in gear 7 to the maximum speed in gear 
i — 1 is inverse of the gear ratios 


== St (4.107) 


Ny Vi-1 


The change in vehicle speed between gear n;_; and n, is indicated by 
Av; = Ui Vi-1 (4.108) 


and is called speed span. 

Having the step jump c,, and knowing the maximum speed v; of the 
vehicle in gear n;, are enough to find the maximum velocity of the car in 
the other gears 


Vi = Cg Vi-1 (4.109) 
1 

1 = —Y; (4.110) 
Cg 

Vi4l = Cg Vie (4.111) 
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FIGURE 4.13. A gear-speed plot for a progressive gearbox design. 


4.4.2 *% Progressive Ratio Gearbox Design 


When the speed span of a vehicle in any two successive gears is kept con- 
stant, we call the gearbox progressive. The design condition for a progressive 


gearbox is 
NN -1 


u41. = ———— 4.112 

t+ Ini _1 — ny ( ) 
where nj_1, 2;, and n;41 are the transmission ratios of three successive 
gears. 


Proof. A progressive gearbox has constant vehicle speed span in any gear. 
So, a progressive gearbox must have a gear-speed plot such as that shown 
in Figure 4.13. 
Indicating the maximum vehicle speed in gear n; by vj, in gear nj_1 by 
v;-1, and in gear n;41 by vj41, we have 
Ny Nd 
Wg = ae Ui 
Ni—1 Nd 
= ap Vi-1 


Rw 
Ni+1 Nd 
So 41. 4.113 
im Vi+1 ( ) 
The difference in vehicle speed at maximum engine speed is 


Av = Ui — Uj—-1 
= Vi41 — Vi (4.114) 
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and therefore, 


Vig1 tVUi-1 = 2u; (4.115) 
DAN jetted (4.116) 
Ut Ut 
a gh go SD (4.117) 
N41 N41 
NGENM{—-1 
i —————_.. 4.118 
Ni+1 Wi ( ) 


The step jump of a progressive gearbox decreases in higher gears. If the 
step jump cy, between n; and nj+1 is 


= Cy, (4.119) 


then, 


Cg, =2- (4.120) 
| 


Example 140 A gearbox with three gears. 
Consider an m = 860kg car having an engine with n = nq, = 0.84 and 
the power-speed relationship 
100 


P, = 100 — —— (w. — Pag 4.121 
00 aggz 398)” kW ( ) 


where we is in [rad/s]. We define the working range for the engine 


272 rad/s (= 2600rpm) < we < 524rad/s (& 5000 rpm) (4.122) 


when the power is 10O0kW > P. > 90kW. The power performance curve 
(4.121) is illustrated in Figure 4.14 and the working range is shaded. 

The differential of the vehicle uses na = 4, and the effective tire radius is 
Ry = 0.326m. We like to design a three-gear geometric gearbox to have the 
minimum time required to reach the speed vz = 100km/h * 27.78m/s ~ 
62mi/h. We assume that the total resistance force is constant, and the 
engine cannot accelerate the car at v; = 180km/h = 50m/s ® 112 mi/h 
anymore. Assume that every gear change takes 0.478 and we need to = 
2.588 to adjust the engine speed with the car speed in first gear. 

Using the speed equation (4.58), the relationship between vehicle and en- 
gine speeds is 


= “ou. (4.123) 
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FIGURE 4.14. The power performance curve (4.121) and its working range. 


At the maximum speed vz = 50m/s, the engine is rotating at the upper 
limit of the working range we = 524rad/s and the gearbox is operating in 
third gear. Therefore, Equation (4.123) provides that 


= oa ae 
0.326 524 


= —— = 0.85412. 4.124 
4 50 ( ) 


The speed equation 
0.326 


Ye = 7x 0.85412" (4.125) 


is applied as long as the gearbox is operating in third gear n; = n3, and We 1s 
in the working range. By decreasing w. and sweeping down over the working 
range, the speed of the car will reduce. At the lower range we = 272 rad/s, 
the vehicle speed is 


Vz = 9.326 x 272 
4 x 0.85412 


25.95 m/s (4.126) 
93.43 km/h © 58 mi/h. 


I 


2 


At this speed we should gear down to no and jump to the higher range 
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we = 524rad/s. This provides that 


ae 0.326 We 
ener 4 Us 
0.326 524 
= ———— = 1.6457. 4.127 
4 25.95 ( ) 
Therefore, the engine and vehicle speed relationship in second gear is 
0.326 
Uz = 4x 1.6457°° (4.128) 
that is applicable as long as nj = ng, and we is in the working range. 
Sweeping down the engine’s angular velocity reduces the vehicle speed to 
0.326 
te = 4x 16657 *°" 
= 13.47m/s (4.129) 


2 


48.49 km/h ~ 30.1 mi/h. 


At this speed we should gear down to n, and jump again to the higher range 
we = 524rad/s. This provides that 


0.326 We 


4 Uy 


0.326 524 
= ee al 4.1 
1 1347 3.1705 (4.130) 


and therefore, the speed equation for the first gear is 


0.326 
“Ex 3.1708 © 


ny = 


Uz (4.131) 
At the lower range of the engine’s speed in the first gear n; =n, the speed 
of the vehicle is 
0.326 
e = Foam x2 
: Tx 3.1705 <°”? 

= Tm/s (4.132) 

25.2km/h © 15.6 mi/h. 


2 


Therefore, the three-gear gearbox uses the following gear ratios: 


nm = 3.1705 
ng = 1.6457 
ng = 0.85412 (4.133) 


The speed equations for the three gears are plotted in Figure 4.15. Such a 
plot is called a gear-speed plot. Figure 4.15 also shows the gear switching 
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FIGURE 4.15. The gear-speed plot for a three-gear gearbox. 


points and how the vehicle speed is reducing from vz, = 50m/s to vz = 
7m/s. 

To evaluate the required time to reach the desired speed, we need to find 
the traction force F, from the traction equation and integrate. 


jee Pe 
F, — 
ee 
7 4 Nd 100 2 
= 1 phe 
we Ry ( a 3982 (ww 398) ) 
25 
~ 39601 zz Per ani (796Rw — nani) KN. (4.134) 


At the maximum speed, the gearbox is in the third gear and the traction 
force F, is equal to the total resistance force Fr. 


Pe 
i, = eee 
Vaz 
.84 
2 Ee EN (4.135) 
50 
Therefore, the traction force in the first gear is 
25 
P= 30601 z => nan, (796R, — Ngn Ve) 
25 «0.84 


= 39601 0.3202 x 4 x 3.1705 (796 x 0.326 — 4 x 3.1705vz) 


= 16.421 — 0.80252v, kN. (4.136) 
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Based on Newton’s equation of motion 


(4.137) 


dvy 


dvy 
F, — FR =m— 
Ba 
we can evaluate the required time to sweep the velocity from zero to vz = 
13.47 m/s 
; mf 1 : 
— ———— av z 
ota Be 
13.47 ~3 
1 
0 16.421 — 0.80252v,, — 1.512 


= 1.3837s. 


In second gear, we have 


25 
Be = 30601 z => nang (796Ry — NaneVz) 


25 «(0.84 


(4.138) 


= WW x 4x 1.6457 (796 x 0.326 — 4 x 1.6457.) 


39601 0.3262 
= 8.5235 — 0.21622v, kN 


and therefore, the sweep time in the second gear is 


25.95 1 
t = m ———dv 
a, woe x 
13.47 Fy, a Fr 


25.95 —3 
1 
860 i, : 
1 


3.47 8.5235 — 0.21622u, — 1.512 


= 4.2712s. 


Finally, the traction equation in the third gear is 


25 
Be 30601 A => ngn3 (796R, — Ngn3Vz) 


25 = (0.84 


(4.139) 


dvy 
(4.140) 


= x 4 x 0.85412 (796 x 0.326 — 4 x 0.85412v,) 


39601 0.3262 
= 4,4237 — 5.8242 x 1077u, kN 


and the sweep time is 


(4.141) 


dvy 


27.78 1 
tI = m ————dv, 
25.95 F, = Fr 
27.78 -3 
1 
= 360 / : 
os.95 4.4237 — 5.8242 x 10-2, — 1.512 


= 1.169s. 


(4.142) 
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The total time to reach the speed vz = 100km/h & 27.78m/s is then 
equal to 


t = tot+t, +te+t34+3 x 0.47 
= 2.584 1.3837 + 4.2712 + 1.169 +3 x 0.47 
10.8148 (4.143) 


Example 141 Better performance with a four-gear gearbox. 
A car equipped with a small engine has the following specifications: 


m = 860kg 
Ry = 0.326m 
7 = 0.84 
nq = 4 (4.144) 


and the engine operates based on the following performance equation: 


100 
Pe = 100 — 3a (we - 398)” kW (4.145) 


where We is in [rad/s]. Assuming the engine works well in the range 
272 rad/s (* 2600rpm) < we < 524rad/s(& 5000 rpm) (4.146) 


when the power is 1OOkW > P. > 90kW. We would like to design a gearbox 
to minimize the time to reach vz = 100 km/h © 27.78 m/s & 62 mi/h. 

The power performance equation (4.145) is illustrated in Figure 4.14 and 
the working range is shaded. To make this ecample comparable to Example 
140 we assume that the total resistance force is constant, and the engine 
cannot accelerate the car at v, = 180km/h. Furthermore, we assume that 
every gear change takes 0.478 and a time to = 2.588 is needed to adjust the 
engine speed need in first gear. 

Let’s design a four-gear gearbox and set the third gear such that we reach 
the desired speed vz = 27.78m/s at the higher limit of working range we = 
524rad/s. The gear-speed plot for such a design is plotted in Figure 4.16. 

Using the speed equation (4.58), the relationship between vehicle and en- 
gine speeds is 


Ry 
Uz = We 
Na Yi 
0.326 
= - 4.147 
fae (4.147) 


At the speed vz = 100km/h & 27.78m/s, the engine is rotating at the up- 
per limit of the working range we = 524rad/s and the gearbox is operating 
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FIGURE 4.16. The gear-speed plot for Example 141. 
in third gear n; = ng. Therefore, 


n= —— 
4 Ug 


0.326 524 


arg = 15878 (4.148) 


and the speed equation in the third gear n; = n3 is 


0.326 


~ AM Teas 149) 


Uz 
while we is in the working range. By sweeping down to the lower limit of 
the working range We = 272 rad/s, the speed of the car will reduce to 

1. = mee x 272 
4 x 1.5373 
= 1442m/s (4.150) 


51.91 km/h © 32.25 mi/h. 


2 


At this speed we should gear down to n2 and jump to the higher range 
we = 524rad/s. This provides that 


4 Us 


0.326 524 
Diddy = 2:9616. (4.151) 
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Therefore, the gear-speed relationship in second gear nj = N2 1s 


0.326 


= £20616" (4.152) 


Vz 
Sweeping down the engine’s angular velocity to we = 272 rad/s, reduces the 
vehicle speed to 
nie OE op 
4 x 2.9616 
= 7.48m/s (4.153) 


26.9km/h © 16.7 mi/h. 


2 


At this speed, we gear down to n, and jump again to the higher range 
we = 524rad/s. This provides that 


Ny => ar tar 
0.326 524 


and therefore the speed equation for first gear is 


0.326 


aaa oe 41 
4x 5.7055 KS155) 


Ug 
In first gear, nj = n1, and the vehicle’s speed at the lower range of the 
engine’s speed is 
0.326 
pe dh 
i. 4x 5.7055 
3.88 m/s (4.156) 


14km/h & 8.7 mi/h. 


2 


To calculate the fourth gear n; = n4 we may use the gear-speed equation 
and set the engine speed to the lower limit we = 272 rad/s while the car is 
moving at the maximum speed in third gear. Therefore, 


Mee 2S ah 
0.326 272 

= == ~=0.79798. 4.157 

4 27.78 Sea 


The four-gear gearbox uses the following ratios: 


m = 5.7055 
ng = 2.9616 
ng = 1.5373 


ng = 0.79798 (4.158) 
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To calculate the required time to reach the desired speed v; = 100 km/h 
27.78m/s, we need to use the traction equations and find the traction force 
F, 


ning Pe 
F, = -s 
" Ry We 
=a 100 — —— (we — 398 
we Ry ( 3982 ) ) 
Ss ee os a een Sao (4.159) 
= 39 601 R2 dh hy w dy Ua : : 


At the maximum speed, the gearbox is in fourth gear and the traction force 
F, 1s equal to the total resistance force Fr. 


P. 
Fp a We 
Ux 


0.84 x 90 


= ———=1512kN 4.160 


F, 


Therefore, the traction force in the first gear is 


25 = 


By = 39601 R20" (796Rw, = NaN Vz) 
25 0.84 
eee 4 x 5.7055 (796 x 0.326 — 4x 5.7055u, 
39601 0.3262 ~~ * MEX . te) 
= 29.55 —2.5989u, kN. (4.161) 


Using Newton’s equation of motion 


dvy, 


je re 
ae 


(4.162) 


we can evaluate the required time to reach the velocity vz = 7.48m/s 


7.48 1 
%oo= mf ———dvz 
0 Fy —_ FR 
7.48 -—3 
10 

= 860 ie 

| 29.55 — 2.5989u, — 1.512 
= 0.39114s. (4.163) 


In second gear we have 


25 
Pe seer "a (796Ry — nanzvz) 
25 0.84 


= 39601 0.3202 x 4 x 2.9616 (796 x 0.326 — 4 x 2.9616v,) 


= 15.339 — 0.70025, kN (4.164) 
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and therefore, the sweep time in second gear is 


14.42 1 


t = m ——dv 
7.48 Fy — Fr 7 


14.42 107-3 
= 360 / dvy, 
74g 15.339 — 0.70025v, — 1.512 
= 1.0246s. (4.165) 


The traction equation in third gear is 


25 = 
Fy, = 39601 R22" (796 Rw =— NdN3Vx) 
25 0.84 
= — 4x1. 326-41. 2 
39601 0.3262 * x 1.5373 (796 x 0.326 x 1.53730,) 
= 7.9621 — 0.18868v, kN (4.166) 


and the sweep time is 


27.78 1 
t3 = m a ds 
14.42 F, FR 
27.78 -3 
1 

= 360 ee ee a 

i449 7.9621 — 0.188680, — 1.512 
= 5.13598. (4.167) 


The total time to reach the speed vz = 100km/h & 27.78m/s is then 
equal to 


| 


to +t, + to +t3 +3 x 0.07 
2.58 + 0.39114 + 1.0246 + 5.1359 4+ 3 x 0.47 
10.542s (4.168) 


Example 142 Working range. 
Consider that a car equipped with a small engine has the following spec- 
ifications: 


m = 860kg 
Ry = 0.326m 
7 = 0.84 
nq = A. (4.169) 


The performance equation of the engine is 


100 


aogr 398)? kW (4.170) 


P. = 100 — 
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where we is in [rad/s]. The engine provides a mazimum power Py = 
100kW at wy = 400rad/s. 

The total resistance force is assumed to be constant, and the maximum 
attainable speed is assumed to be vz = 180km/h. Furthermore, we assume 
that every gear change takes 0.07s and a minimum time to = 0.188 is 
needed to adjust the engine speed with that car speed in the first gear. 

We would like to design a four-gear gearbox to minimize the time to reach 
vz = 100km/h & 27.78 m/s. 

To find the best working range for the engine, we set third gear to reach 
the desired speed vz = 100km/h at the upper limit of the working range. 
Therefore, fourth gear starts with the lower limit of the working range when 
we gear up. If fourth gear is set such that the car reaches the maximum speed 
vz = 180km/h ¥ 50m/s at the upper limit of the working range, then the 
gear-speed equation 


a om Ur (4.171) 
provides 
4n4 
ae 4.172 
oe 0.326 * °° en) 
4n4 
9) 0396 * 7.78 (4.173) 


By setting Wmin and Wax to an equal distance from wy = 400rad/s, 


WMax +Wmin 


5 = 400 (4.174) 
we find 
n4 = 0.83826 (4.175) 
Wmin = 285.73rad/s (4.176) 
WMar = 514.27rad/s. (4.177) 


We are designing a gearbox such that the ratio w./vz is kept constant in 
each gear. The engine speed jumps up from Wmin to WiMax when we gear 
down from ng to nz at Wmin, hence, 


rd Ang _ 
WMax = Fag X 27-78 = 514.27 (4.178) 
ng = 1.5087. (4.179) 


Therefore, the speed of the car in third gear at the lower limit of the engine 
speed is 


ie SB Dee 
W Max 


= 27.78 x labs 


= 15.435m/s. (4.180) 


202 4. Driveline Dynamics 


The engine’s speed jumps again to Wax when we gear it down from ng to 
ng, hence, 


Ang 
aw = aoa X 15.485 = 514.2 4.181 
tie 730g % 15-435 = 514.27 (4.181) 
ng = 2.7155. (4.182) 


Finally the speed of the car in second gear at the lower limit of the engine 
speed is 


is cS A 
W Max 


27. 
15.435 x Ene 


= 8.5757 m/s. (4.183) 


that provides the following gear ratio in first gear 


4ny 
= — ; = : 4.184 
Siraé 730g * S787 = 514.27 (4.184) 
my = 4.8874. (4.185) 


The speed of the car in first gear at the lower limit of the engine speed is 
then equal to 


8.5757 
W Max 


20. 
= 8.5757 x ie 


Uz 


= 4.7647 m/s. (4.186) 


Therefore, the four gears of the gearbox have the following ratios: 


nm, = 4.8874 
ng = 2.7155 
ng = 1.5087 
n4 = 0.83826 (4.187) 


and the working range for the engine is 


285.73 rad/s (= 2730 rpm) < we < 514.27 rad/s (= 4911 rpm). 
(4.188) 
The power performance curve (4.170) is illustrated in Figure 4.17 and the 
working range is shaded. The gear-speed plot of this design is also plotted 
in Figure 4.18. 
Balance of the traction force F, and the total resistance force Fp at the 
maximum speed provides 


Pe 

F, = Fr=" 
Uns 
0.84 x 90 


= —— =1.512kN. (4.189) 
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FIGURE 4.17. The power performance curve (4.170) and its working range. 
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FIGURE 4.18. The gear-speed plot for Example 142. 
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The traction force in first gear is 


25 
Fe = 39601 zz Dp dali (796 Rw _ NN Ve) 
25 0.84 
= ae x Ax 4.8874 326 — 4 x 4.88740, 
SOGULO BIER ee oe ae ee) 
= 25.313 — 1.907v, KN. 96) 


The time in first gear n1 can be calculated by integrating Newton’s equation 
of motion 


dvy 
=m— 4.191 
F,-—FrR=m a (4.191) 


and sweep the velocity from vz, = 0 to vz = 8.5757 m/s 


8.5757 1 
Sm ‘ — 
0 Fy a FR 


8.5757 1073 
= 860 SETA Wr 
| 25.313 — 1.9070, 1.512" 


= 0.52398 s. (4.192) 


In second gear, the traction force is 


25 
F,, = 39601 Fz = Nd (796 Rw = NdNQVe) 
25 0.84 
= 2 0 4x 2.7155 (796 x 0.326 — 4 x 2.71550 
39601 0.3262 ~~ Oe . ve) 
= 14.064 — 0.58870, kN (4.193) 


and therefore, the sweep time in second gear is 


15.435 

t : d 

2 = m Bop We 
8.5757 fx — Fr 


15.435 107-3 
860 dv, 
Le 14.064 — 0.5887v, —1.512°" 
= 1.1286s. (4.194) 


In third gear, the traction force is 


25 
F,, = 30601 z =a Ndn3 (796 Ry — NgNng3Vz ) 
25 «(0.84 


= 39601 0.3262 x 4 x 1.5087 (796 x 0.326 — 4 x 1.5087uz) 


= 7.814—0.18172v, kN (4.195) 
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and the third sweep time is 


27.78 1 
tz = m ———dvz 
15.435 fe FR 
27.78 —3 
10 

= 360 —— lv, 

15.435 7.814 — 0.18172v, — 1.512 
= 4.8544s. (4.196) 


The total time to reach the speed v, = 100km/h *& 27.78m/s is then 
equal to 
t = tot+ti+te +t3+3 x 0.07 
= 2.58 + 0.52398 + 1.1286 + 4.8544 + 3 x 0.47 
10.497 s (4.197) 


4.5 Summary 


The maximum attainable power P, of an internal combustion engine is a 
function of the engine angular velocity w.. This function must be deter- 
mined by experiment however, the function P. = P. (w-), which is called 
the power performance, can be estimated by a mathematical function such 
as 


P, = Pi we + Pow? + Paw? (4.198) 
where, 
P 
P= (4.199) 
WM 
P 
R= # (4.200) 
Wi 
P 
Py = —-3. (4.201) 
Wi 


wysis the angular velocity, measured in [rad/s], at which the engine 
power reaches the maximum value P;z, measured in [W = Nm/s]. 
The engine torque T, is the torque that provides P- 


Pe 
1, = = 
We 


= P+ Powe + Pu”. (4.202) 

An ideal engine is the one that produces a constant power regardless of 
speed. For the ideal engine, we have 

Ps = - 5 (4.203) 

Po 


We 


is (4.204) 
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We use a gearbox to make the engine approximately work at a constant 
power close to the Py,. To design a gearbox we use two equations: the speed 
equation 


= ae Ur (4.205) 
and the traction equation 
1 Ry 
T.=- F, (4.206) 
1) NgNa 


These equations state that the forward velocity vz of a vehicle is propor- 
tional to the angular velocity of the engine w,, and the tire traction force 
F, is proportional to the engine torque T., where, R,, is the effective tire ra- 
dius, nq is the differential transmission ratio, n; is the gearbox transmission 
ratio in gear number ?, and 77 is the overall driveline efficiency. 
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4.6 Key Symbols 


a=z acceleration 

a;,1=0,--: ,6 coefficients of function T. = T. (we) 
Ay acceleration capacity 

AWD all-wheel-drive 

Cg constant relative gear ratio 


Ce slip factor 

d distance traveled 

D clutch diameter 

E energy 

F, traction force 

FWD front-wheel-drive 

A thermal value of fuel 

m vehicle mass 

nN = Win /Wout gear reduction ratio 

Ni gearbox transmission ratio in gear number 7% 
Na transmission ratio 

Ng overall transmission ratio 

P power 

Po ideal engine constant power 

P,, Po, P3 coefficients of the power performance function 
Pz maximum attainable power of an engine 

P. = Pz (we) power performance function 

Pu maximum power 

q fuel consumption per unit distance 
r=w/Wn frequency ratio 

RWD rear-wheel-drive 

Ta differential input torque 

Te engine torque 

Tu maximum torque 

as wheel torque 

V=z,Vv velocity 

Umin minimum vehicle speed corresponding to win 
Av difference in maximum vehicle speed at two different gears 
L,Y,2, X displacement 

" overall efficiency 

Ne convertor efficiency 

Ne engine efficiency 

Nu mechanical efficiency 

"Nt transmission efficiency 

"4 thermal efficiency 


ibe thermal efficiency 
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ny volumetric efficiency 

Ly traction coefficient 

p oil density 

Pr fuel density 

o) slope of the road 

Wa differential input angular velocity 
We engine angular velocity 

Wmin minimum engine speed 

WM engine angular velocity at maximum power 
WMax maximum engine speed 

Wp pump angular velocity 

Wp = Sout speed ratio 
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Exercises 


1. Power performance. 
Audi R87™ with m = 1558kg, has a V8 engine with 


Py = 313kW & 420 hp at wy = 7800 rpm 
and Audi TT Coupe?™ with m = 1430kg, has a V6 engine with 
Py = 184kW ®& 250 hp at wy = 6300 rpm. 


Determine the power performance equations of their engines and com- 
pare the power mass ratio, Pyy/m of the cars. 


2. Power and torque performance. 


A model of Nissan NISMO 350Z with m = 1522 kg, has a V6 engine 
with 


Py = 228kW & 306hp at wy = 6800 rpm 
Tu = 363Nm® 268lbft at w = 4800 rpm. 


Determine the power and torque performance equations, and compare 
Ty from the torque equation with the above reported number. 


3. Fuel consumption conversion. 


A model of Subaru Impreza WRX STI7™ with m = 1521kg, has a 
turbocharged flat-4 engine with 


Py = 219kW & 293 hp at wyy = 6000 rpm. 


Fuel consumption of the car is 19 mi/ gal in city and 25 mi/ gal in 
highway. Determine the fuel consumption in liter per 100 km. 


4. Fuel consumption conversion. 


A model of Mercedes-Benz SLR 722 Edition?” with m = 1724kg, 
has a supercharged V8 engine with 


Py = 485kW & 650 hp at wy = 6500 rpm. 
The maximum speed of the car is 
Um = 337km/h & 209 mi/h. 


Assume the maximum speed happens at the maximum power and use 
an overall efficiency 7 = 0.75 to determine the traction force at the 
maximum speed. 
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5. Car speed and engine speed. 
A model of Toyota Camry7™ has a 3.5-liter, 6-cylinder engine with 
Py = 268 hp at way = 6200 rpm. 


The car uses transaxle/front-wheel drive and is equipped with a six- 
speed ECT-i automatic transmission. 


lst gear ratio = n, = 3.300 
2nd gear ratio = m2 = 1.900 
3rd gear ratio = n3z = 1.420 
Ath gear ratio = ng = 1.000 
5th gear ratio = n5 = 0.713 
6th gear ratio = ng = 0.609 
reverse gear ratio = n, = 4.148 


final drive ratio 


Nd = 3.685 


Determine the speed of the car at each gear, when the engine is 
running at wy, and it is equipped with 


(a) P215/55R17 tires 
(b) P215/60R16 tires. 


6. Geer-speed equations. 
A model of Ford Mondeo!™ is equipped with a 2.0-liter, which has 


Tm = 185Nm at w, = 4500 rpm. 


It has a manual five-speed gearbox. 


lst gear ratio = ny, = 3.42 
2nd gear ratio = no =2.14 
3rd gear ratio = ng = 1.45 
4th gear ratio = ng = 1.03 
5th gear ratio = ns = 0.81 
reverse gear ratio = n, = 3.46 


final drive ratio nq = 4.06 


If the tires of the car are 205/55R16, determine the gear-speed equa- 
tions for each gear. 
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7. Final drive and gear ratios. 


A model of Renault/Dacia Logan?’ with m = 1115kg, has a four- 
cylinder engine with 


Py = T7kW# 105hp at wy = 5750 rpm 
Tum = 148Nmatw, = 3750 rpm 
um = 183km/h 

Tires = 185/65R15. 


It has a five-speed gearbox. When the engine is running at 1000 rpm 
the speed of the car at each gear is as follow. 


lst gear ratio my = 7.25km/h 

2nd gear ratio = ng =13.18km/h 
3rd gear ratio = n3 =19.37km/h 
Ath gear ratio = ng = 26.21km/h 


5th gear ratio ns = 33.94km/h 


Assume that the top speed happens when the car is in the final gear 
and the engine is at the maximum power. Evaluate the final drive 
ratio, ng and gear ratios n;,4 = 1,2,---5. 


8. Traction equation. 
A model of Jeep Wrangler?™ is equipped with a V6 engine and has 


the following specifications. 


Py = 1538kW & 205hp at wy = 5200 rpm 
Tu = 325Nme 240lbft at w. = 4000 rpm 


A model of the car may have a six-speed manual transmission with 
the following gear ratios 


lst gear ratio = ny, = 4.46 
2nd gear ratio = no =2.61 
3rd gear ratio = ng = 1.72 
4th gear ratio = ng = 1.25 
5th gear ratio = n5 = 1.00 
6th gear ratio = ne = 0.84 
reverse gear ratio = n, = 4.06 


final drive ratio = ng = 3.21 
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or a four-speed automatic transmission with the following gear ratios. 


lst gear ratio = ny, = 2.84 
2nd gear ratio = ng =1.57 

3rd gear ratio = n3 = 1.0 
4th gear ratio = ny = 0.69 
reverse gear ratio = n, = 2.21 
final drive ratio = ng = 4.10 

Assume 
7 = 08 
Tires = 245/75R16 


and determine the traction equation for the two models. 


9. Acceleration capacity. 


Lamborghini Murcielago?™ is equipped with a 6.2-liter V12 engine 
and has the following specifications. 


Py = 631hp at wy = 8000 rpm 
Tu = 487l|bft at w. = 6000 rpm 


m = 3638lb 
Front tire = P245/35ZR18 
Rear tire = P335/30ZR18 


The gearbox of the car uses ratios close to the following values. 


lst gear ratio = ny = 2.94 
2nd gear ratio = ne = 2.056 
3rd gear ratio = ng = 1.520 
Ath gear ratio = ng = 1.179 
5th gear ratio = m5 = 1.030 
6th gear ratio = ng = 0.914 
reverse gear ratio = Mm, = 2.529 

final drive ratio = ng = 3.42 


If 7 = 0.8, then 


(a) determine the wheel torque function at each gear 


(b) determine the acceleration capacity of the car. 
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10. % Gearbox stability. 


11. 


A model of Jaguar XJ™™ is a rear-wheel drive car with a 4.2-liter 
V8 engine. Some of the car’s specifications are close to the following 
values. 


m = 36381b 
1 = 119.4in 
Front tire = P235/50R18 
Rear tire = P235/50R18 
Py = 300hp at wy = 6000 rpm 


If gear ratios of the car’s gearbox are 


lst gear ratio = ny =4.17 
2nd gear ratio = ng = 2.34 
3rd gear ratio = ng = 1.52 
Ath gear ratio = ng=1.14 
5th gear ratio = ns = 0.87 
6th gear ratio = ng = 0.69 
reverse gear ratio = n, = 3.40 
final drive ratio = ng = 2.87 


check the gearbox stability condition. In case the relative gear ratio 
is not constant, determine the new gear ratios using the relative ratio 
of the first two gears. 
* Geometric gearbox design. 
Lamborghini Diablo™™ is a rear-wheel drive car that was built in 
years 1990 — 2000. The car is equipped with a 5.7-liter V12 engine. 
Some of the car’s specifications are given. 

Py = 492hp at wy = 7000 rpm 

Tu 580 Nm & 428 lb ft at we = 5200 rpm 

vm = 328km/h*# 203 mi/h 


m = 1576kg = 34741b 

1 = 2650mm # 104in 
wr = 1540mm * 60.6in 
wr = 1640mm *% 64.6in 


Front tire = 245/40Z7R17 
Rear tire = 335/35ZR17 
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The gear ratios of the car’s gearbox are close to the following values. 


lst gear ratio = ny; = 2.31 um = 97.3km/h * 60.5 mi/h 
2nd gear ratio = ng =1.52 um = 147.7km/h & 91.8 mi/h 
3rd gear ratio = n3=1.12 um = 200.2km/h © 124mi/h 
Ath gear ratio = ny = 0.88 um = 254.8km/h & 158.4mi/h 
5th gear ratio = ns = 0.68 um = 325km/h & 202 mi/h 
reverse gear ratio = n, = 2.12 vm = 105.7km/h ®& 65.7 mi/h 
final drive ratio = ng =2.41 


Assume 7 = 0.9 and 


(a) Determine the step jump cy for each gear change. 
(b) Determine the speed span for each gear change. 


(c) Determine the engine speed at the maximum car speed for each 
gear. 


(d) Determine the power performance equation and find the engine 
power at the maximum car speed for each gear. 


(e) There is a difference between the car’s top speed and the maxi- 
mum speed in the 5th gear. Find the engine power at the car’s 
top speed. Based on the top speed, determine the overall resis- 
tance forces. 


(f) Accept the 1st gear data and assume a symmetric working range 
around the maximum power. Determine the other gear ratios 
based on a geometric design. 


12. Manual and auto transmission comparison. 


A model of Nissan U12 Pintara?™” may come with manual or auto 
transmission. A model with a manual transmission has gear ratios 
and characteristics close to the following values 


lst gear ratio = ny = 3.285 
2nd gear ratio = m2 = 1.850 
3rd gear ratio = ng = 1.272 
Ath gear ratio = ny = 0.954 
5th gear ratio = ns = 0.740 
reverse gear ratio = n, = 3.428 


final drive ratio = nq = 3.895 


13. 


14. 
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and the model with an auto transmission has gear ratios close to the 
following values. 


lst gear ratio = ny = 2.785 
2nd gear ratio = neg = 1.545 
3rd gear ratio = ng = 1.000 
Ath gear ratio = ny = 0.694 
reverse gear ratio = MN, = 2.272 
final drive ratio = nq = 3.876 


Compare the transmissions according to geometric design condition 
and determine which one has the maximum deviation. 
* Progressive and geometric gearbox design. 


An all wheel drive model of Hyundai Santa Fe?™ has specifications 
close to the following numbers. 


Py = 242hp at wy = 6000 rpm 
Tu = 226lbft at w. = 4500 rpm 
m = 1724kg = 40221b 
1 = 2700mm # 106.3in 
Tires = P235/70R16 
lst gear ratio = ny = 3.79 
2nd gear ratio = no = 2.06 
3rd gear ratio = ng = 1.42 
4th gear ratio = nyg=1.03 
5th gear ratio = n5 = 0.73 
reverse gear ratio = n, =3.81 
final drive ratio = ng = 3.68 


Assume that the car can reach a speed v = 200.2km/h ~ 124 mi/h 
at the maximum power Py, in the final gear n5 = 0.73. Accept n5 
and redesign the gear ratios based on a progressive and a geometric 
gearbox. 

* Engine performance estimation. 


Consider a RW D vehicle with the following specifications. 


m = 63001b 
1 = 153in 
F.,/Fe, = 4410/6000 


Tires = 245/75R16 


216 


15. 
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If an experiment shows that 


vm =62.6mi/h at 3% slope 
vm =52.1mi/h at 6% slope 
vu = 0 at 33.2% slope 


estimate the maximum power of the vehicle. Assume 7 = 0.85. 


Hint: assume that when the vehicle is stuck on a road with the max- 
imum slope, the engine is working at the maximum torque. However, 
when the vehicle is moving on a slope at the maximum speed, the 
engine is working at the maximum power. Slope 3% means the angle 
of the road with horizon is 


¢ = tan~! —. 


% Gearbox design. 
Consider a RW D vehicle with the following specifications. 


Py = 141kW® 189hp at wy = 7800 rpm 
Tu = 181Nme 133lbft at w. = 6800 rpm 
um = 237km/h® 147mi/h 
7 = 0.90 
m = 875kg 
1 = 2300mm 
Front tirest = 195/50R16 
Rear tirest = 225/45R17 
lst gear ratio = ny, = 3.116 
2nd gear ratio = nz = 2.050 
3rd gear ratio = ng = 1.481 
Ath gear ratio = ng = 1.166 
5th gear ratio = ns = 0.916 
6th gear ratio = ng =0.815 
reverse gear ratio = n, = 3.250 
final drive ratio = nq = 4.529 


(a) Based on the maximum velocity at the 6th gear ng, redesign 
the gear ratios. Use +20% around the maximum power for the 
working range. 


(b) Assume the car is supposed to be able to run on a 28% slope 
with zero acceleration, and redesign the gear ratios. 


Part II 


Vehicle Kinematics 


5 


Applied Kinematics 


Position, velocity, and acceleration are called kinematics information. Ro- 
tational position analysis is the key to calculate kinematics of relatively 
moving rigid bodies. In this chapter, we review kinematics and show applied 
methods to calculate the relative kinematic information of rigid bodies. A 
vehicle has many moving sub-systems such as suspensions, and the vehicle 
can be treated as a moving rigid body in an inertia coordinate frame. 


5.1 Rotation About Global Cartesian Axes 


Consider a Cartesian coordinate frame Oxyz fixed to a rigid body B that 
is attached to the ground G at the origin point O. The orientation of the 
rigid body B with respect to the global coordinate frame OXY Z fixed to 
the ground is known when the orientation of Oxyz with respect to OXY Z 
is determined. Figure 5.1 illustrates a body coordinate B rotating about 
point O in global coordinate frame G. 


FIGURE 5.1. A body coordinate B rotating about point O in global coordinate 
frame G. 


If the rigid body, B rotates a degrees about the Z-axis of the global 
coordinate frame, then coordinates of any point P of the rigid body in the 
local and global coordinate frames are related by the equation 


Cr = Rz0 By (5.1) 
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where 
cosa —sina 0 
Rzo= | sina cosa 0 (5.2) 
0 0 1 
and 
XxX 
Cr = | Y (5.3) 
Z 
x 
a y |. (5.4) 
az 


Similarly, rotation 6 degrees about the Y-axis, and y degrees about the 
X-axis of the global frame relate the local and global coordinates of point 
P by the following equations: 


Cr = RygPr 


G 


r Rx,» By 


where 


cos8 O. sing 


Ryg = 0 1 0 (5.7) 
—sinB 0 cosZ 
1 0 0 

Rxy = 0 cosy —siny |. (5.8) 


0 siny cosy 


Proof. Let (i,j, k) and (I JK ) be the unit vectors along the coordinate 
axes of Oxyz and OXY Z respectively. The rigid body has a space fixed 
point at O, which is the common origin of Oxyz and OXY Z. The dashed 
lines in Figure 5.2 illustrate the top view of the coordinate frames at initial 
position. 

The initial position of a body point P is indicated by P,. The position 
vector r; of P, can be expressed in body and global coordinate frames by 


ait yjt+ ak (5.9) 
Gry = Ral + Val + ZK (5.10) 


a 
| 


where ?r, refers to the position vector r; expressed in the body coordinate 
frame B, and Cr, refers to the position vector r; expressed in the global 
coordinate frame G. 

If the rigid body undergoes a rotation @ about the Z-axis, then the local 
frame Oxyz, and point P will be seen in a second position, as shown by 
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FIGURE 5.2. Position vectors of point P before and after the rotation of the 
local frame about the Z-axis of the global frame. 


the solid lines in Figure 5.2. Now the position vector rg of Pz is expressed 
in both coordinate frames by 


Br, = rot + yo) + zak (5.11) 
Grp = Xol+¥oF4+ ZoK. (5.12) 


Using Equation (5.11) and the definition of the inner product, we may 
write 


X92 = T-re 

a feattt-yojtt- zk (5.13) 
Yo = J +9 

= Jatt J -yj+ J+ zk (5.14) 
Z2 = K +r 

= K-mi+K-ywj+K- zk (5.15) 

or equivalently 

XS Top fog Pek ro 
Yoo | = | hed 9) ok yo (5.16) 
Zo Ki K-j K-k 22 


The elements of the Z-rotation matriz, Rzq, are called the direction 
cosines of Pr2 with respect to OXY Z. Figure 5.2 shows the top view of 
the initial and final configurations of r in both coordinate systems Oxyz 
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and OXY Z. Analyzing Figure 5.2 indicates that 


I-i=cosa, I-j=-sina, I-k=0 
J-i=sina, J-j=cosa, J-k=0 (5.17) 
K-i=0, K-7=0, K-k=1. 
Combining Equations (5.16) and (5.17) shows that 
X92 cosa —sina 0 X2 
Yo |=] sina cosa 0 Yo (5.18) 
Z2 0 0 1 Ze 
which can also be shown in the following short notation: 
Cr = Raa Pi (5.19) 
cosa —sina 0 
Rza= | sna cosa 0 |]. (5.20) 
0 0 1 


Equation (5.19) states that the vector r at the second position in the 
global coordinate frame is equal to Rz times the position vector in the 
local coordinate frame. Hence, we are able to find the global coordinates of 
a point of a rigid body after rotation about the Z-axis, if we have its local 
coordinates. 

Similarly, rotation @ about the Y-axis and rotation y about the X-axis 
are described by the Y-rotation matrix Ry,g and the X-rotation matrix 
Rx,» respectively. 


cos8 0. sin8 


Ry.g = 0 1 0 (5.21) 
—sinZ 0 cos8 
1 0 0 

Rxy= | 0 cosy —siny (5.22) 


0 siny cosy 
The rotation matrices Rz,q, Ry,g, and Rx, are called basic global ro- 
tation matrices. We usually refer to the first, second, and third rotations 


about the axes of the global coordinate frame by a, 3, and ¥ respectively. 
rT 


Example 143 Successive rotation about global axes. 

The final position of the point P(1,2,3) after a 30deg rotation about 
the Z-axis, followed by 30deg about the X-axis, and then 90 deg about the 
Y-axis can be found by first multiplying Rz,30 by [1,2,3]7 to get the new 
global position after first rotation 


X2 cos30 —sin30 0 1 —0.134 
Y2 | =] sin30  cos30 0 25) = 2.23 (5.23) 
Zo 0 0 1 3 3 
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and then multiplying Rx.30 by [—0.134, 2.23, 3]? to get the position of P 
after the second rotation 


X3 1 0 0 —0.134 —0.134 
Y3; | =| 0 cos30 —sin30 2.23 — 0.433 
Z3 0 sin30  cos30 3 3.714 


24) 
and finally multiplying Ry.90 by [—0.134, 0.433, 3.714]? to get the final po- 
sition of P after the third rotation. 


X4 cos90 QO sin90 —0.134 3.714 
Y | = 0 1 0 0.433 = | 0.433 
Z4 —sin90 0 cos90 3.714 0.134 


Example 144 Global rotation, local position. 
If a point P is moved to rz = [2,3,2]" after a 60 deg rotation about the 
Z-axis, its position in the local coordinate is 


¥ry = R760 “re 

ato cos60 —sin60 0] [2 3.6 

Yo = sin60  cos60 0 3 | = | —0.23 |. (5.26) 
29 0 0 1 2 2 


The local coordinate frame was coincident with the global coordinate frame 
before rotation, thus the global coordinates of P before rotation was also 
Cr, = [3.6, —0.23, 2]7. 


5.2 Successive Rotation About Global Cartesian 
Axes 


The final global position of a point P in a rigid body B with position vector 
r, after a sequence of rotations R,, Re, Rs, ..., Ry about the global axes 
can be found by 

Cr= CR Fr (5.27) 


where, 


CRe = Ry: R3RoRy (5.28) 


and @r and Pr indicate the position vector r expressed in the global and 
local coordinate frames. “Rg is called the global rotation matrix. It maps 
the local coordinates to their corresponding global coordinates. 

Because matrix multiplications do not commute, the sequence of per- 
forming rotations is important. A rotation matrix is orthogonal that means 
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its transpose R7 is equal to its inverse R~!. 
ie (5.29) 


Example 145 Successive global rotation matric. 
The global rotation matrix after a rotation Rz,q followed by Ry,g and 
then Rx,» is 


CRe = Rx RypRzo 

cacB —cBsa 8B 
cysa+casBsy cacy—sasBsy —cBbsy |. (5.30) 
sasy —cacys8 casy+cysash cBcy 


Example 146 Successive global rotations, global position. 
The point P of a rigid body that is attached to the global frame at O is 
located at 


Xi 0.0 
Y, | =| 0.26 |. (5.31) 
Ze 0.97 


The rotation matriz to find the new position of the point after a —29 deg 
rotation about the X-axis, followed by 30deg about the Z-axis, and again 
132 deg about the X-axis is 


CRe = Rx 132Rz30Rx,-29 
0.87 —0.44 —0.24 
= 0.33 —0.15 —0.93 |. (5.32) 


0.37 0.89 —0.27 


Therefore, its new position is at 


X2 0.87 —0.44 —0.24 0.0 —0.35 
Yo | = 0.33 —0.15 —0.93 0.26 | =| -0.94 |. (5.33) 
LZ 0.37 0.89 —0.27 0.97 —0.031 


Example 147 Order of rotation, and order of matrix multiplication. 
Changing the order of global rotation matrices is equivalent to changing 
the order of rotations. 
The position of a point P of a rigid body B is located at rp = [ 1 2 8 jie 
Its global position after rotation 30deg about the X-axis and then 45 deg 
about the Y -axis is at 


(Crp) 1 = yas Rx,30 Brp 
0.53 —0.84 0.13 1 —0.76 
= | 00 o15 o99 |} 2|/=| 3.27 | (23a) 


—0.85 —0.52 0.081 3 —1.64 
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and if we change the order of rotations, then its position would be at 


(Crp), = Rx 30 Ryas?rp 
0.53 0.0 0.85 1 3.08 
= —0.84 0.15 0.52 2 — 1.02 : (5.35) 
—0.13 —0.99 0.081 3 —1.86 


These two final positions of P are d = (es. — (Srp),| = 4.456 apart. 


Example 148 Global roll-pitch-yaw angles. 

The rotation about the X-axis of the global coordinate frame is called 
roll, the rotation about the Y -axis of the global coordinate frame is called 
pitch, and the rotation about the Z-axis of the global coordinate frame is 
called yaw. The global roll-pitch-yaw rotation matrix is 


CRea = RzRy,eRx,0 
cBcy  —casy+cysasB sasy+cacysB 
= cBsy cacy+sasBsy —cysa+casbsy |. (5.36) 
—sB cbsa cacB 


Given the roll, pitch, and yaw angles, we can compute the overall rotation 
matrix using Equation (5.36). Also, we are able to compute the equivalent 
roll, pitch, and yaw angles when a rotation matrix is given. Suppose that rj; 
indicates the element of row i and column j of the roll-pitch-yaw rotation 
matrix (5.86), then the roll angle is 


a =tan7! (=) (5.37) 
33 
and the pitch angle is 
6 =-—sin”* (r31) (5.38) 
and the yaw angle is 
—tanwl f P21 
y = tan (5.39) 
Tu. 


provided that cos 6B # 0. 


5.3. Rotation About Local Cartesian Axes 


Consider a rigid body B with a space-fixed point at point O. The local body 
coordinate frame B(Oxyz) is coincident with a global coordinate frame 
G(OXYZ), where the origin of both frames are on the fixed point O. If 
the body undergoes a rotation y about the z-axis of its local coordinate 
frame, as can be seen in the top view shown in Figure 5.3, then coordinates 
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of any point of the rigid body in the local and global coordinate frames are 
related by the equation 
Fe Rg re (5.40) 


The vectors Cr and Pr are the position vectors of the point in the global 


and local frames respectively 


So = [x Y Zz]? (5.41) 
a [oe ag (ha (5.42) 
and R,» is the z-rotation matrix 
cosp sing O 
Rzo= | —sing cosy 0}. (5.43) 


0 0 1 
Similarly, rotation @ about the y-axis and rotation 7 about the x-axis 


are described by the y-rotation matrix Ry» and the x-rotation matrix Ry,» 
respectively. 


cos? 0 —sind 


Ryo = 0 1 0 (5.44) 
sind 0 cosé 
d. 0 0 

Roy = 0 cosy sinw (5.45) 


0 -sinw cosy 


Proof. Vector r indicates the position of a point P of the rigid body B 
where it is initially at Pj. Using the unit vectors (7,9,k) along the axes 
of local coordinate frame B(Oxyz), and (I,J, K) along the axes of global 
coordinate frame B(OXY Z), the initial and final position vectors r, and 
r2 in both coordinate frames can be expressed by 


Bro = mityjtak (5.46) 
Cry = Xu + YJ + ZK (5.47) 
Br = Lot + yog + zok (5.48) 
Gry = Rod + Yod + Tok. (5.49) 


The vectors ?r; and ?ro are the initial and final positions of the vector r 
expressed in body coordinate frame Oxyz, and Cr, and @rg are the initial 
and final positions of the vector r expressed in the global coordinate frame 
OXY Z. 
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FIGURE 5.3. Position vectors of point P before and after rotation of the local 
frame about the z-axis of the local frame. 


The components of ?r2 can be found if we have the components of @rg. 
Using Equation (5.49) and the definition of the inner product, we may write 


2 = trg=i-Xol+i-YoS+i- 2K (5.50) 
Yo = Frrg=ReXol+9-YoS4+j- 2K (5.51) 
zo = kerg=k-Xof+k-YoI+k- ZK (5.52) 
or equivalently 
x9 it ae eo ae a 5 x 
wml=| pi pF 7K || ®% |. (5.53) 
22 k-I ke J kK 22 


The elements of the z-rotation matrix Rz., are the direction cosines of 
rg with respect to Oxyz. So, the elements of the matrix in Equation (5.53) 
are 


G 


1-1 = cosy, i. J =sing, 1-K=0 
j-l=-sing, j-J=cosy, j-K=0 . (5.54) 
k-f= k- J =0, k-K= 


Combining Equations (5.53) and (5.54), we can find the components of 
Br. by multiplying z-rotation matrix R,,, and vector Gro, 


x2 cosp sing 0 Xo 
yo | =| —sinyg cosy 0 Yo |. (5.55) 
22 0 0 1 Zo 


It can also be shown in the following short form: 
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Bro = Rep Cry (5.56) 
where 
cosp sing O 
Ree@= | =—sng cose 0 |. (5.57) 
0 0 1 


Equation (5.56) says that after rotation about the z-axis of the local 
coordinate frame, the position vector in the local frame is equal to Rz, 
times the position vector in the global frame. Hence, after rotation about 
the z-axis, we are able to find the coordinates of any point of a rigid body 
in a local coordinate frame, if we have its coordinates in the global frame. 

Similarly, rotation @ about the y-axis and rotation w about the z-axis 
are described by the y-rotation matrix R, 9 and the z-rotation matrix Rz,y 
respectively. 


cos? QO —siné 
Ryo = 0 1 0 (5.58) 
sinO 0 cosé 


1 0 0 
Roy =| 0 cosp siny (5.59) 
0 -sinw cosy 


We indicate the first, second, and third rotations about the local axes by 
vy, 9, and w respectively. m 


Example 149 Local rotation, local position. 

If a local coordinate frame Oxyz has been rotated 60 deg about the z- 
axis and a point P in the global coordinate frame OXY Z is at (4,3, 2), its 
coordinates in the local coordinate frame Oxyz are 


a cos60 sin60 0 4 4.60 
y | =} —sin60 cos60 0 3 |=] -197 ]. (5.60) 
Z 0 0 ‘I 2 2.0 


Example 150 Local rotation, global position. 

If a local coordinate frame Oxyz has been rotated 60 deg about the z-axis 
and a point P in the local coordinate frame Oxyz is at (4,3,2), its position 
in the global coordinate frame OXY Z is at 


vu 


X cos60  =sin60 0 4 —0.60 
Y | =|] —sin60 cos60 0 3] = 4.96 ! (5.61) 
Z 0 0 1 2 2.0 


5. Applied Kinematics 229 


Example 151 Successive local rotation, global position. 

First we turn a rigid body —90 deg about the y-axis and then 90 deg about 
the x-axis. If a body point P is at Prp = [ 9.5 —10.1 10.1 i then its 
position in the global coordinate frame is at 


G —1 B 
re = [Rz,90 Ry,—90] rp 
27 218 

Ry 90 Reo90 TP 

= T T B 

= Ry 90 Ri90 TP 


10.1 
ey (5.62) 
9.5 


Example 152 Global position and postmultiplication of rotation matric. 


The local position of a point P after rotation is at Pr = [ 1 2 8 rs 
If the local rotation matrix to transform Cr to Pr is given as 


cosy sing 0 cos30  sin30 0 
®R.» =| —sing cosp 0 | =] —sin30 cos30 0 (5.63) 
0 Oi- 0 0 1 


then we may find the global position vector Cr by postmultiplication ? Rz.. 
by the local position vector Pr? , 


Qt 5. ee BR. 
cos30  =sin30 0 


= [1 2 3]] —sin30 cos30 0 
0 0 1 


=) | 0113-203) 3.0] (5.64) 


instead of premultiplication of sss Ss by Pr. 


Gr = Roy By 
cos30 —sin30 0 1 —0.13 
= sin30  cos30 0 De | 2.23 (5.65) 
0 0 1 3 3 


5.4 Successive Rotation About Local Cartesian 
Axes 


The final global position of a point P in a rigid body B with position 
vector r, after some rotations R,, Re, R3, ..., Ry about the local axes, can 
be found by 

Br = BR Sr (5.66) 
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where 


BRo = Rn-++ R3RoR,. (5.67) 


® Ra is called the local rotation matrix and it maps the global coordinates 
to their corresponding local coordinates. 


Example 153 Successive local rotation, local position. 

A local coordinate frame B(Oxyz) that initially is coincident with a global 
coordinate frame G(OXYZ) undergoes a rotation p = 30deg about the 
z-axis, then 0 = 30deg about the x-axis, and then y = 30deg about the 
y-axis. The local coordinates of a point P located at X =5, Y = 30, Z = 10 
can be found by [ Ce Ye ih = Ryo Rap Ree.|, 5 30 10 |. The local 
rotation matrix 1s 


0.63 0.65 —0.43 
BRo = Ry30Rr,20Rz30 = | —043 0.75 0.50 (5.68) 
0.65 —0.125 0.75 


and coordinates of P in the local frame are 


x 0.63 0.65 —0.43 5 18.35 
y | =| —0.43 0.75 0.50 30 | = | 25.35 |. (5.69) 
z 0.65 —0.125 0.75 10 7.0 


Example 154 Successive local rotation. 
The rotation matrix for a body point P(x,y,z) after rotation Rz,. fol- 
lowed by Rz,o and Ry» is 


mite — Ry wRroRz¢ 
cycw — sOspsy cise +cypsbsy —cOsy 
- —cOsyp COcp 80 . (5.70) 


cpsw + sdcwsp spsw—cpsbcey cOcw 


Example 155 Local roll-pitch-yaw angles 

Rotation about the x-axis of the local frame is called roll or bank, rota- 
tion about y-axis of the local frame is called pitch or attitude, and rotation 
about the z-axis of the local frame is called yaw, spin, or heading. The 
local roll-pitch-yaw angles are shown in Figure 5.4. 

The local roll-pitch-yaw rotation matrix is 


Re — Rez pRy,o Rey 


cc = cps + sOcwsp sys) — cpsbcw 
= —cOsy cycy— sOsysw cibsp+cpsbsy |. (5.71) 
sO —cOsip cOcy 


Note the difference between roll-pitch-yaw and Euler angles, although we 
show both utilizing y, 0, and w. 
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FIGURE 5.4. Local roll-pitch-yaw angles. 


5.5 % Euler Angles 


The rotation about the Z-axis of the global coordinate is called precession, 
the rotation about the x-axis of the local coordinate is called nutation, 
and the rotation about the z-axis of the local coordinate is called spin. 
The precession-nutation-spin rotation angles are also called Euler angles. 
Rotation matrix based on Euler angles has application in rigid body kine- 
matics. To find the Euler angles rotation matrix to go from the global 
frame G(OXYZ) to the final body frame B(Oxyz), we employ a body 
frame B’(Oz’y'z’) as shown in Figure 5.5 that before the first rotation co- 
incides with the global frame. Let there be at first a rotation y about the 
z'-axis. Because Z-axis and z’-axis are coincident, by our theory 


By = BRGSr (5.72) 
; cosp sing O 
BRe = Rzy=| —sing cosy 0]. (5.73) 
0 0 1 


Next we consider the B’(Oz'y’z’) frame as a new fixed global frame and 
introduce a new body frame B” (Ox y"z"’). Before the second rotation, the 
two frames coincide. Then, we execute a 6 rotation about «’’-axis as shown 
in Figure 5.6. The transformation between B’(Oa’y’z’) and B”(O2"y"z"’) 
is 

Br = FR Br (5.74) 
1 0 0 


BY Rp = Rro =| 0 cosé sind |. (5.75) 
0 -—sin@ cosé 


Finally, we consider the B” (Oz"y"z'’) frame as a new fixed global frame 
and consider the final body frame B(Oxyz) to coincide with B” before the 
third rotation. We now execute a ~ rotation about the z’’-axis as shown in 
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xX ' Y 


FIGURE 5.5. First Euler angle. 


FIGURE 5.6. Second Euler angle. 
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FIGURE 5.7. Third Euler angle. 


Figure 5.7. The transformation between B”(O2"y"z’) and B(Oxyz) is 
g 


By — BR, B"y (5.76) 
cosy  sinw 0 

BRpn = Rew => = sin w cos W 0 é (5.77) 
0 0 1 


By the rule of composition of rotations, the transformation from G(OXY Z) 
to B(Oxyz) is 
Br = BRG Gr (5.78) 


where 
BRe = Rez uRro Rez, 
cycw — cOsypsy cwsp+chcysy —sOsw 


= —cysy — cOcwsp —sypsi+clcycy sdcw (5.79) 
sOsyp —cpsé cO 
and therefore, 
Phe = @RE= Re [Rog hee Riel” 
cpcw — Osysy —cpsw—cbcwsp  sOsy 
= cusp + cOcypsy —sypswt+cOcycy —cpsb |. (5.80) 
SOs sbcw cO 


Given the angles of precession y, nutation 0, and spin w, we can compute 
the overall rotation matrix using Equation (5.79). Also we are able to com- 
pute the equivalent precession, nutation, and spin angles when a rotation 
matrix is given. 

If rj; indicates the element of row i and column j of the precession- 
nutation-spin rotation matrix, then, 


6 = cos~* (133) (5.81) 
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y =—tan7! (=) (5.82) 
= tan7! (#2) (5.83) 


provided that sin é@ # 0. 


Example 156 * Euler angle rotation matriz. 

The Euler or precession-nutation-spin rotation matriz for yp = 79.15 deg, 
0 = 41.41 deg, and w = —40.7 deg would be found by substituting y, 60, and 
wy in Equation (5.79). 


BRoa 


Rz,-40.7Re,41.41Rz,79.15 (5.84) 
0.63 0.65 —0.43 

= —0.43 0.75 0.50 

0.65 —0.125 0.75 


Example 157 *% Euler angles of a local rotation matric. 
The local rotation matrix after a rotation 30 deg about the z-axis, 30 deg 
about the x-axis, and 30 deg about the y-axis is 


BRo = Ry 30Rx,30Rz,30 
0.63 0.65 —0.43 
= | -043 0.75 0.50 (5.85) 


0.65 —0.125 0.75 


and therefore, the local coordinates of a sample point at X = 5, Y = 30, 
and Z = 10 are 


x 0.63 0.65 —0.43 5 18.35 
y | =| —0.43 0.75 0.50 30 | = | 25.35 |. (5.86) 
z 0.65 —0.125 0.75 10 7.0 


The Euler angles of the corresponding precession-nutation-spin rotation 
matrix are 


0 = cos ' (0.75) = 41.41 deg (5.87) 
0.65 
= _ —1 — ae = Ll d . 
i) tan (55) 79.15 deg (5.88) 
—0.43 
= tan‘ ( —— | = —40.7deg. 5.89 
v i (TS) re ee 


Hence, Ry 30Rz,30Rz,30 = RzwReoRz,p when p = 79.15 deg, 6 = 41.41 deg, 
and w = —40.7deg. In other words, the rigid body attached to the local 
frame moves to the final configuration by undergoing either three consecu- 
tive rotations py = 79.15deg, 0 = 41.41 deg, and w = —40.7deg about the 
z, x, and z axes respectively, or three consecutive rotations 30 deg, 30 deg, 
and 30 deg about the z, x, and y azes. 
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Example 158 * Relative rotation matrix of two bodies. 

Consider a rigid body B, with an orientation matrit ®* Rg made by Euler 
angles py = 30deg, 0 = —45deg, w = 60deg, and another rigid body Bz 
having yp = 10deg, 0 = 25deg, Ww = —15deg, with respect to the global 
frame. To find the relative rotation matrix ®1 Rp, to map the coordinates 
of the second body frame Bz to the first body frame Bi, we need to find the 
individual rotation matrices first. 


Pt Re Rz 60Rz,—45Rz,30 
0.127 0.78 —0.612 
= —0.927 —0.127 —0.354 (5.90) 


—0.354 0.612 0.707 


B 
°Ra = Re0Re,25Rz,-15 


0.992 —6.33 x 10-2. —0.109 
= 0.103 0.907 0.408 (5.91) 
1345e 10-4 —0.416 0.906 


The desired rotation matrix ?' Rp, may be found by 


Ra = Ree Ring (5.92) 
which is equal to 
”Re, = ™Re™ RE 
0.992 0.103 7.34 x 107? 
= —6.33 x 10-2 0.907  —0.416 (5.93) 


—0.109 0.408 0.906 


Example 159 *% Euler angles rotation matrix for small angles. 
The Euler rotation matric ?Rg = Ry RzroRzy for very small Euler 
angles y,0, and w is approximated by 


1 y O 
BReS | aa Ao (5.94) 
0 -é I 
where 
y=prty. (5.95) 


Therefore, wen the angles of rotation are small, the angles p and w are 
indistingutshable. 
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FIGURE 5.8. Euler angles frame éy, €9, Ey. 


Example 160 *% Small second Euler angle. 
If — 0 then the Euler rotation matrix ? Rg = RzRr,oRz,. approaches 
to 


cypcw — sypsw cusp+cpsy 0 


BRe = —cpsy —cusp —sypsi+cpcy 0 
0 0 1 
cos(p+y) sin(y+y) 0 
= —sin(y+~w) cos(p+w) 0 (5.96) 
0 0 1 


and therefore, the angles y and w are indistinguishable even if the value of 
yp and w are finite. Hence, the Euler set of angles in rotation matrix (5.79) 
is not unique when 0 = 0. 


Example 161 * Angular velocity vector in terms of Euler frequencies. 

A Eulerian local frame E (0, €g, €9,€4) can be introduced by defining unit 
vectors Ey, €9, and éy as shown in Figure 5.8. Although the Eulerian frame 
is not necessarily orthogonal, it is very useful in rigid body kinematic analy- 
sis. 

The angular velocity vector gw of the body frame B(Oxyz) with respect 
to the global frame G(OXY Z) can be written in Euler angles frame E as 
the sum of three Euler angle rate vectors: 


Ewe = vey + be + Wey. (5.97) 


where the rate of Euler angles, :, 8, and w are called Euler frequencies. 
To find qwp in the body frame we must express the unit vectors gy, 
€9, and éy, shown in Figure 5.8, in the body frame. The unit vector éy = 
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[0 0 1 l* = K is in the global frame and can be transformed to the 
body frame after three rotations 


Be, = ®ReK 
= Ryphpehiek 
sin # sin wy 
= sinOcos¢ | . (5.98) 
cos 6 
The unit vector ég = [1 0 0 ie = 7 is in the intermediate frame 


Oz'y'z' and needs to get two rotations Rzg and Ry to be transformed 
to the body frame 


€@ — B Rowy! 2! 7 
=) he het 
cos w 
—sinw |. (5.99) 
0 


The unit vector éy is already in the body frame, éy = [ 0 0 1 |’ =k. 


Therefore, wp is expressed in the body coordinate frame as 


sin #sinw ; cos w | 0 
p| sindcosy | +0] —sinw | +} 0 
cos 0 1 


GwB 
= (esindsiny + cos) a 


+ (sin O cos - dsinw) j 
+ (¢ cos 6 + b) ki (5.100) 


and therefore, components of gwp in body frame Oxyz are related to the 
Euler angle frame OpOw by the following relationship: 


Gwe = ? Rr bwep (5.101) 
Wy sin@dsinw cosy 0 ve 
Wy = sin@cosy —siny 0 0 (5.102) 
We cos 6 0 1 w 


Then, gwp can be expressed in the global frame using an inverse transfor- 
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mation of Euler rotation matrix (5.79) 


wn = PRG Bes 
psin 6 sinh + 0 cos a 
= Oise psin @ cos — Osinw (5.103) 
pcos + w 


Acosy + sind siny ) I 
( ) 
+ (dsiny — weos ysin 8) a 


t p+wvcosd K (5.104) 
( ) 


and hence, components of gwp in global coordinate frame OXY Z are re- 
lated to the Euler angle coordinate frame OvOy by the following relation- 
ship: 


Gwe = CRezwp (5.105) 
Wx 0 cosy. sin@sing Q 
wy = 0 sing —cospsind 0 |. (5.106) 
WZ 1 0 cos @ w 


Example 162 *% Euler frequencies based on a Cartesian angular velocity 
vector. 

The vector Bw, that indicates the angular velocity of a rigid body B 
with respect to the global frame G written in frame B, is related to the 
Euler frequencies by 


Bwe => PRn Ewe 
Wee sinfsinw cosw 0 g 

Bag = Wy | =| sin@cosy —sinw 0 6 |. (5.107) 
We cos 6 0 1 w 


The matrix of coefficients is not an orthogonal matrix because, 


hp. Ge he (5.108) 
sinfsinw sin@cosy cosé 
as cos y) —sinw 0 (5.109) 
0 0 1 
1 sin w cos w 0 
tee = aad sinOcosy —sin@sinw O]}. (5.110) 


—cos@siny —cosAcosy 1 


It is because the Euler angles coordinate frame OpOy is not an orthogonal 
frame. For the same reason, the matrix of coefficients that relates the Euler 
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frequencies and the components of ew B 


Gwe = %Rezwep (5.111) 
Wx 0 cosy sin@sing Q 

Gwe = wy | =| 0 sing —cospsin@ 0 (5.112) 
Wz 1 0 cos 6 wo 


is not an orthogonal matrix. Therefore, the Euler frequencies based on local 
and global decomposition of the angular velocity vector gwp must solely be 
found by the inverse of coefficient matrices 


Bwp = PRE Ewe (5.113) 
g 1 sin w cos y 0 Wy 

6 Shae sinfcosy —sin@siny 0 wy | (5.114) 
w ca —cos@sinyw —cos@cosy 1 We 

and 

Aa = SRS Cay (5.115) 
Q —cos@siny cosécosy 1 Wx 

6 = —]| sin@écosy sindsiny 0 wy |. (5.116) 
; sin @ : 

w sin y —cosp 0 WZ 


Using (5.113) and (5.115), it can be verified that the transformation ma- 
tric PR =? Rp CR; would be the same as Euler transformation matrix 
(5.79). 

The angular velocity vector can thus be expressed as 


a A We 
owe = [t j kl] wy 
Wy 

A A A Wx 

=P hed || ex 

WZ 

S28 ule 

= [K @& k]| 6]. (5.117) 
~ 


Example 163 *% Angular velocity and local roll-pitch-yaw rate. 
Using the roll-pitch-yaw frequencies, the angular velocity of a body B with 
respect to the global reference frame is 


GWBR = WgitwWyjtwz zk 


= ey + béo + wéy. (5.118) 
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Relationships between the components of qwp in body frame and roll-pitch- 
yaw components are found when the local roll unit vector é, and pitch 
unit vector €g are transformed to the body frame. The roll unit vector 


ég= | 1/0; 0 ile transforms to the body frame after rotation @ and then 
rotation W 


ik cos 8 cos wy 
Pe, =RzyRyo | 0 | =| —cos@siny |. (5.119) 
0 sin 6 


The pitch unit vector €g = [ 0 1 0 ihe transforms to the body frame after 
rotation W 
0 sin py 
Béyp = Ry | 1 | =| cosy |. (5.120) 
0 0 
The yaw unit vector éy = [ 0 0 1 ie is already along the local z-azis. 
Hence, gwp can be expressed in body frame Oxyz as 


We 
CWB = Wy 
We 
cos 0 cos w | sing | 0 
= gy| —cos@sinw | +6] cose | +a] 0 
sind 0 1 
cosOcosy sinw 0 g 
- —cos@siny cosy 0 6 (5.121) 
sin 0 0 61 w 


and therefore, qwp in global frame OXY Z in terms of local roll-pitch-yaw 
frequencies is 


Wx We 
wp = Wy ie Wy 
WZ Wey 
Asin + pcos 4 cos wp 
= Ree 9cos yw — ycos O sin y 
wt+psind 
p+wsind 
= cosy — W cos @ sin yp 
Asin y + v cos @ cos yp 
1 O sin 0 g 
= 0 cosy —cosésiny 0 |. (5.122) 


0 siny cosécosyp w 
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5.6 General Transformation 


Consider a general situation in which two coordinate frames, G(OXY Z) 
and B(Oxyz) with a common origin O, are employed to express the com- 
ponents of a vector r. There is always a transformation matriz °Rp to 
map the components of r from the reference frame B(Oxyz) to the other 
reference frame G(OXY Z). 


Cr = °Rp®r (5.123) 
In addition, the inverse map, ?r =© Rz' Cr, can be done by ? Re 
By = BRG Sr (5.124) 
where, 
IP Ral =|? he | = (5.125) 
and 
pho ORs SR (5.126) 


Proof. Decomposition of the unit vectors of G(OXY Z) along the axes of 
B(Oxyz) 


I = (£-)+(0-)j+U-wk (5.127) 
J = (J-D4(F-DI+(T- BK (5.128) 
K = (K-di+(K-)j+(K-!k (5.129) 


introduces the transformation matrix “Rp to map the local frame to the 
global frame 


I Pete 16h Tek 2 2 
J [=| ft Fg Sk D. || = Rash 3 (5.130) 
K Kt K-j K-k k k 
where 
fei £-9 f-k 
Rp = Jet FF Fok 
Ki K-j K-k 
cos(I,?) cos(I,7)  cos(I, k) 
= cos(J,7) cos(J,j) cos(J,k) |. (5.131) 
cos(K,2) cos(K,j7) cos(K,k) 


The elements of “Rg are direction cosines of the axes of G(OXY Z) in 
frame B(Oxyz). This set of nine direction cosines then completely specifies 
the orientation of the frame B(Oxyz) in the frame G(OXY Z), and can 
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be used to map the coordinates of any point (x,y,z) to its corresponding 
coordinates (X,Y, Z). 

Alternatively, using the method of unit vector decomposition to develop 
the matrix ? Rg leads to 


By = BRGSp=SRZ1 Sy 
i-f i-J 2K 
PRe = | j-l j-J 9K 
kel kJ kK 
cos(#,l) cos(#, J) cos(#, K) 
= cos(j,I) cos(j, J) cos(j, kK) (5.132) 
cos(k,f) cos(k, J) cos(k, K) 


and shows that the inverse of a transformation matrix is equal to the trans- 
pose of the transformation matrix, 


She = Re (5.133) 


A matrix with condition (5.133) is called orthogonal. Orthogonality of 
R comes from the fact that it maps an orthogonal coordinate frame to 
another orthogonal coordinate frame. 

The transformation matrix R has only three independent elements. The 
constraint equations among the elements of R will be found by applying 
the orthogonality condition (5.133). 


CRea- SRE = I (5.134) 
Ti 112 113 Ti a1 131 1 0 0 
roi 22 123 Tig T22 132 = 0 1 0 |. (5.135) 
r31 132 133 T13 T2333 0 0 1 


Therefore, the dot product of any two different rows of “Rg is zero, and 


the dot product of any row of Rg with the same row is one. 
2 2 2 
Ta +Tigtti3 = 1 


2 2 2 
r1 + 192 + 193 


2 2 2 _ 
731 1732 +1733 = 


711721 1112722 + 1137230 = 


oo Oo FY eS 


711731 1 112132 7 113733 


(5.136) 


These relations are also true for columns of “Rg, and evidently for rows 
and columns of ?Rg. The orthogonality condition can be summarized in 
the following equation: 


721731 1 122732 + 1237330 = 


a a 


iti =f). ta = Yoru =O —Gyk=1,2;3) (5.137) 
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where rj; is the element of row 7 and column j of the transformation matrix 
R, and 6;, is the Kronecker’s delta 


Sjn = lif j—k, and 6, =O if 7 Fk. (5.138) 


Equation (5.137) gives six independent relations satisfied by nine direction 
cosines. It follows that there are only three independent direction cosines. 
The independent elements of the matrix R cannot obviously be in the same 
row or column, or any diagonal. 

The determinant of a transformation matrix is equal to one, 


|CRa| =1 (5.139) 
because of Equation (5.134), and noting that 
PRs CRG] = [Rol ORR 
Ral - |°Ra| 
= |°Rz| =1. (5.140) 


Using linear algebra and row vectors fy,,f4,, and fy, of GR, we know 
that 


|°Re| = fh, - (Fa x Fu) (5.141) 
and because the coordinate system is right handed, we have fy, fH, = fH, 
so |°Rp| =F, -fx,=1. = 


Example 164 Elements of the transformation matriz. 

The position vector r of a point P may be expressed in terms of its 
components with respect to either G(OXY Z) or B (Oxyz) frames. If Cr = 
100/ — 50. + 150K, and we are looking for COR. of r in the Oxyz 
frame, then we have to find the proper rotation matrix ? Rg first. Assume 
that the angle between the x and X axes is 40 deg, and the angle between 
the y and Y axes is 60 deg. 

The row elements of ?Rq are the direction cosines of the Oxyz axes in 
the OXY Z coordinate frame. The x-axis lies in the XZ plane at 40 deg 
from the X-axis, and the angle between y and Y is 60 deg. Therefore, 


ei 
eRe: = Gel 
k-I 


gwen = 
ou - 


K (5.142) 
K 
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and by using PRg CRzg = ®Re et eee A 


0.766 O 0.643 0.766 roi 131 1 0 0 
T21 0.5 123 0 0.5 132 = 0 1 0 (5.143) 
T31 132 133 0.643 723 ~T33 0 0 1 


we obtain a set of equations to find the missing elements. 


0.766 ro, +. 0.643123 = 
0.76631 + 0.643 r33 
fai + a3 + 0.25 

roirsi + 0.5732 + 723733 = 


l| 
KF OoOrFOSO 


(5.144) 
3147324733 = 
Solving these equations provides the following transformation matrix: 


0.766 0 0.643 
BRg=| 0.557 0.5 —0.663 (5.145) 
—0.322 0.866 0.383 


and then we can find the components of ?r. 


By = BRoa Gy 
0.766 0 0.643 100 
= 0.557 0.5 —0.663 —50 
—0.322 0.866 0.383 150 


173.05 
~68.75 (5.146) 
—18.05 


Example 165 Global position, using Pr and ? Ra. 

The position vector r of a point P may be described in either G(OXY Z) 
or B(Oxyz) frames. If Py = 1002 — 507 + 150k, and the following ? Re is 
the transformation matrix to map Cr to Pr 


By = PRs Gy 
0.766 O 0.643 
= 0.557 0.5 —0.663 | Cr (5.147) 


—0.322 0.866 0.383 
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then the components of °r in G(OXYZ) would be 


Gp = CRpPr 
BR 
0.766 0.557 —0.322 100 


= 0 0.5 0.866 —50 
0.643 —0.663 0.383 150 


0.45 
= | 1049 |. (5.148) 
154.9 


Example 166 Two points transformation matriz. 
The global position vector of two points, P, and P2, of a rigid body B are 


1.077 
& 1.365 (5.149) 
2.666 


—0.473 
Crp, = 2;230- || « (5.150) 
—0.959 


ys 
lI 


The origin of the body B(Oxyz) is fixed on the origin of G(OXYZ), and 
the points Py and P, are lying on the local x-axis and y-axis respectively. 
To find “Rg, we use the local unit vectors 7% and ©j 


Cy 0.338 
GS = B=] 0.429 (5.151) 
Srp,| 0.838 
Cy —0.191 
Cj = — =| 0.902 (5.152) 
Crp, | —0.387 
to obtain Ck 
Ck = txj=ij 
0 —0.838 0.429 —0.191 
- 0.838 0 =0.338 0.902 
—0.429 0.338 0 —0.387 
—0.922 
= | —0.029 (5.153) 
0.387 


where 1 is the skew-symmetric matrix corresponding to 7, and tj is an 
alternative for @ x j. 
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Hence, the transformation matrix using the coordinates of two points 


Crp, and Grp, would be 
Rg > |Se p Sie| 
0.338 —0.191 —0.922 
— 0.429 0.902 -—0.029 |. (5.154) 


0.838 —0.387 0.387 


Example 167 Length invariant of a position vector. 

Describing a vector in different frames utilizing rotation matrices does 
not affect the length and direction properties of the vector. Therefore, the 
length of a vector is an invariant 


Fae hes elias (5.155) 


The length invariant property can be shown by 


|r|? = GYT Gy 
- [Rp By)” CRp Be 
= B,T GRE GRp By 


By By. (5.156) 
Example 168 *% Skew symmetric matrices for 7, 7, and k. 


The definition of skew symmetric matrix @ corresponding to a vector a 
is defined by 


0 —a3 ag 
a=| aa 0 —-a |. (5.157) 
—ag at 0 
Hence, 
0 0 O 
t=|0 0 -1 (5.158) 
0 1 O 
: iO 
j=| 0 0 0 (5.159) 
—-1 0 0 
_ [oo -1 0 
k=]1 0 O|. (5.160) 
0 0 O 


Example 169 Inverse of Euler angles rotation matriz. 
Precession-nutation-spin or Euler angle rotation matrix (5.79) 
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BRe = Re yReoRz 


cypcy — Osypsy cpsp+chcypsy sésw 
—cysy — Ocwsp —sypsi+clcycy sdcw (5.161) 
sOsyp —cypsé cO 


must be inverted to be a transformation matrix to map body coordinates to 
global coordinates. 


G Bp-l T T vi 
Rp = Re = Ri yh eRzy 


cycy — cOspsyy —cpsw—cbcwsp  sOsy 
= cusp + cécysy —sypsw+cOcpcw —cysé (5.162) 
sOsy) sbcw cO 


The transformation matrix (5.161) is called a local Euler rotation matriz, 
and (5.162) is called a global Euler rotation matrix. 


Example 170 * Alternative proof for transformation matrix. 
Starting with an identity 


[eee phe), feat ee (5.163) 
k 
we may write . , 
E I z 
DPS [odie oes (5.164) 
K K k 
Since matrix multiplication can be performed in any order, we find 
E fei f-j f-k i 
J = Jt Jj JS-k j 
K Kk-t K-j K-k k 
a 
= “She |) 9 (5.165) 
k 
where, 
I 
Mee [ods | le eel (5.166) 
K 
Following the same method we can show that 
a 
PRES linge ge ehe | (5.167) 
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Y 


FIGURE 5.9. A rotating rigid body B(Oxyz) with a fixed point O in a global 
frame G(OXY Z). 


5.7 Angular Velocity 


Consider a rotating rigid body B(Oxyz) with a fixed point O in a reference 
frame G(OXY Z) as shown in Figure 5.9. The motion of the body can be 
described by a time varying rotation transformation matrix between the 
global and body frames to map the instantaneous coordinates of any fixed 
point in body frame B into their coordinates in the global frame G 


Gr(t) = SRa(t) Br. (5.168) 


The velocity of a body point in the global frame is 


Cet) = v(t) (5.169) 
= CRz(t)®r (5.170) 
= qtp “r(t) (5.171) 
= qwg x Sr(t) (5.172) 


where gw is the angular velocity vector of B with respect to G. It is equal 
to a rotation with angular rate ¢ about an instantaneous axis of rotation 


U. 


w= | we | =¢4 (5.173) 


The angular velocity vector is associated with a skew symmetric matrix 
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Gwe called the angular velocity matrix 


0 —W3 W92 
w = W3 0 TW (5.174) 
—W2 WY 0 
where 
c®p = SRBoRE (5.175) 
= $4. (5.176) 


Proof. Consider a rigid body with a fixed point O and an attached frame 
B(Ozxyz) as shown in Figure 5.9. The body frame B is initially coincident 
with the global frame G. Therefore, the position vector of a body point P 
is 


@r(tg) = Pr. (5.177) 
The global time derivative of @r is 


Cy = OF 


= Rp(t)®r. (5.178) 


Eliminating ?r between (5.168) and (5.178) determines the velocity of the 
point in global frame 


Gy = SRa(t) SRE(t) Cr(t). (5.179) 
We denote the coefficient of r(t) by & 
GWp = SRp ORS (5.180) 


and write Equation (5.179) as 


Cy = gdp Sr(t) (5.181) 


or as 
Cy = qwg x r(t). (5.182) 


The time derivative of the orthogonality condition, “Rg @RE = I, in- 
troduces an important identity 


CRe CRE + SRg CRE =0 (5.183) 
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which can be utilized to show that g&@p = [Rg @ R45] is a skew-symmetric 
matrix because 


: ‘ T 
CR, ORE = ez CRs | (5.184) 


The vector Gw B is called the instantaneous angular velocity of the body B 
relative to the global frame G as seen from the G frame. 

Since a vectorial equation can be expressed in any coordinate frame, we 
may use any of the following expressions for the velocity of a body point 
in body or global frames 


Gvp = Gwex Srp (5.185) 
Bvp = Bwex Prp (5.186) 


where Gvp is the global velocity of point P expressed in the global frame 
and Bvp is the global velocity of point P expressed in the body frame. 


Gv p = CR evp 
= ©Reg (Zw x re) (5.187) 


Gvp and bvp can be converted to each other using a rotation matrix 


Bvp = GRE Svp (5.188) 
= RE c&p Grp 
= RE CR, ORE Srp 

CRE ORe Brp. (5.189) 


showing that 
Gap = ORE ORB (5.190) 


which is called the instantaneous angular velocity of B relative to the global 
frame G as seen from the B frame. From the definitions of gw, and Bo B 
we are able to transform the two angular velocity matrices by 


aWp = Rg Bp CRE (5.191) 
Gap = ORE Gop Re (5.192) 
or equivalently 
Rp = cp “Re (5.193) 
CRe = °Rp Bbp (5.194) 
aip CRg = SRzg Bop. (5.195) 


The angular velocity of B in G is negative of the angular velocity of G 
in B if both are expressed in the same coordinate frame. 


Gin = —Gde (5.196) 


Gin = — BW. (5.197) 
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Gwp and can always be expressed in the form 
Gwe = wt (5.198) 


where wt is a unit vector parallel to gwg and indicates the instantaneous 


axis of rotation. ™ 


Example 171 Rotation of a body point about a global axis. 
Consider a rigid body is turning about the Z-axis with @ = 10 deg /s. The 
global velocity of a point P(5,30,10), when the body is turned a = 30deg, 


ws 


Cvp = ©Rp(t)Prp (5.199) 
Gq cosa —sina 0 5 
= — sina cosa 0 30 
oh 0 a 10 
—sina —cosa 0 5 
= a cosa —sina 0 30 
0 0 0 10 
10 sin§ —cosG 0 5 —4,97 
= aga cosG —sing 0 30 | = | —1.86 
0 0 10 0 


at this moment, point P is at 


Crp = CRpFP rp (5.200) 
cosG —sing 0 5 —10.67 
= sin z cos e 0 30 | = 28.48 
0 0 1 10 10 


Example 172 Rotation of a global point about a global azxis. 
A point P of a rigid body is at Prp =[ 5 30 10 ie When it is turned 
a = 30deg about the Z-axis, the global position of P is 


Srp = GRP rp (5.201) 
cosG —sing 0 5 —10.67 
= sing cose 0 30 | = 28.48 
0 0 1 10 10 


If the body is turning with @ = 10deg/s, the global velocity of the point P 
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would be 
Cyp = SRBORE Crp (5.202) 
ton | ~88 CG 9] [eg —sB 0 "1 —10.67 
0 0 0 0 oO 1 10 
—4.97 
= | -1.86 


0 


Example 173 *% Principal angular velocities. 
The principal rotational matrices about the axes X, Y, and Z are 


1 0 0 
Rx ~=| 0 cosy —siny (5.203) 
QO siny cosy 
cosB O. sin 
Ryg = 0 1 0 (5.204) 
—sinB 0 cos 
cosa —sina 0 
Rza= | sna cosa 0 |. (5.205) 
0 0 1 


and hence, their time derivatives are 


0 0 0 
Rey | 0 singe - cosy (5.206) 
0 cosy -—siny 


_{ —sinB 0 cosf 
Ryg = 8 0 0 0 (5.207) 
—cosB 0 —sin8 


—sina —cosa 0 
Rzo.=&| cosa -—sina 0]. (5.208) 
0 0 0 


Therefore, the principal angular velocity matrices about ares X, Y, and Z 
are 


0 
O 22 (5.209) 
1 


0 
0 


0 
Gwx = Rx RX, = ¥v 0 

0 
Gay = Ry Rf g = B 


Oia 
0 0 (5.210) 
0 0 
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0 
GWz =RzoRE, =| 1 
0 


which are equivalent to 


cox = 4 
Gwy = Bs 
Gaz = ak 


and therefore, the principal angular velocity vectors are 


GWkx = wxl=*4I 
GWYy = wy J = BS 
GWZ = wrk =ak. 
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(5.211) 


(5.212) 
(5.213) 
(5.214) 


(5.215) 
(5.216) 
(5.217) 


Utilizing the same technique, we can find the following principal angular 


velocity matrices about the local axes: 


fo 0 0 
G02 =REy,Rey=v| 0 0 -1 | =i 
0 1 0 
0 01 
BOy=Rpohye=9| 0 0 0 | =6j 
-1 0 0 
0 -1 0 ; 
60, = RL Rep =O | 1 0 0) =ek 
0 0 0 


Example 174 Decomposition of an angular velocity vector. 


(5.218) 


(5.219) 


(5.220) 


Every angular velocity vector can be decomposed to three principal angu- 


lar velocity vectors. 


GWB 
= idsad Pine Da oe 

= 7f+hJ+aK 

= WxytWy+wz 


Example 175 Combination of angular velocities. 
Starting from a combination of rotations 


°Ro = °R1*Re 
and taking a time derivative, we find 


ORs = oR, 1Ro + oR, LR. 


(cwe-f) f+ (cwn- JS) J+ (awe: K)K 


(5.221) 


(5.222) 


(5.223) 
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Now, substituting the derivative of rotation matrices with 


°R, = pW2°Re (5.224) 
OR, = oa. °R (5.225) 
1Ryo = 102!Ro (5.226) 
results in 
oW2°R. = 9@,°R: Ro + °Ri102'Re 
= 00, °Ro+ °Ri1W2°R] Ri Re 
= 01° Rot $a °Ro (5.227) 
where 
Ri 12° RT = Go. (5.228) 
Therefore, we find 
oW2 = 01 + Tae (5.229) 


which indicates that the angular velocities may be added relatively: 
ow = 9w1+ fw (5.230) 


This result also holds for any number of angular velocities 


OWn = oWwy+ we + 3W3 feeet eet (5.231) 
n 
= Ste 
j=l 


Example 176 *% Angular velocity in terms of Euler frequencies. 
The angular velocity vector can be expressed by Euler frequencies. There- 
fore, 
4 = f 7 , 
CWB = WgitWyjtwz zk 
= peg + bép + péy 
sind sinw cos w | 0 
= g| sin@cosy | +0] —siny | +] 0 
cos 0 1 
sindsiny cosy 0 v4 
= sin?cosy —sinw 0 0 (5.232) 
cos 0 0 1 w 
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and 
cwa = "Ra! Gwe 
psin é sin yw + 8 cos 
= PRo'| gsinécosy — Osiny 
pcosd+y 
0 cosy sin@sing Q 
= 0 sing —cospsind 6 (5.233) 
1 0 cos 6 w 
where the inverse of the Euler transformation matriz is 
cycy — cOspsy —cpsy— cOcwsp  s0sy 
5 ci =] cisp+cOcysw —spsw4+cOcypcy —cypsé (5.234) 
sOsy sbcw cO 
Example 177 * Angular velocity in terms of rotation frequencies. 
Consider the Euler angles transformation matria: 
BRo= RiaRe phe (52235) 
The angular velocity matrix is then equal to 
pag = REPRE 
= 7 dRz - dRz 6 ; dR za 
~~ (° RzuRe,o dt + 0 Rew dt Rep + yp —y Pee Rz.~ 
X(RigReoRag)” 
: dRz9 pT pT pT 
= Pp RzRz,0 dt Hogi. bl eay 
i dRz,@ T pr 
+0 Rew dit Poh sah 
, dR or 
+) 7 Rey (5.236) 
which, in matrix form, is 
0 cos 0 —sin@cosw 
Bwg = —cos0 0 sind sinw 
sindcosw —sin@siny, 0 
; 0 0 sin ; 0 1 0 
+6 0 0 cos | +wW}] —-1 0 O |} (5.237) 
—sinw —cosw 0 0 0 0 
or 
ail) wv + cb Ase — psdcy 
Bug = — — gc 0 dc) + psOsyp (5.238) 
—O0sv+ psOcw —Ocw — psOsw 0 
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The corresponding angular velocity vector is 


Bey + psOsip 
BwWGE = - —Osy + psbcw 
w+ gcd 
sindsiny cosy 0 g 
= —| sin@cosy —siny 0 0 (5.239) 
cos 0 0 1 w 
However, 
Boo = —Bip (5.240) 
Bug = —Bwe (5.241) 
and therefore, 
sindsiny cosy 0 Q 
Bwe =| sindcosp —sind 0 an lee (5.242) 


cos 0 0 1 w 


Example 178 * Coordinate transformation of angular velocity. 
Angular velocity {w2 of coordinate frame Bz with respect to By and ex- 
pressed in B, can be expressed in base coordinate frame Bo according to 
°R1 12 °RT = Go. (5.243) 


To show this equation, it is enough to apply both sides on an arbitrary 
vector °r. Therefore, the left-hand side would be 


9R, 1@2°RT yr = °R, 121K 
= Ri iao4r 
= OR, (1w2 x 'r) 
= Ri iw. x R,'r 
= wo Or (5.244) 
which is equal to the right-hand side after applying on the vector °r 


G2 °r = Sw. x Pr. (5.245) 
Example 179 *% Time derivative of unit vectors. 

Using Equation (5.186) we can define the time derivative of unit vectors 
of a body coordinate frame B(i,j,k), rotating in the global coordinate frame 
GU, J, Kk) 


di 


ae Bwp xi (5.246) 
Gd4 
J P 
aan Bue xj (5.247) 
G i A 
aN Bur x k. (5.248) 


ae 
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Example 180 *% Elements of the angular velocity matric. 
Utilizing the permutation symbol 


1 


allows us to find the elements of the angular velocity matrix, @, when the 
angular velocity vector, w = [ Wy W2 W3 ite is given. 


Wig = Cijk Wk (5.250) 


We may verify that following relationship between permutation symbol 
eijr and Kronecker’s delta dmn- 


€ijk€imn = OjmOkn — OjnOkm (5.251) 


5.8 ¥ Time Derivative and Coordinate Frames 


The time derivative of a vector depends on the coordinate frame in which 
we are taking the derivative. The time derivative of a vector r in the global 
frame is called the G-derivative and is denoted by 


while the time derivative of the vector in the body frame is called the 
B-derivative and is denoted by 


The left superscript on the derivative symbol indicates the frame in which 
the derivative is taken, and hence, its unit vectors are considered constant. 

Time derivative is straightforward if the vector is expressed in the same 
coordinate frame that we are taking the derivative, because the unit vec- 
tors are constant and scalar coefficients are the only time variables. The 
derivatives of ?rp in B and Grp in G are 


Bq 2 

rages = Prp= Bvyp=aityj+ek (5.252) 
G We tek as 

orp = Crp = vp =XI+VI4ZK. (5.253) 


It is also possible to find the G-derivative of ?rp and the B-derivative 
of “rp. We define the G-derivative of a body vector ?rp by 


B oa B 
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and similarly, a B-derivative of a global vector “rp by 
Gvp = — rp. (5.255) 


When point P is moving in frame B while B is rotating in G, the G- 
derivative of ’rp (t) is defined by 


Cd B _ Bs B B 
ae rp (t) _ rp+ q@Wwp Xx “rp 
= Bp (5.256) 
and the B-derivative of “rp is defined by 
Pd G Ge, G 
a rp(t) = tp — GwpxX “rp 
= ip. (5.257) 


Proof. Let G(OXYZ) with unit vectors [, J, and K be the global co- 
ordinate frame, and let B(Oxyz) with unit vectors 7, j7, and k be a body 
coordinate frame. The position vector of a moving point P, as shown in 
Figure 5.10, can be expressed in the body and global frames 


Bro(t) = x(thity(j+z(ok (5.258) 
Srp(t) = X()FLY@I+Z(@)K. (5.259) 


The time derivative of Prp in B and ©rp in G are 


B A 

rp = Prp= Bvp=ai+yj+ék (5.260) 
G a a eee 

orp = Srp = Wvp=XI+LVSILZK (5.261) 


because the unit vectors of B in Equation (5.258) and the unit vectors of 
G in Equation (5.259) are considered constant. 

Using Equation (5.186) for the global velocity of a body fixed point P, 
expressed in body frame 


Bw x Prp 
G 
“dp 
dt 


B 
GVYP 


rp (5.262) 


and definition (5.254), we can find the G-derivative of the position vector 


5. Applied Kinematics 259 


FIGURE 5.10. A moving body point P at ?r(t) in the rotating body frame B. 


Bry as 


Gq Gq s 
B “ ig 
k) 
dt di (ci-+ui+2 


| 
4 
Vv 
I 


gees 4 a, 
= “Lt z «L— —_ 2£—— 
oe ae de dt 
= tp+aBwp xityawe xjtzBwe xk 


= tpt+ Bwp X (xi + 9 + 2h) 


= PPS - Gwe x Pry 
_ Bd B B B 2 
= ae rp + GVB x rp. (5. 63) 


We achieved this result because the x, y, and z components of ?rp are 
scalar. Scalars are invariant with respect to frame transformations. There- 
fore, if x is a scalar then, 


—2¢ = —2 =. (5.264) 


The B-derivative of @rp can be found similarly 


Bq Bd . mn 
Ue oe 
= Orr = (xi+YF+ZK) 
ee ern Bal Bal _B8dk 
= SIV I Pee ee sf RZ 
nae a ae ae 
= Sept Swe x Srp (5.265) 
and therefore, 
B 
OG. = Srp — gw x Srp. (5.266) 


dt 
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The angular velocity of B relative to G is a vector quantity and can be 
expressed in either frames. 


Gwe = wxltuwystwzKk (5.267) 


Gwe = Weitwyjtwek. (5.268) 
| 
Example 181 * Time derivative of a moving point in B. 


Consider a local frame B, rotating in G by & about the Z-axis, and a 
moving point at Pr p(t) = ti . Therefore, 


Grp = Che Bry = Rz,a(t) Pry 
cosa —sina 0 t 
= sina cosa 0O 0 
0 0 1 0 
= tcosal +tsinaJ. (5.269) 


The angular velocity matrix is 


cip = CRORE 
ak (5.270) 

that gives 

cwp = ak. (5.271) 
It can also be verified that 

Gp = CRE Gop oR, 

= ak (5.272) 
and therefore, 

Bwe = ak. (5.273) 


Now we can find the following derivatives: 


= i (5.274) 


—"rp = “tp 


= (cosa—tasina) I+ (sina+tacosa) J. (5.275) 
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For the mixed derivatives, we start with 


Cay _ Bd = 
cn rp = Th rp+ q@Wwp Xx “rp 
1 0 t 
= |0/+a]0]x]0 
0 1 0 
1 
= | ta | =i+taj= Btp (5.276) 
0 


which is the global velocity of P expressed in B. We may, however, trans- 
form Bp to the global frame and find the global velocity expressed in G. 


Gs G Bs 
tp = “Rp erp 
cosa —sina 0 1 
4 sina cosa 0 
1 


cosa — tasina 
sina + cos @ 


= (cosa —tasina) I + (sina + tacosa) J (5.277) 


The neat derivative is 


B 
dq G 


. G 
ey = tp— qweRx "r 
mF P— GWB P 
cosa — tasina 0 tcosa@ 
— sina+tacosa |—a]| 0] x | tsina 
0 1 0 
COS . : 
= sina | = (cosa)/ + (sina) J 
0 
= Gip (5.278) 


which is the velocity of P relative to B and expressed in G. To express this 
velocity in B we apply a frame transformation 


2 GRTG Gip 
cosa —sina 0 # COS @ 
= sina cosa 0 sin @ 
0 0 1 0 
1 
= 0 | =i. (5.279) 
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Sometimes it is more applied if we transform the vector to the same frame in 
which we are taking the derivative and then apply the differential operator. 
Therefore, 


tcosa 
tsina@ 
0 


| 
a 
v 
l 
| 
pa 
Q 
2 
B 
ee 
E 
a 
l 
|< 


cosa — tasina 
sina + tacos a (5.280) 


and 


= —|o0/=]0]. (5.281) 


Example 182 *% Orthogonality of position and velocity vectors. 
If the position vector of a body point in global frame is denoted by r then 


dr 
—-r=0. 5.282 
aot (5.282) 
To show this property we may take a derivative from 
rere; (5.283) 
and find 
e (r-r) = us rt+r oF 
dt dt dt 
dr 
— 2 oe 
dt 
= 0. (5.284) 


Equation (5.282) is correct in every coordinate frame and for every con- 
stant length vector, as long as the vector and the derivative are expressed 
in the same coordinate frame. 


Example 183 * Derivative transformation formula. 

The global velocity of a fixed point in the body coordinate frame B (Oxyz) 
can be found by Equation (5.172). Now consider a point P that can move 
in B (Oxyz). In this case, the body position vector ?rp is not constant, and 
therefore, the global velocity of such a point expressed in B is 


Cd B Bd B 
dt 
= 2a. (5.286) 


rp + Gwe x Prp (5.285) 


| 
4 
a 
l| 
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Sometimes the result of Equation (5.285) is utilized to define transfor- 
mation of the differential operator from a body to a global coordinate frame 


Peigices iad + Bwp x B (5.287) 
dt dt 
ae (5.288) 


however, special attention must be paid to the coordinate frame in which the 
vector 0 and the final result are expressed. The final result is 8 ‘J showing 
the global (G) time derivative expressed in body frame (B). The vector 
might be any vector such as position, velocity, angular velocity, momentum, 
angular velocity, or even a time-varying force vector. 

Equation (5.287) is called the derivative transformation formula 
and relates the time derivative of a vector as it would be seen from frame G 
to its derivative as seen in frame B. The derivative transformation formula 
(5.287) is more general and can be applied to every vector for derivative 
transformation between every two relatively moving coordinate frames. 


Example 184 * Differential equation for rotation matriz. 
Equation (5.175) for defining the angular velocity matrix may be written 
as a first-order differential equation 


“Rp eH a =O. (5.289) 


The solution of the equation confirms the exponential definition of the ro- 
tation matrix as 


Rp =e (5.290) 


or 


In (Rp). (5.291) 


Example 185 * Acceleration of a body point in the global frame. 

The angular acceleration vector of a rigid body B(Oxyz) in the global 
frame G(OXY Z) is denoted by cag and is defined as the global time deriv- 
ative of qwp. 


GQaB>= 7 GWwWB (5.292) 


Using this definition, the acceleration of a fixed body point in the global 
frame is 


ap = —~ (awe x Crp) 


dt 
= @Gapx Grp + GWwpBx (qwp x Crp). (5.293) 
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FIGURE 5.11. A body coordinate frame moving with a fixed point in the global 
coordinate frame. 


Example 186 *% Alternative definition of angular velocity vector. 
The angular velocity vector of a rigid body B(i,j,k) in global frame 
G(I,J,K) can also be defined by 


Gas. G gi _ Gr 

Ew = i a. k i i) + (= -j). (5.294) 
Proof. Consider a body coordinate frame B moving with a fixed point in 
the global coordinate frame G. The fixed point of the body is taken as the 
origin of both coordinate frames, as shown in Figure 5.11. To describe the 
motion of the body, it is sufficient to describe the motion of the local une 
vectors 2, J, k . Letrp be the position vector of a body point P. Then, ?rp 
is a vector with constant components. 


Bp =aityjt ck (5.295) 


When the body moves, it is only the unit vectors 7, 7, and k that vary 
relative to the global coordinate frame. Therefore, the vector of differential 
displacement is 


drp = xdi+ydj+zdk (5.296) 
which can also be expressed by 
drp = (drp -4)i+(drp-j)j+ (arp i) k. (5.297) 


Substituting (5.296) in the right-hand side of (5.297) results in 
fee = (wi- dit yi- dj + 2i- dh) i 
+ (23: di+yj-djt+zj- dk) 


j 
+ (wk -dityk-dj+zk-d dhe) k. (5.298) 
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Utilizing the unit vectors’ relationships 


j-di = -t-dj (5.299) 
k-dj = —j-dk (5.300) 
t-dk = —k-di (5.301) 
t-di = j-dj=k-dk=0 (5.302) 
0-5 j-k=k-t=0 (5.303) 
4-4 j-j=k- k=l (5.304) 
the drp reduces to 
dee = (zi-dke—yj-ai) i 
+ (2j- di — zh dj) j 
4 (yi an dk) ke. (5.305) 


This equation can be rearranged to be expressed as a vector product 
drp = ((é dj) + (¢- dhk)j + (j- dike) x («i +yp+ zk) (5.306) 


or 


. Gar G Ap. Gda. z 
Aip= ( seco eta T+ GR) x (xi + 49+ 2h). 


dt dt dt 
(5.307) 
Comparing this result with 
tp = GwBepx rp (5.308) 
shows that 
ae Cdk; aif Cdk 
Bas ce ask rg aaa sees Se 
Bon =1(— i) +3(F )+e(F i). (5.309) 
| 


Example 187 % Alternative proof for angular velocity definition (5.294). 


The angular velocity definition presented in Equation (5.294) can also be 
shown by direct substitution for °Rg in the angular velocity matrix Bop 


Bion = SRECRz. (5.310) 
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Therefore, 
I ae 4K Gq Peg 1-9 Tek 
ci aaa Ue ae ae ral ee a 
ke kod kK Ki K-j K-k 
. Edi . dj . dk 
Tt dt + OE 
. od . Gdj _ Gdk 
= a (az) 6 eee) 
, Sd) (Sd) (4. Sah 
dt t t 
which shows that 
Gq Re 
ah 
(z-#) 
Cdk 
B = es es 
Bue = (= ‘ (5.312) 


Example 188 * Second derivative. 
In general, “dr/dt is a variable vector in G(OXY Z) and in any other 
coordinate frame such as B(oxyz). Therefore, it can be differentiated in 


either coordinate frames G or B. However, the order of differentiating is 
important. In general, 


Aged CaP d 
Se ee te (5.313) 
dt dt dt dt 
As an example, consider a rotating body coordinate frame about the Z-azis, 
and a variable vector as 


Cr=tl. (5.314) 
Therefore, 
Cdr A 
SS | = Gy = 
Ti r=T[ (5.315) 
and hence, 
Cdr : 
"(a) = Ba abe lf 
cosy sing 0 1 
= —siny cosy 0 0 
0 0 1 0 


= cosy? —sin yj (5.316) 
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which provides 


Bd Cdr Pete ate Nee 2 
ge = TP sin vt — cos Yj (5.317) 
and eee 
d“dr » 
G < 
—— ]=-gJ. 5.318 
( dt dt ) ve ee) 
Now 
Br = RE, eZ] = teos yi — tsin yj (5.319) 
that provides 
2dr ets thee . 
rae (—tp sin y + cos py)? — (siny + tycos y) j (5.320) 


and 


Badr : 
°(Gr) = & 


= Rz, » ((-tysiny + cosy)? — (siny + ty cos y) j) 


cosp —sing 0 —ty sin yp + cosy 
= sng cosy 0 —siny — tycosy 
0 0 1 0 
= I[-toJ (5.321) 
which shows 
Gd Pdr A 
—— = -(g+te)J 5.322 
a (o +t) (5.322) 
Sq Cdr 
~ ——_. 
dt dt 


5.9 Rigid Body Velocity 


Consider a rigid body with an attached local coordinate frame B (oryz) 
moving freely in a fixed global coordinate frame G(OXY Z), as shown in 
Figure 5.12. The rigid body can rotate in the global frame, while the origin 
of the body frame B can translate relative to the origin of G. The coor- 
dinates of a body point P in local and global frames are related by the 
following equation: 

Crp = CRp Prp + Cdg (5.323) 


where “dg indicates the position of the moving origin o relative to the 
fixed origin O. 
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FIGURE 5.12. A rigid body with an attached coordinate frame B (oxyz) moving 
freely in a global coordinate frame G(OXY Z). 


The velocity of the point P in G is 
Gyp = Cp 
= Rp Prp + Cdg 
= GW&p Grpt+ Cdp 
= Gwp (Crp - @dp) + Sdp 
= guwp x (Crp — Cdg) + Cdg. (5.324) 
Proof. Direct differentiating shows 


e” 
eee = ie = Ors 


= Rp rp+ Cdg. (5.325) 
The local position vector rp can be substituted from (5.323) to obtain 
Cyp = “ReoRE (Crp = “dp) + “dp 
= Gwp (Crp — Cdp) + dp 
= que x (Srp — Sdg) + Cdz. (5.326) 
It may also be written using relative position vector 


vp = GWwB x orp + Gay: (5.327) 
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FIGURE 5.13. Geometric interpretation of rigid body velocity. 


Example 189 Geometric interpretation of rigid body velocity. 
Figure 5.13 illustrates a body point P of a moving rigid body. The global 
velocity of point P 
Cyp = GWB xX Grp + Cdp 


is a vector addition of rotational and translational velocities, both expressed 
in the global frame. At the moment, the body frame is assumed to be coin- 
cident with the global frame, and the body frame has a velocity Gdp with 
respect to the global frame. The translational velocity “dg is a common 
property for every point of the body, but the rotational velocity qwp Xx Gr P 
differs for different points of the body. 


Example 190 Velocity of a moving point in a moving body frame. 

Assume that point P in Figure 5.12 is moving in frame B, indicated by 
time varying position vector ?r p(t). The global velocity of P is a composi- 
tion of the velocity of P in B, rotation of B relative to G, and velocity of 
B relative to G. 


il Crp = i (Cdp + °Rz Prp) 
dt dt 
Gq Gq 
G G B 
= =—*"d — ("R 
ak Bt di ( B rp) 
= Cdg+ Sirp+ qweg x Srp (5.328) 


Example 191 Velocity of a body point in multiple coordinate frames. 
Consider three frames, Bo, By and Bz, as shown in Figure 5.14. The 
velocity of point P should be measured and expressed in a coordinate frame. 
If the point is stationary in a frame, say Bo, then the time derivative of 
2rp in By is zero. If frame Bz is moving relative to frame B,, then, the 
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X 


FIGURE 5.14. A rigid body coordinate frame Bz is moving in a frame B; that 
is moving in the base coordinate frame Bo. 


time derivative of ‘rp is a combination of the rotational component due to 
rotation of Bz relative to By and the velocity of Bz relative to B,. In forward 
velocity kinematics, the velocities must be measured in the base frame Bo. 
Therefore, the velocity of point P in the base frame is a combination of the 
velocity of Bz relative to B, and the velocity of By relative to Bo. 

The global coordinate of the body point P is 


rp = %d, + $do+ Srp (5.329) 
= dd, + °R,1do + °Ry?2rp. (5.330) 


Therefore, the velocity of point P can be found by combining the relative 
velocities 


Sp = Pdi + (°Ri do + °R, 'de) + Re ?2rp 
°d, + nw x {da + OR ldo + jwe x rp (5.331) 


Most of the time, it is better to use a relative velocity method and write 


OVP = gvi + (v2 + $vp (5.332) 

because 
Ovi = Odi (5.333) 
Ov, = Sw, x Ode + °Ri 1de (5.334) 


Svp =  wox Srp (5.335) 
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and therefore, 
Ovp = dy + bw x Ode + °R, tde + Sw x Srp. (5.336) 


Example 192 Velocity vectors are free vectors. 
Velocity vectors are free, so to express them in different coordinate frames 


we need only to premultiply them by a rotation matriz. Hence, considering 
by as the velocity of the origin of the B; coordinate frame with respect to 


the origin of frame B; expressed in frame By, we can write 


by, = — By; (5.337) 
and 
bys = Rin Tvs (5.338) 
and therefore, 
Hire = ‘vp = ivp + iw, x irp. (5.339) 


Example 193 *% Zero velocity points. 
To answer whether there is a point with zero velocity at each time, we 
may utilize Equation (5.3824) and write 


c&p (Cro — Cdg) + Cdg =0 (5.340) 
to search for “ro which refers to a point with zero velocity 
Cro = Sdg — owe! Cdg (5.341) 


however, the skew symmetric matrix gw is singular and has no inverse. 
In other words, there is no general solution for Equation (5.340). 

If we restrict ourselves to planar motions, say XY -plane, then qwp = 
wk and fe =1/w. Hence, in 2D space there is a point at any time with 
zero velocity at position “ro given by 


Cro(t) = Sdp(t) — . Cdp(t). (5.342) 


The zero velocity point is called the pole or instantaneous center of 
rotation. The position of the pole is generally a function of time and the 
path of its motion is called a centroid. 


Example 194 *% Eulerian and Lagrangian view points. 

When a variable quantity is measured within the stationary global coor- 
dinate frame, it is called absolute or the Lagrangian viewpoint. When the 
variable is measured within a moving body coordinate frame, it is called 
relative or the Eulerian viewpoint. 

In 2D planar motion of a rigid body, there is always a pole of zero velocity 
at 


1 7 
Cry = Sdg— a Cdp. (5.343) 
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axr 


FIGURE 5.15. A rotating rigid body B(Oxyz) with a fixed point O in a reference 
frame G(OXY Z). 


The position of the pole in the body coordinate frame can be found by sub- 
stituting for Sr from (5.323) 
Rep Pro + de = Sde— ay! Cd (5.344) 


and solving for the position of the zero velocity point in the body coordinate 
frame Pro. 


B GpT _~-1Ga 
ro = —“Rpg awp “dea 


= —¢RE [ae ORS] Cap 


GRE [ore | Ga, 
= —°R,)Cdz (5.345) 
Therefore, “rq indicates the path of motion of the pole in the global frame, 


while ?rq indicates the same path in the body frame. The “ro refers to the 
Lagrangian centroid and ? ro refers to the Eulerian centroid. 


5.10 Angular Acceleration 


Consider a rotating rigid body B(Oxyz) with a fixed point O in a reference 
frame G(OXY Z) as shown in Figure 5.15. 

Equation (5.172), for the velocity vector of a point in a fixed origin body 
frame, 


Crt) = v(t) 
G@p r(t) 
= gwgx Sr(t) (5.346) 
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can be utilized to find the acceleration vector of the body point 


Gq 

Gs G: 
= “4X 

r a ttt) 
= capx “r+ qwp x (Gwe x Cr) (5.347) 
= (40+ da) x Sr+ dx (@x Sr). (5.348) 


Gag is the angular acceleration vector of the body with respect to the G 
frame. 


GQaB>= ~~ GWwB (5.349) 


Proof. Differentiating Equation (5.346) gives 


CE = aw, x Cr+ cwa x SF? 
= cap x “r+ qwp x (Gwe x Cr) (5.350) 
and because 
w = ot (5.351) 
a = ¢t+¢u (5.352) 


we derive Equation (5.348). Therefore, the position, velocity, and accelera- 
tion vectors of a body point are 


Bra =aityjt zk (5.353) 
Ca 
G 2. G8 EB 
VP = rp dt rp 
= gwgx Sr (5.354) 
Gq? 
Gas Cyp CED aa Brp 


= capx “r+ qwgx Ct 


= gagx Sr+ que x (gw x Sr). (5.355) 


The angular acceleration expressed in the body frame is the body derivative 
of the angular velocity vector. To show this, we use the derivative transport 
formula (5.287) 


B B 
GOB aE GUB 


B B B 
=> = aqvBat GWB X GWYB 


ee thee (5.356) 
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FIGURE 5.16. Illustration of a simple pendulum. 


The angular acceleration of B in G can always be expressed in the form 
GQB = GAB ta (5.357) 


where tig is a unit vector parallel to gag. The angular velocity and angular 
acceleration vectors are not parallel in general, and therefore, 


is 2 a, (5.358) 
Gap # GwWp. (5.359) 


However, the only special case is when the axis of rotation is fixed in both 
G and B frames. In this case 


Gap =at=wt= da. (5.360) 
| 


Example 195 Velocity and acceleration of a simple pendulum. 

A point mass attached to a massless rod and hanging from a revolute joint 
is called a simple pendulum. Figure 5.16 illustrates a simple pendulum. A 
local coordinate frame B is attached to the pendulum that rotates in a global 
frame G. The position vector of the bob and the angular velocity vector gwpB 
are 


Br = ii (5.361) 
Ising 

Cr = GFRpFPr=| —Ilcosd (5.362) 
0 

Bwp = ok (5.363) 


awe = CRE Bwe =oK. (5.364) 
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sag asia ( Spee 
d) ir ie 0 
0 1 


= —cos@ sind 0 (5.365) 
0 0 ol 
Its velocity is therefore given by 
By = Fe+ Bwex Br 
= 0+¢kxli 
= 1¢j (5.366) 
Locos 
Cy = SRp?v=| Idsing |. (5.367) 
0 
The acceleration of the bob is then equal to 
Ba = 280+ Bwex Bv 
= 1dj+ ok x 193 
= Ioj-lda (5.368) 
Ldcos¢ — 1d sind 
Ca= Re %a=| ibsingt1d cos | - (5.369) 
0 


Example 196 Motion of a vehicle on the Earth. 

Consider the motion of a vehicle on the Earth at latitude 30deg and 
heading north, as shown in Figure 5.17. The vehicle has the velocity v = 
Be = 80 km/h = 22.22 m/s and accelerationa = 2¥ = 0.1m/s?, both with 
respect to the road. The radius of the Earth is R, and hence, the vehicle’s 
kinematics are 


Br = Rkm (5.370) 
Be S-22.227 mys (5.371) 
Fe = 0.17 m/s? (5.372) 
@ = piad/s (5.373) 
i = Riad) s?. (5.374) 


There are three coordinate frames involved. A body coordinate frame B is 
attached to the vehicle as shown in the figure. A global coordinate G is set 
up at the center of the Earth. Another local coordinate frame E is rigidly 
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(5) 


FIGURE 5.17. The motion of a vehicle at 30 deg latitude and heading north on 
the Earth. 


attached to the Earth and turns with the Earth. The frames E and G are 
assumed coincident at the moment. The angular velocity of B is 


wp = aw + Gwe 
= BRo (we K +61) 


(we cos 0) i+ (wg sin 8) k 


(wp cos 0) i+ (wz sind) k + <j. (5.375) 


Therefore, the velocity and acceleration of the vehicle are 


By = Pry Bw x ar 
= 0+ Bwex Rk 
= vi—(Rwecosé)j (5.376) 
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Ba = 20+ 2wz x Bv 
wp cos @ ; 
= ak (Rew dsin 6) 5+ 7 x | —Rwgcos6 
wr sin 0 
Rw, cos @ sin 6 
= ai + (Rwy Osin8) j + UW gf sind 
— Rv? — Rwy, cos? 6 


a+ Ru% cos 6 sin é 
= 2Ruip sind . (5.377) 


1,2 ry 
— Rv" — Rw, cos* 0 


The term ai is the acceleration relative to Earth, (2Rwg@sin0)j is the 
a 

Coriolis acceleration, —4;k is the centrifugal acceleration due to traveling, 

and —(Rw?, cos? 0) is the centrifugal acceleration due to Earth’s rotation. 


Substituting the numerical values and accepting R = 6.3677 x 10° m pro- 
vides 


5 2 2 
By = 29.99 6.3677 x a 7 366 *) 1. 


24 x 3600 365.25 | “°° 6! 
22.22% — 402.137 m/'s (5.378) 


Ba = 1.5662 x 10-74 + 1.6203 x 10739 — 2.5473 x 10°-2k m/s”. (5.379) 
Example 197 *% Combination of angular accelerations. 
It is shown that the angular velocity of several bodies rotating relative to 
each other can be related according to (5.231) 
On = 01 + we + 3W3 free aeaas (5.380) 
However, in general, there is no such equation for angular accelerations 


0Qn F 01 + Gast Jag t---+ 2 1an. (5.381) 


To show this, consider a pair of rigid links connected by revolute joints. 
The angular velocities of the links are 


ow = 6, Ko (5.382) 
Ww. = 02° (5.383) 
0oW2 = owt TW 


01 °C + A> OR 
= 6, % + Oo OR, ‘hy (5.384) 
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however, the angular accelerations show that 


od s 
pe 0S ow “ko (5.385) 
t 
og ay ere 
0a2 = Ti oW2 = Ti (41 ko + 62 °R1 ‘he) 


= 61 % — 05 oR, 1h, + 9W 1X Ao OR, 1k, 
= 61 °K + 05 on +64 Oo % x ob, 
= 9@,+ 9a + gW1 X Swe (5.386) 


and therefore, 
0Q2 F 01+ Yas. (5.387) 


Equation (5.386) is the relative acceleration equation. It expresses the 
relative accelerations for connected rigid bodies. 


Example 198 * Angular acceleration and Euler angles. 
The angular velocity Bw in terms of Euler angles is 


Wx 0 cosy sindsing v2 

Gwe = wy |=] 0 siny —cosysind 0 

Wz 1 0 cos 6 uD 

A cosy + sin sin y 
= Osiny—wecosypsin# |. (5.388) 
p+weosé 
The angular acceleration is then equal to 
Cd 

Gap = a Cw p (5.389) 


cos Y (4 + pibsind) + siny (asin + Oy cos0 — 0 
= sing (6+ gvsin®) + cosy Ap — a) sin 0 — Oy) cos 0 
% + cos — Ow sind 
The angular acceleration vector in the body coordinate frame is then equal 
to 


Bap = °RE Sap (5.390) 


cpcw — Osysw se cwsp +. cOcypsy) — sO sw 
= —cysy — Odcwsp —spsw+cbcpcy sdcw Gag 
sOsyp —cyps0 cO 


cos w C + pisin 8) + sin w (°" sind + by cos 4 - 6) 
cos (esind + Apcosd ~ Hi)) —sinw (6 + gising) 
pcos 6 — yb — Opsind 
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FIGURE 5.18. A rigid body with coordinate frame B (oxyz) moving freely in a 
fixed global coordinate frame G(OXY Z). 


5.11 Rigid Body Acceleration 


Consider a rigid body with an attached local coordinate frame B (oxyz) 
moving freely in a fixed global coordinate frame G(OXYZ). The rigid 
body can rotate in the global frame, while the origin of the body frame B 
can translate relative to the origin of G. The coordinates of a body point 
P in local and global frames, as shown in Figure 5.18, are related by the 
equation 


Crp = “Rp Prp + dp (5.391) 


where “dg indicates the position of the moving origin o relative to the 
fixed origin O. 
The acceleration of point P in G is 


Gap = oS 
GQB xX (Crp _ @dp) 
+ GWB X (Gwe x (Crp = Cdz)) + Gdp. (5.392) 


CED 


Proof. The acceleration of point P is a consequence of differentiating the 
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velocity equation (5.326) or (5.327). 


G 
ees 
dt 

G Ge Gy 
= Gagx Brep+ qwe x Zre+ “de 


G 
ap = P 


= Gapx Crp + GWB xX (Gwe x Grp) + Cdp 
= Gap x (Crp = Cdp) 
+ Gwe x (wp x (Crp — Cdg)) + Cdp. (5.393) 


The term gwp X (awe x Grp) is called centripetal acceleration and is 
independent of the angular acceleration. The term gag x Grp is called 
tangential acceleration and is perpendicular to Srp. | 


Example 199 Acceleration of joint 2 of a 2R planar manipulator. 
A 2R planar manipulator is illustrated in Figure 5.19. The elbow joint 
has a circular motion about the base joint. Knowing that 


ow = 01 ko (5.394) 
we can write 
0a = 0&1 =H; ko (5.395) 
Wy x or, = 0, %% x or, 
= 6, Rz6+90°r1 (5.396) 
ow, X (ow x *r1) = 2b, or, (5.397) 


and calculate the acceleration of the elbow joint 


mn 7 +2 
OR, = 01 Rz,6+90 On, = 0, Or. (5.398) 


Example 200 Acceleration of a moving point in a moving body frame. 

Assume the point P in Figure 5.18 is indicated by a time varying local 
position vector Prp(t). Then, the velocity and acceleration of P can be 
found by applying the derivative transformation formula (5.287). 


Cyp = Sdgt+ Bipt+ Bwe x Brp 
= Gdg+ Pvp + Bw x Prp (5.399) 


ap = Cdgt Pipt Bwp x Prp+ Bwp x Prp 

Byp) 

= “det Fap+2Bwey x Pvpt Bug x Prp 

+ wp x (Ewe x Prp). (5.400) 


+2wp x (Pip + Bw x 
B 
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X2 


FIGURE 5.19. A 2R planar manipulator. 


It is also possible to take the derivative from Equation (5.323) with the 
assumption Pip #0 and find the acceleration of P. 


Grp = SR Brp + “dg (5.401) 
Crp = CRp Prp + CR Pip + Cd 
= qGwpx Che Brp + CRp Bip + Gay (5.402) 
CEp = GWwpx GRp Prp + Gwp x GRp Brp + Gwp x GRp Pip 


+°Rp Bip + CRp Bip + G dy 
= GWpx Srp + qwp x (cwp x Srp) +2qwp x tp 
eS eae eds (5.403) 


The third term on the right-hand side is called the Coriolis acceleration. 
The Coriolis acceleration is perpendicular to both qwp and Prp. 


Example 201 *% Acceleration of a body point. 

Consider a rigid body is moving and rotating in a global frame. The 
acceleration of a body point can be found by taking twice the time derivative 
of its position vector 


Grp = SR Brp + “dp (5.404) 


Crp = °Rp Prp + Cdg (5.405) 
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Cip = Rp Prp + Cd 
CRp ORE (Crp — Cdp) + Cde. (5.406) 
Differentiating the angular velocity matrix 
G@p = Re CRE (5.407) 
shows that 
; od Gp_Gpl . Gp_Gpr 
GWB = a CHB = Re “Rpt+ “Re “Rpg 
= ©ReoRE+ chp c&p (5.408) 
and therefore, 
Re CRE = gop — cipal. (5.409) 


Hence, the acceleration vector of the body point becomes 


Crp = (cin — GWp ot (Crp — dp) + Cdp (5.410) 
where 
, 0 —Ww3 W2 
GWE = Gap=] w3 0 wy, (5.411) 
—W2 Wy 0 
and 
we 7G we WW. W1W3 
GWB Gus =] -wiwe wetwk —wows |. (5.412) 
—W1W3  =—W2W3 w? a we 


5.12 % Axis-angle Rotation 


When the rotation is about an arbitrary axis going through the origin, two 
parameters are necessary to define the direction of the line through O and 
one is necessary to define the amount of rotation of the rigid body about 
this line. Let the body frame B(Oxyz) rotate ¢ about a line indicated by 
a unit vector @% with direction cosines uj, U2, U3, 


= ul + ud +u3k (5.413) 


fut +u3 + uz = 1. (5.414) 


This is called azis-angle representation of a rotation. 

A transformation matrix °Rg that maps the coordinates in the lo- 
cal frame B(Oxyz) to the corresponding coordinates in the global frame 
G(OXY Z), 

Cr = ?Rp Pr (5.415) 
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FIGURE 5.20. Axis of rotation & when it is coincident with the local z-axis. 


is 


Rp = Rag =1cos¢ + Gti’ verso + ising (5.416) 
u? vers b + cd u,U2 Vers@—Uugsp uyzUg Versd@ + U2sh 
GRp = | uj,uevers¢ + ugs@ uz vers 6 + ch U2U3 Vers @ — Usp 
u1U3 Vers@— U28P U2QUZg Versg~ + U1 Sh ua vers + cd 
(5.417) 
where 
vers@ = versined 
1—cos@ (5.418) 
2 
= 2Qsin? + 
sin 5 
and wu is the skew-symmetric matrix corresponding to the vector & 
0 —U3 U2 
—U2 U1 0 


A matrix @ is skew-symmetric if 
at = -a. (5.420) 


The transformation matrix (5.417) is the most general rotation matrix for 
a local frame rotating with respect to a global frame. If the axis of rotation 
(5.413) coincides with a global coordinate axis, then the Equations (5.20), 
(5.21), or (5.22) will be reproduced. 


Proof. Interestingly, the effect of rotation ¢ about an axis % is equivalent 
to a sequence of rotations about the axes of a local frame in which the 
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local frame is first rotated to bring one of its axes, say the z-axis, into 
coincidence with the rotation axis @, followed by a rotation ¢ about that 
local axis, then the reverse of the first sequence of rotations. 

Figure 5.20 illustrates an axis of rotation @ = ul +ue Jttigk the global 
frame G(OXYZ), and the rotated local frame B(Oxyz) when the local 
z-axis is coincident with &. Based on Figure 5.20, the local frame B (Oxyz) 
undergoes a sequence of rotations y about the z-axis and @ about the y- 
axis to bring the local z-axis into coincidence with the rotation axis &, 
followed by rotation ¢ about a, and then perform the sequence backward. 
Therefore, the rotation matrix “Rg to map coordinates in local frame to 
their coordinates in global frame after rotation ¢ about & is 


oR, = Ae af ce a 
a [Rz,-y Ry,—6 Rz,6 Ryo Rel 


T pl pr pr T 
= er Rio Re ¢ Ryo Rk i, (5.421) 
but. 
sing = —_ (5.422) 
uy + us 
Ui 
cosp = 5 5 (5.423) 
uy + U5 
sinf = uj + us (5.424) 
cos0 = ug (5.425) 
sin@sing = U2 (5.426) 
sindcosp = uy (5.427) 
and hence, 
GCRp — Rag (5.428) 
uz vers @ + cd UjU2 Versh@—Uuzsh U,UZ Verso + Ugsh 
= uyU2 vers @ + u3sh uz vers 6 + ch u2ug vers @ — U1 sh 
ujug vers@—Uu2sh UgUs verso + Uj sh ug vers d + cd 
The matrix (5.428) can be decomposed to 
1 0 0 
Rag = cos?| 0 1 O 
001 
U1 
+ (1 — COS ~) U2 [ Uy U2 U3 | 
U3 
0 —u3z U2 
+ sing U3 0 U4 (5.429) 
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to be equal to 
CRp = Rag =1cos¢ + dt" versd + ising. (5.430) 
Equation (5.416) is called the Rodriguez rotation formula (or the Euler- 


Lexell-Rodriguez formula). It is sometimes reported in literature as the 
following equivalent forms: 


Rag = I+ (sind) i+ (vers ¢) wi? (5.431) 
Rao = [I-aa™] cos¢+iasingd + ta" (5.432) 
Rag = —Wcosdtisndt+@#+I (5.433) 


The inverse of an angle-azis rotation is 


BRo = [SRE=Ra-¢ 
= Icos¢+ da? vers ¢ — isin ¢. (5.434) 
It means orientation of B in G, when B is rotated ¢ about %, is the same 


as the orientation of G in B, when B is rotated —¢ about t. We can verify 
that 


wa = 0 (5.435) 
Iii? = @ (5.436) 
rir = 0 (5.437) 
a@xr = tr=-—fi=-rx é. (5.438) 
| 
Example 202 *% Azis-angle rotation when % = K. 
If the local frame B(Oxyz) rotates about the Z-axis, then 
a=K (5.439) 


and the transformation matrix (5.417) reduces to 


Oversh+cos@ Overs@—I1sing Oversd+O0sing 
CRg = Overs@+1sin@ Overs@+cosd Oversd—Osing 
Overs@—Osing Oversd+O0sing lLversd@+cos¢ 
cos@¢ —sing 0 
= sng cos@ 0 (5.440) 
0 0 1 


which is equivalent to the rotation matrix about the Z-axis of global frame 
in (5.20). 
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Example 203 *% Rotation about a rotated local axis. 
If the body coordinate frame Oxyz rotates y deg about the global Z-axis, 
then the x-axis would be along 


cosp —sing 0 1 
lig = CRz i=} sing cosy 0 0 
0 0 1 0 
cos 
= sing |. (5.441) 
0 


Rotation @ about tig = (cosy) f + (siny) J is defined by Rodriguez’ 
formula (5.417) 


cos? yvers6+cos@ cosysiny vers 6 sin y sin 8 
Rao a cosysinyvers6 sin? pvers@+cos@ —cosysin# 
—sin ysind cos y sin 8 cos 6 


Now, rotation yp about the global Z-axis followed by rotation 6 about the 
local x-axis is transformed by 


CRep = [Rao °Rzo 
cosp —cosésing  sindsing 
= sing cos@cosy -—cosysiné (5.442) 
0 sin 0 cos 8 


that must be equal to [Rz,o Rz,y| > = Be ee. 


Example 204 * Avis and angle of rotation. 
Given a transformation matriz Rg we may obtain the axis i and angle 
@ of the rotation by considering that 


2s 1 
i = g5ng (CRp — CRB) (5.443) 
1 
cosp = 5 (tr (?Rp) -1) (5.444) 
because 
0 —2(sing)u3 2(sing) ug 
SRa—-CRE = 2 (sin ¢) us 0 —2 (sin d) uy 
—2(sing)ug 2(singd) uw 0 
0 —uU3 U2 
= 2sing| uz 0 U1 
—U2 UL 0 


= ising (5.445) 
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and 


tr(°Re) = ru tree +rss 
= 3cos¢d+uj(1—cos¢) + u3 (1 — cos¢) + uz (1 — cos) 
= 3cosdt+up tus tuz— (ut + uz + u3) cosd 
= 2cosd+l. (5.446) 


Example 205 *% Azis and angle of a rotation matriz. 

A body coordinate frame, B, undergoes three Euler rotations (p,0,W) = 
(30, 45, 60) deg with respect to a global frame G. The rotation matrix to 
transform coordinates of B to G is 


CRe = *RE=(RzyReoRzyl 
T ae ve 
= Fe pln bly ap 
0.12683 —0.92678 0.35355 
= 0.78033 —0.12683 —0.61237 |. (5.447) 


0.61237 0.35355 0.70711 


The unique angle-axis of rotation for this rotation matrix can then be found 
by Equations (5.443) and (5.444). 


¢& = cos} € (tr (CR) - :)) 


= cos! (—0.146 45) = 98 deg (5.448) 
ee (CRp — SRS) 
2sin A 
0.0 0.86285 —0.13082 
= | 0.86285 0.0 —0.488 22 (5.449) 
0.13082 0.488 22 0.0 
0.488 22 
a = | —0.13082 (5.450) 
0.862 85 


As a double check, we may verify the angle-axis rotation formula and derive 
the same rotation matriz. 
Rp Rag = Icos¢ + titi” vers ¢ + isin d 
0.12682 -—0.92677 0.35354 
= 0.78032 -—0.12683 —0.61237 (5.451) 
0.61236 0.35355 0.70709 


288 5. Applied Kinematics 


= 


FIGURE 5.21. A screw motion is translation along a line combined with a rotation 
about the line. 


5.13 + Screw Motion 


Any rigid body motion can be produced by a single translation along an 
axis combined with a unique rotation about that axis. This is called Chasles 
theorem. Such a motion is called screw. Consider the screw motion illus- 
trated in Figure 5.21. Point P rotates about the screw axis indicated by & 
and simultaneously translates along the same axis. Hence, any point on the 
screw axis moves along the axis, while any point off the axis moves along 
a helix. 

The angular rotation of the rigid body about the screw is called twist. 
Pitch of a screw, p, is the ratio of translation, h, to rotation, ¢. 


D 3 (5.452) 
So, pitch is the rectilinear distance through which the rigid body translates 
parallel to the axis of screw for a unit rotation. If p > 0, then the screw is 
right-handed, and if p < 0, it is left-handed. 

A screw is shown by &(h,¢,t,s) and is indicated by a unit vector ti, a 
location vector s, a twist angle ¢, and a translation h (or pitch p). The 
location vector s indicates the global position of a point on the screw axis. 
The twist angle ¢, the twist axis i, and the pitch p (or translation h) are 
called screw parameters. 

The screw is another transformation method to describe the motion of a 
rigid body. A linear displacement along an axis combined with an angular 
displacement about the same axis arises in steering kinematics of vehicles. 
If rp indicates the position vector of a body point, its position vector in 
the global frame after a screw motion is 


Crp = 3(h,¢,%,8) Prp (5.453) 
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that is equivalent to a translation “dg along with a rotation “Rg. 
Crp = “Rp Prp + Sdg (5.454) 


We may introduce a 4x 4 matrix [T], that is called the homogeneous matriz, 


G G 
CT, = | fg : (5.455) 


and combine the translation and rotation to express the motion with only 
a matrix multiplication 
Crp = °Tz Prp (5.456) 


where, Crp and Prp are expanded with an extra zero element to be con- 
sistent with the 4 x 4 matrix [7]. 


x 
Y 

Crp = 7 (5.457) 
0 
av 

Byp = : (5.458) 
0 


Homogeneous matrix representation can be used for screw transformations 
to combine the screw rotation and screw translation about the screw axis. 

If & passes through the origin of the coordinate frame, then s = 0 and 
the screw motion is called central screw 8(h, ¢,t). For a central screw we 
have 


C3p(h,¢,%) = Dan Rag (5.459) 
where, 
1 0 0 huy 
| 0 1 0 hus 
Darh=!q Q 1 ne (5.460) 
000 1 
Ra. — 
u? vers 6 + cd uyu2 vers@—ugshd ujugversP@t+tuesd 0 
uyu2 vers @ + ugsh uz vers d + cd u2u3 vers@— usd O 
u,Ug vers @— ugsh Ugus versP?+ usd ud vers ¢ + cd 0 
0 0 0 1 
(5.461) 
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and hence, 
x Chae Sa 
C3p(h, ¢, &) = | a 1 = 
uZ vers 6 + cob u,u2 vers@—ugshd ujyugversd@+u2so hu, 
u,U2 vers d + ugsh u3 vers @ + co u2u3 vers@— usp hug 
u,ug vers@—Uu2sh Ugus versd+ usp uZ vers 6 + cob hug 
0 0 0 1 


(5.462) 

As a result, a central screw transformation matrix includes the pure 

or fundamental translations and rotations as special cases because a pure 

translation corresponds to ¢ = 0, and a pure rotation corresponds to h = 0 

(or p = 0). 

When the screw is not central and @ is not passing through the origin, a 

screw motion to move p to p” is denoted by 
p” = (p—s)cos¢+ (1—cos¢) (a-(p—s))t 
+(ax (p—s))sind+s+hi (5.463) 


or 


p’ = Rze(p—s)+sthi 
CRep+s— SRgs+ hit (5.464) 


and therefore, 
p” = 3(h,¢,4,s)p = [T]p (5.465) 


where 


iT] = | CRp Ss— SReost+ hi 
0 1 

Che. Fd 
| 0 1 | : (5.466) 
The vector @s, called location vector, is the global position of the body 
frame before screw motion. The vectors p” and p are global positions of a 
point P after and before screw, as shown in Figure 5.22. 

The screw axis is indicated by the unit vector ti. Now a body point P 
moves from its first position to its second position P’ by a rotation about 
a. Then it moves to P” by a translation h parallel to &. The initial position 
of P is pointed by p and its final position is pointed by p”. 

A screw motion is a four variable function 8(h, ¢, G,s). A screw has a line 
of action % at @s, a twist ¢, and a translation h. 

The instantaneous screw axis was first used by Mozzi (1730 — 1813) in 
1763 although Chasles (1793 — 1880) is credited with this discovery. 
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FIGURE 5.22. Screw motion of a rigid body. 


Proof. The angle-axis rotation formula (5.416) relates r’ and r, which are 
position vectors of P after and before rotation ¢ about &@ when s = 0, 
h=0. 


r’=rcos¢+(1—cos¢) (@-r)a+(axr)sing (5.467) 


However, when the screw axis does not pass through the origin of G(OXY Z), 
then r’ and r must accordingly be substituted with the following equations: 


r = p-s (5.468) 
r = p”’-s—ht (5.469) 


where r’ is a vector after rotation and hence in G coordinate frame, and r 
is a vector before rotation and hence in B coordinate frame. 

Therefore, the relationship between the new and old positions of the 
body point P after a screw motion is 


M 


p> = (p—s)cos¢+ (1—cos¢) (a: (p—s)) a 
+(a x (p—s))sing+ (s+ hia). (5.470) 


Equation (5.470) is the Rodriguez formula for the most general rigid body 
motion. Defining new notations “p = p” and ’p = p and also noting that 
s indicates a point on the rotation axis and therefore rotation does not 
affect s, we may factor out ?p and write the Rodriguez formula in the 
following form 


Sp = (Icosd + ai? (1—cos$) +4 sind) Bp 


— (Icos ¢ + Ga7 (1—cos¢) +a sing) “s+ %s+hti (5.471) 
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which can be rearranged to show that a screw can be represented by a 
homogeneous transformation 


Sp = SRe®p+os— SRe os + hi (5.472) 
= CRp Bp + Gd 
= °Tp?p 
CTg = 3p(h,¢,a,8) (5.473) 
os CR Gs CR Gs + hi = GRp Gq 
= 0 1 ete Nee 1 
where, 
SRe = Icos¢+ tt? (1—cosd)+% sing (5.474) 
Cd = ((I- ad") (1—cos¢)—asind) Ss+ha. (5.475) 


Direct substitution shows that: 


u? vers 6 + cd u,U2 Vers@—Uussp UzUZ Versd@ + U2sh 
GRp =| ujugversd + usd u3 vers ¢ + cd UgU3 vers d — usd 
U1U3 Vers@— U2SP U2QUg VersS~ + USP ug vers b + cd 
(5.476) 
hu + (s1 — ui (s3ug + Sue + $1U1)) vers d + (sous — s3u2) sd 
Gd=| hugt (sq — Ug (83U3 + SgU2 + $1U1)) vers d+ (s3u1 — $1U3) sd 
hug + (83 — ug (s3ug + Sue + $1U1)) vers d + (s1U2 — Sou) sd 


(5.477) 

This representation of a rigid motion requires six independent parame- 

ters, namely one for rotation angle ¢, one for translation h, two for screw 

axis i, and two for location vector “s. It is because three components of @ 
are related to each other according to 


aa 


=] (5.478) 
and the location vector “s can locate any arbitrary point on the screw axis. 
It is convenient to choose the point where it has the minimum distance from 
O to make “s perpendicular to w. Let us indicate the shortest location vector 
by @so, then there is a constraint among the components of the location 
vector 


G 


s, u = 0. 


(5.479) 


If s = 0 then the screw axis passes through the origin of G and (5.473) 
reduces to (5.462). 

The screw parameters ¢ and h, together with the screw axis tu and loca- 
tion vector “s, completely define a rigid motion of B(oxryz) in G(OXY Z). 
Having the screw parameters and screw axis, we can find the elements of 
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the transformation matrix by Equations (5.476) and (5.477). So, given the 
transformation matrix “Tg, we can find the screw angle and axis by 


1 
cos@ = 5 (tr (*Rg) - 1) 
1 
= 5 (#(°Z») -2) 
1 
= 3 (ria + 72 +733 — 1) (5.480) 
~ 1 G G pT 
i= zane Rp — “Rz) (5.481) 
hence, 
1 32 — 123 
“= 5 713 — 731 $ (5.482) 
2sin d ear 


To find all the required screw parameters, we must also find h and co- 
ordinates of one point on the screw axis. Because the points on the screw 
axis are invariant under the rotation, we must have 


T11 #+%T12 +13) «14 X 1 0 O hu, xX 

Por To2 123° Tea Y |_| 0 1 O hug Y 

r31 1732 133° «134 Zi) | 0 0 1 hug Z (5.483) 
0 0 0 1 1 0 0 0 1 1 


where (X,Y, Z) are coordinates of points on the screw axis. 

As a sample point, we may find the intersection point of the screw line 
with Y Z-plane, by setting X, = 0 and searching for s = [ 0 Y;, Zs ile 
Therefore, 


T11 — 1 T12 T13 14 7 huyz 0 0 
r21 roo —1 23 roa — hug Y; | _ | O 
131 r32- 33 — 1 34 — hug Ay.) 1 eaeo) 
0 0 0 0 1 0 
which generates three equations to be solved for Y,, Z,, and h. 
= 
h uy —T12 —113 T14 
¥, => U2 1- 722 —123 1924 (5.485) 
Zs ug —7r32 1-133 34 
Now we can find the shortest location vector “sg by 
Sg9 =s—(s- a)a. (5.486) 
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Example 206 * Central screw transformation of a base unit vector. 

Consider two initially coincident frames G(OXY Z) and B(oxryz). The 
body performs a screw motion along the Y-axis for h = 2 and @ = 90deg. 
The position of a body point at [ 1 00 1 |’ 
the central screw transformation. 


can be found by applying 


a(h,g,@) = 3(2,5,J) (5.487) 
= D2s)R(I,5) 
1 0:0 0 010 
+ 1 SO) Shae 0 10 0 
Oh Ah 0 = 7041000 
0001 0001 
0 01 0 
= 0 102 
2+ | cea 20 roe 
0001 
Therefore, 
Gy = 5(2, 5, 5) 73 (5.488) 
Of 10: E40 1 
_ Or eg 0 
Sa 0 8 30 0 
0001 1 
=e fone? ads I 
The pitch of this screw is 
fi --2 
p= se a= — = 1.2782 unit/rad. (5.489) 
g 9 T 


Example 207 * Screw transformation of a point. 

Consider two initially parallel frames G(OXY Z) and B(oxyz). The body 
performs a screw motion along X = 2 and parallel to the Y-axis for h = 2 
and @ = 90deg. Therefore, the body coordinate frame is at location s = 
[ 2 0 0 I The position of a body point at Pr = [ 3.0 0 1 lh can 
be found by applying the screw transformation, which is 


GRp s— GRest+hi 


Gr 

Tr = : ; (5.490) 
a2 

_ OF i O12 

a Wha sOii0s 
0001 
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because, 
0 O01 
CRap=| 0 1 0 (5.491) 
-1 0 0 
2 
s=]| 0 (5.492) 
0 
0 
a=} 1 (5.493) 
0 
Therefore, the position vector of “r would then be 
Grp = CT. r 
0 01 2 3 2 
0 1 0 2 0 2 
— 1002 a lea ean (5.494) 
0 00 1 1 1 


Example 208 * Rotation of a vector. 

Transformation equation Cr = Rg Pr and Rodriguez rotation formula 
(5.416) describe the rotation of any vector fixed in a rigid body. However, 
the vector can conveniently be described in terms of two points fixed in the 
body to derive the screw equation. 

A reference point P, with position vector r, at the tail, and a point P, 
with position vector rg at the head, define a vector in the rigid body. Then 
the transformation equation between body and global frames can be written 
as 


F (ro — 11) = Rp ® (ro —11). (5.495) 


Assume the original and final positions of the reference point P, are along 
the rotation axis. Equation (5.495) can then be rearranged in a form suitable 
for calculating coordinates of the new position of point P2 in a transforma- 
tion matrix form 


Cr, = ©Re B® (ro—1r1)4+ ry (5.496) 
= eRe Bry + Cry = CRp By 
CTS Br, 
where . . e 2 
Cie) lee res Rah (5.497) 


0 1 


It is compatible with screw motion (5.473) for h =0. 
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FIGURE 5.23. Motion in a plane. 


Example 209 * Special cases for screw determination. 

There are two special cases for screws. The first one occurs when ry, = 
T22 = 733 = 1, then, 6 = 0 and the motion is a pure translation h parallel 
to t, where, 


T14— Sis 1T24—852 2 134 — §3 4 
I K. 
h h : h 


ar 


(5.498) 


Since there is no unique screw axis in this case, we cannot locate any specific 
point on the screw axis. 
The second special case occurs when ¢ = 180deg. In this case 


af 3 (ri +1) 


T2271 


NiR 


(5.499) 


=} 
lI 
Nie 
— 
T 
= 
a 


Nie 


T 
— 
aes 


(733 4 
however, h and (X,Y, Z) can again be calculated from (5.485). 


Example 210 *% Rotation and translation in a plane. 
Assume a plane is displaced from position 1 to position 2 according to 
Figure 5.23. New coordinates of Q2 are 


ro, = 2R, (ro, —rp,) + rp, (5.500) 
cos58 —sin58 0 3 1 4 
= sin58  cos58 0 1]-j 1 +] 1.5 
0 0 1 0 0 0 
1.06 4 5.06 
= 1.696 | +] 1.5 | = | 3.196 


0 0 0.0 
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or equivalently 


'Q,. = zeit YQ, (5.501) 
°Ri rp, —7Rir 
= Py» ; 1rp, ro, 
cos58 —sind58 0 4.318 3 
_ sin58 coss8 0 0.122 1 
- 0 0 1 0 0 
0 0 0 1 1 
5.06 
_ 3.196 
7 0 
1 


Example 211 * Pole of planar motion. 

In the planar motion of a rigid body, going from position 1 to position 
2, there is always one point in the plane of motion that does not change 
its position. Hence, the body can be considered as having rotated about this 
point, which is known as the finite rotation pole. The transformation matrix 
can be used to locate the pole. Figure 5.28 depicts a planar motion of a 
triangle. To locate the pole of motion Po(Xo, Yo) we need the transformation 
of the motion. Using the data given in Figure 5.23 we have 


2Ri rp, _ 2Ri rp, 


2 x 
T = 0 1 (5.502) 
ca —sa 0 -ca+sa+4 
= sa ca OQ —ca—sat+3.5 
7 0 0 il 0 
0 0 O 1 
The pole would be conserved under the transformation. Therefore, 
TP = 27 lPo (5.503) 
Xo cosa —sina 0 -—cosa+sina+4 Xo 
Yo = sina cosa OQ —cosa-—sina+1.5 Yo 
0 a 0 0 1 0 0 
1 0 0 0 1 1 
which for a = 58deg provides 
Xp = —1.5sina+1—-—4cosa = 2.049 
Yo = 4sina+1-—1.5cosa = 3.956. 


Example 212 *% Determination of screw parameters. 
We are able to determine screw parameters when we have the original 
and final position of three non-colinear points of a rigid body. Assume po, 
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qo, and ro denote the position of points P, Q, and R before the screw 
motion, and pi, qi, and r, denote their positions after the screw motion. 

To determine screw parameters, ¢, ti, h, ands, we should solve the fol- 
lowing three simultaneous Rodriguez equations: 


Pi—Po = tan oa x (pi + Po — 2s) + hi (5.504) 
qdi-qo = tan oa x (qi + qo — 2s) + hit (5.505) 
rj—Tro = tan oa x (ry +19 — 2s) + ha (5.506) 


We start with subtracting Equation (5.506) from (5.504) and (5.505). 


(Pi—Po)—(t1—Yo) = tan a x [(p1 + po) —(t1 —40)} (5.507) 
(a1 —qG0)—(ri1—ro) = tan a x [(qi + qo) —(t¥1—Yo)} (5.508) 


Now multiplying both sides of (5.507) by [(qi — qo) — (r1 —Yo)] which is 
perpendicular to tu 


[(a1 — Go) — (t%1 — Yo) x [(P1 — Po) — (%1 — Fo)] 


= tan $ [(q1 — ao) — (11 — ro)] x {@ x [(P1 + Po) — (r1 — ro) ]} ae 
gives us 
[(a1 — Go) — (t1 — ro)] x [(P1 + Po) — (1 — Fo) , (5.510) 


= tan $ [(ai — Go) — (v1 — ro) - [((P1 + Po) — (t1 — ro)] @ 


and therefore, the rotation angle can be found by equating tan $ and the 
norm of the right-hand side of the following equation: 


aac [((di — do) — (t1 — ro)] x (P1 + Po) — (t1 = 0) 


2 [(a1 — Go) — (t%1 — Yo)|- (P1 + Po) — (11 — Fo) 


(5.511) 
To find s, we may start with the cross product of ti with Equation (5.504). 


a@x(pi-—po) = wax |tan ea x (pi + po — 2s) + hi (5.512) 


tan © {{a- (p1 + po)]— (1 + po) + 2s (@-8) a} 


Note that s — (t-s)% is the component of s perpendicular to %, where s 
is a vector from the origin of the global frame G(OXY Z) to an arbitrary 
point on the screw axis. This perpendicular component indicates a vector 
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with the shortest distance between O and t. Let’s assume So is the name of 
the shortest s. Therefore, 


So = s—(t-s)té 


1 | ax pi — po | 


5 3 -(pit+po)]@+pi+po]- (5.513) 
tan 5 


= 


The last parameter of the screw is the pitch h, which can be found from any 
one of the Equations (5.504), (5.505), or (5.506). 


h = &%-(pi-Ppo) 
= t-(qi — qo) 
= &t-: (r1 = Yo) (5.514) 


Example 213 * Alternative derivation of screw transformation. 

Assume the screw axis does not pass through the origin of G. If @s is the 
position vector of some point on the axis t, then we can derive the matrix 
representation of screw 8(h, , 4,8) by translating the screw axis back to the 
origin, performing the central screw motion, and translating the line back 
to its original position. 


8(h, @, a, s) 3 D( ) 8(h, @, i) D(- “s) 
D(@s) D(hi) R(t, ¢) D(—@s) 


See (oe a tee ee | 
(5.515) 


Example 214 *% Rotation about an off-center azis. 

Rotation of a rigid body about an axis indicated by t and passing through 
a point at @s, where “sxii 4 0 is a rotation about an off-center axis. The 
transformation matrix associated with an off-center rotation can be obtained 
from the screw transformation by setting h = 0. Therefore, an off-center 
rotation transformation is 


CR Gg = CR Gg 


G = 
Te 0 if 


(5.516) 
Example 215 *% Principal central screw. 

There are three principal central screws, namely the x-screw, y-screw, 
and z-screw, which are 


cosa —sina 0 0 

g ~ sina cosa 0 0 
5(hz,a, K) = 0 0 ti ey (5.517) 

0 0 0 1 
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cosG 0 sinG 0 
& F\ 0 1 0 py B 
ee d= —sin8 0 cosB 0 at) 
0 0 60 1 
1 0 0 PxXY 
. «| 0 cosy —siny 0 
SU = 0 siny cosy 0 5:819) 
0 O 0 1 


Example 216 * Proof of Chasles theorem. 
Let [T| be an arbitrary spatial displacement, and decompose it into a 
rotation R about u and a translation D. 


[T] = [D][F] (5.520) 


We may also decompose the translation [D] into two components [Dj] and 
[D1], parallel and perpendicular to %, respectively. 


[T] = [Dy ][P uF] (5.521) 


Now [D,][R] is a planar motion, and is therefore equivalent to some rota- 
tion [R’] = [D_][R] about an axis parallel to the rotation axis %. This yields 
the decomposition [T| = [D\][R']. This decomposition completes the proof, 
since the axis of |D\] can be taken equal to %. 


Example 217 * Every rigid motion ts a screw. 
To show that any proper rigid motion can be considered as a screw mo- 
tion, we must show that a homogeneous transformation matrix 


G G 
CT, = | A : (5.522) 


can be written in the form 


G _G i“ 
CT, = | i (I ee | (5.523) 


This problem is then equivalent to the following equation to find h and t. 
Cd =(I1- Rg)s+hii (5.524) 


The matrix [I — Rg] is singular because Rg always has 1 as an eigen- 
value. This eigenvalue corresponds to & as eigenvector. Therefore, 


[i- °Rpla=[1- CRE]a=0 (5.525) 
and an inner product shows that 
a-Cd = @-(I- Rg] st+a-hi 
[I- °Rp|a-s+a-ha 
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which leads to 


= 
lI 
5 


ca (5.526) 


Now we may use h to find s 


s=[I- ¢Rp] (Cd—ha). (5.527) 


5.14 Summary 


To analyze the relative motion of rigid bodies, we instal a body coordinate 
frame at the mass center of each body. The relative motion of the bodies 
can be expressed by the relative motion of the frames. 

Coordinates of a point in two Cartesian coordinate frames with a com- 
mon origin are convertible based on nine directional cosines of the three 
axes of a frame in the other. The conversion of coordinates in the two 
frames can be cast in matrix transformation 


Cr = SRRPr (5.528) 
Ks Tig Ph OK x9 
Yo = Jet FG Sek yo (5.529) 
Z2 K-i K-j K-k z2 
where, 
cos(f,?) cos(I,7)  cos(L, k) 
SRp =| cos(J,2) cos(J,j) cos(J,k) |. (5.530) 


cos(K,2) cos(K,j) cos(K, k) 


The transformation matrix “Rg is orthogonal and therefore its inverse is 
equal to its transpose. 


Chee (5.531) 


When a body coordinate frame B and a global frame G have a com- 
mon origin and frame B rotates continuously with respect to frame G, the 
rotation matrix “Rg is time dependent. 


Cr(t) = SRa(t) Pr (5.532) 


Then, the global velocity of a point in B is 


Ris t) By 
= g&pr(t) (5.533) 


Cet) = v(t) 
( 


302 5. Applied Kinematics 


where gwz is the skew symmetric angular velocity matrix 


aop = SReBoRE (5.534) 
0 —W3 We 

GWB = W3 0 Wy . (5.535) 
—W92 Wy 0 


The matrix gw is associated with the angular velocity vector gwp = ba, 
which is equal to an angular rate ¢ about the instantaneous axis of rotation 
a. 

Angular velocities of connected rigid bodies may be added relatively to 


find the angular velocity of the nth body in the base coordinate frame 


n 
0Wn = wi + fwo + Qwa tet 2 wn => wi. (5.536) 
1=1 


Relative time derivatives between the global and a coordinate frames 
attached to a moving rigid body must be taken according to the following 
rules. 


Bd h 
rag = Prep= Bvp=ai+yj+sk (5.537) 
Gq ed. eR, “EX 
aor = Srp = Svp=XILYVILZK (5.538) 
eds. (t) Bip + Bug x Prp = Bt (5.539) 
dt P = P GYVB P— GIP . 
ee 
aor (t) = Crp — QWBx Crp = Sip. (5.540) 


The global velocity of a point P in a moving frame B at 
Crp => GR Pry + Cdp 


is 


Cvp = Crp 
= Gp (Crp — Cdg) + Cdp 
= Gwpx (Crp _ Cdp) + Cdp. (5.541) 


When a body coordinate frame B and a global frame G have a common 
origin, the global acceleration of a point P in frame B is 


Gq 
Gz = “Gy, 


= capx “r+ qwpx (Gwe x Cr) (5.542) 
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where, g@g is the angular acceleration of B with respect to G 


GAB = — Gwe. (5.543) 


However, when the body coordinate frame B has a rigid motion with re- 
spect to G, then 


Cd 
G G 
ap = —vv"v 
fe dt 
= GOB x (Crp = Cdp) 


+ GWB X (Gwe x (Crp _ “dz)) + Cdp (5.544) 


P 


where @dg indicates the position of the origin of B with respect to the 
origin of G. 
Angular accelerations of two connected rigid bodies are related according 
to 
902 = 9Q, + 9a + gWy X Swe. (5.545) 
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5.15 Key Symbols 


body Cartesian coordinate frame 

position vector of body coordinate frame B in G 
position of frame By respect to B, expressed in Bo 
Euler angle coordinate frame unit vectors 

global Cartesian coordinate frame 

body coordinate frame unit vectors 

skew symmetric matrix associated to 7, jk 
global coordinate frame unit vectors 

pitch of screw 

point 

position vector in global coordinate frame 
position vector in body coordinate frame 

row vectors of a rotation matrix 

rotation matrix about the global Z-axis 

rotation matrix about the global Y-axis 
rotation matrix about the global X-axis 

time derivative of a rotation matrix R 

rotation matrix from local frame to global frame 
transpose of a rotation matrix 

inverse of a rotation matrix 

rotation matrix about the body z-axis 

rotation matrix about the body y-axis 

rotation matrix about the body z-axis 

rotation matrix from coordinate frame B, to Bo 


rotation matrix from global to local coordinate frame 


screw motion 

time 

axis and angle of rotation 
instant angular acceleration axis 
instant angular velocity axis 
body coordinates of a point 
body coordinates of a point 
displacement 


angular acceleration of body B expressed in G 
Kronecker’s delta 

permutation symbol 

Euler frequencies 

angular velocity of rigid body B expressed in G 
skew symmetric matrix associated to w 
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Exercises 


1. Body point and global rotations. 
The point P is at rp = (1, 2,1) in a body coordinate B(Oxyz). Find 
the final global position of P after a rotation of 30deg about the 
X-axis, followed by a 45 deg rotation about the Z-axis. 

2. Body point after global rotation. 
Find the position of a point P in the local coordinate, if it is moved 
to rp = [1,3,2]” after a 60deg rotation about the Z-axis. 

3. Invariant of a vector. 


A point was at Prp = [1,2, z]?. After a rotation of 60 deg about the 
X-axis, followed by a 30 deg rotation about the Z-axis, it is at 


Find z, X, and Y. 


4. % Constant length vector. 
Show that the length of a vector will not change by rotation. 


[Sr] = | Rp 


Show that the distance between two body points will not change by 
rotation. 
|? pi — ?p2| =|%Re ?pi — C Re ?po| 


5. Global roll-pitch-yaw rotation angles. 


Calculate the role, pitch, and yaw angles for the following rotation 
matrix: 


0.53 —0.84 0.13 
BRa= 0.0 0.15 0.99 
—0.85 —0.52 0.081 


6. Body point, local rotation. 
What is the global coordinates of a body point at rp = [2,2,3]7, 
after a rotation of 60 deg about the x-axis? 

7. Two local rotations. 


Find the global coordinates of a body point at Prp = [2,2,3]” after 
a rotation of 60deg about the z-axis followed by 60 deg about the 
Z-axis. 
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10. 


11. 


12. 


13. 


14. 


15. 
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. Combination of local and global rotations. 


Find the final global position of a body point at rp = [10, 10, —10]” 
after a rotation of 45deg about the z-axis followed by 60deg about 
the Z-axis. 


. Combination of global and local rotations. 


Find the final global position of a body point at ?rp = [10, 10, —10]” 
after a rotation of 45 deg about the X-axis followed by 60 deg about 
the z-axis. 


% Euler angles from rotation matrix. 
Find the Euler angles for the following rotation matrix: 
0.53 —0.84 0.13 


BRo=!| 0.0 0.15 0.99 
—0.85 —0.52 0.081 


* Equivalent Euler angles to two rotations. 


Find the Euler angles corresponding to the rotation matrix ?Rg = 
Ay 45 Ax,30- 


%* Equivalent Euler angles to three rotations. 


Find the Euler angles corresponding to the rotation matrix ?Rg = 
Az60Ay,45Az,30- 


* Local and global positions, Euler angles. 


Find the conditions between the Euler angles to transform “rp = 


(1.0? to Pr a= (0,1, 
Elements of rotation matrix. 


The elements of rotation matrix “Rp are 


cos(I,#)  cos(I,9)  cos(I, k) 


CRp =| cos(J,i) cos(J,7)  cos(J, k) 


cos(KX,?) cos(K,j) cos(K, k) 
Find @Rgz if Srp, = (0.7071, —1.2247, 1.4142) is a point on the a-axis, 
and Crp, = (2.7803, 0.38049, —1.0607) is a point on the y-axis. 


Local position, global velocity. 
A body is turning about the Z-axis at a constant angular rate @ = 
2rad/sec. Find the global velocity of a point at 
5 
Pre |)730 
10 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


5. Applied Kinematics 307 


Global position, constant angular velocity. 


A body is turning about the Z-axis at a constant angular rate @ = 
2rad/s. Find the global position of a point at 


5 
Py =| 30 
10 


after t = 3sec if the body and global coordinate frames were coinci- 
dent at t = Osec. 


Turning about x-axis. 


Find the angular velocity matrix when the body coordinate frame is 
turning 35 deg / sec at 45 deg about the x-axis. 


Combined rotation and angular velocity. 

Find the rotation matrix for a body frame after 30 deg rotation about 
the Z-axis, followed by 30deg about the X-axis, and then 90 deg 
about the Y-axis. Then calculate the angular velocity of the body 
if it is turning with @ = 20deg/sec, 6 = —40deg/sec, and 7 = 
55 deg /sec about the Z, Y, and X axes respectively. 


Angular velocity, expressed in body frame. 

The point P is at rp = (1,2, 1) in a body coordinate B(Oxyz). Find 
Ba pB when the body frame is turned 30deg about the X-axis at a 
rate Y = 75 deg /sec, followed by 45 deg about the Z-axis at a rate 
a = 25 deg / sec. 


Global roll-pitch-yaw angular velocity. 
Calculate the angular velocity for a global roll-pitch-yaw rotation 
of a = 30deg, 6 = 30deg, and y = 30deg with @ = 20deg /sec, 
B = —20deg /sec, and 7 = 20 deg / sec. 


Roll-pitch-yaw angular velocity. 


Find Bo B and @Wwp for the role, pitch, and yaw rates equal to @ = 
20 deg / sec, 6 = —20 deg / sec, and 7 = 20 deg / sec respectively, and 
having the following rotation matrix: 


0.53 —0.84 0.13 
BRo= 0.0 0.15 0.99 
—0.85 —0.52 0.081 


* Differentiating in local and global frames. 


Consider a local point at ?rp = ti +7. The local frame B is rotating 
J 


. a * B G B 
in G by @ about the Z-axis. Calculate = Erp, = Crp, = Crp, and 


G 
dB 
Te rp. 
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23. 


24. 


25. 


26. 


27. 


28. 
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* Transformation of angular velocity exponents. 


Show that 
Bary = CRE aah ORs. 


Local position, global acceleration. 


A body is turning about the Z-axis at a constant angular accel- 
eration @ = 2rad/sec?. Find the global velocity of a point, when 
a@ = 2rad/sec, a = 7/3rad and 


10 


Global position, constant angular acceleration. 


A body is turning about the Z-axis at a constant angular acceleration 
& = 2rad/sec?. Find the global position of a point at 


5 
Py =| 30 
10 


after t = 3sec if the body and global coordinate frames were coinci- 
dent at t = Osec. 


Turning about x-axis. 


Find the angular acceleration matrix when the body coordinate frame 
is turning —5 deg / sec”, 35 deg /sec at 45 deg about the z-axis. 


Angular acceleration and Euler angles. 

Calculate the angular velocity and acceleration vectors in body and 

global coordinate frames if the Euler angles and their derivatives are: 
p= .25rad O=2.5rad/sec = 25rad/sec? 


0=—.25rad @=—4.5rad/sec 6 = 35rad/sec? 


w= .5rad w = 3rad/sec w = 25rad/ sec? 


Combined rotation and angular acceleration. 


Find the rotation matrix for a body frame after 30 deg rotation about 
the Z-axis, followed by 30deg about the X-axis, and then 90 deg 
about the Y-axis. Then calculate the angular velocity of the body 
if it is turning with @ = 20deg/sec, 6 = —40deg/sec, and 7 = 
55 deg /sec about the Z, Y, and X axes respectively. Finally, cal- 
culate the angular acceleration of the body if it is turning with 
& = 2deg /sec?, B = 4deg /sec?, and 7 = —6deg /sec? about the 
Z, Y,and X axes. 
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Applied Mechanisms 


Most of the mechanisms used in vehicle subsystems are made of four-bar 
linkages. Double A-arm for independent suspension, and trapezoidal steer- 
ing are two examples of mechanisms in vehicle subsystems. In this chapter, 
we review the analysis and design methods for such mechanisms. 


6.1 Four-Bar Linkage 


An individual rigid member that can have relative motion with respect to 
all other members is called a link. A link may also be called a bar, body, 
arm, or a member. Any two or more links connected together, such that no 
relative motion can occur among them, are considered a single link. 


Axis of joint Axis of joint 


a 
SN 


Revolute Prismatic 


FIGURE 6.1. A revolute and a prismatic joint. 


Two links are connected by a joint where their relative motion can be 
expressed by a single coordinate. Joints are typically revolute (rotary) or 
prismatic (translatory). Figure 6.1 illustrates a geometric form for a revo- 
lute and a prismatic joint. A revolute joint (R), is like a hinge that allows 
relative rotation between the two connected links. A prismatic joint (P), 
allows a relative translation between the two connected links. 

Relative rotation or translation, between two connected links by a revo- 
lute or prismatic joint, occurs about a line called azis of joint. The value 
of the single variable describing the relative position of two connected links 
at a joint is called the joint coordinate or joint variable. It is an angle for 
a revolute joint, and a distance for a prismatic joint. 

A set of connecting links to do a function is called a mechanism. A linkage 
is made by attaching, and fixing, one link of a mechanism to the ground. 
The fixed link is called the ground link. There are two types of linkages, 
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FIGURE 6.2. A four-bar linkage. 


closed loop or parallel, and open loop or serial. In vehicle subsystems we 
usually use closed-loop linkages. Open-loop linkages are used in robotic 
systems where an actuator controls the joint variable at each joint. 

A four-bar linkage is shown in Figure 6.2. Link number 1 is the ground 
link MN. The ground link is the base and used as a reference link. We 
measure all the variables with respect to the ground link. Link number 
2 = MA is usually the input link which is controlled by the input angle 02. 
Link number 4 = NB is usually the output link with angular position 64, 
and link number 3 = AB is the coupler link with angular position 63 that 
connects the input and output links together. 

The angular position of the output and coupler links, 04 and 03, are 
functions of the links’ length and the value of the input variable 62. The 
angles #4 and 63 can be calculated by the following functions 


—-B+/B*-4A 
64 = 2tan! (==) (6.1) 
—-E+VJVE?—4DF 
63 = 2tan* ( aD (6.2) 
where, 
A = J3 — Jy + (1 — Jz) cos O2 6.3) 
B = —2sin62 6.4) 
C= J, + Jz — (1+ J2) cos 02 6.5) 
DS ee A cae 6.6) 
E = —2sin0, 6.7) 
Fo = Js+ Ji —- (1 = J4) cos 05 6.8) 


r= 


and 


Ji 


Jo 
J3 
J4 


Js 
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_ d 
ole 
_ d 
~~ ¢€ 
_ a2 —b?+c?+d? 
2ac 
_ d 
~ Ob 
Cc 
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(6.9) 
(6.10) 
(6.11) 
(6.12) 


(6.13) 


Proof. We may show a closed loop, four-bar linkage by a vector loop as 
shown in Figure 6.3. The direction of each vector is arbitrary. However, 
the angle of each vector should be measured with respect to the positive 
direction of the x-axis. The vector expression of each link is shown in Table 


6.1. 


Table 6.1 - Vector representation of the four-bar linkage 


shown in Figure 6.3. 


Cink 
1 
2 [ioput [re | a | & 
3_[Couple[rs | 6 | 
4 r4 G 04 


Variable 


02 
03 
04 
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The vector loop in global coordinate frame G is 


Cry + Gry + Cro — Crs =0 (6.14) 
where, 

Gr, = -di (6.15) 

Cry = a(cos6,i+sin 62 j) (6.16) 

rs = b(cos63i+ sin 3 §) (6.17) 

Cr, = c(cos64i+sin 64) (6.18) 


and the left superscript G reminds that the vectors are expressed in the 
global coordinate frame attached to the ground link. Substituting the Carte- 
sian expressions for the planar vectors in Equation (6.14) results in 


—di+a(cos 027+ sin 02 3) + b (cos 37 + sin 03 7) 


—c(cosO4¢+sin04j) = 0. (6.19) 

We may decompose Equation (6.19) into sin and cos components. 
asin 62 + bsind3 —csinfo4 = 0 (6.20) 
—d+acos 62+ bcos03 —ccos#4 = 0 (6.21) 


To derive the relationship between the input angle 02 and the output 
angle 64, the coupler angle 63 must be eliminated between Equations (6.20) 
and (6.21). Transferring the terms not containing 03 to the other side of 
the equations, and squaring both sides, provides the following equations: 


(bsin@3)> = (—asin@2+csin64) (6.22) 
(bcos03)> = (—acos62 + ccos 64 + d)” (6.23) 


By adding Equations (6.22) and (6.23), and simplifying, we derive the fol- 
lowing equation: 


J cos 04 — Jo cos 02 + J3 = cos (04 — 02) (6.24) 
where 
d 
Jy = - 6.25 
= 5 (6.25) 
ence (6.26) 
Cc 
a 


2_ p24 ¢2 4 2 


Je —. 
2ac 


(6.27) 


Equation (6.24) is called Freudenstein’s equation. The Freudenstein’s equa- 
tion may be expanded by using trigonometry 


0 
2 tan — 


sin 04 = ——4,- (6.28) 
1+ tan? 
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1— tan? Zs 
cos 04 = ——~j- (6.29) 
1+ ten? — 
2 
to provide a more practical equation 
0 0 
Atan? = + Btan > +C=0 (6.30) 
where A, B, and C are functions of the input variable. 
A = Jz — Jy + (1 — Jz) cos @2 (6.31) 
B = —2sin@2 (6.32) 
C = t+Jd3- (1 + Jz) cos Og (6.33) 


Equation (6.30) is a quadratic in tan (64/2) and can be used to find the 
output angle 64. 


(6.34) 


ee (= + /B?— =) 
‘ 2A 


To find the relationship between the input angle #2 and the coupler angle 
63, the output angle 04 must be eliminated between Equations (6.20) and 
(6.21). Transferring the terms not containing 04 to the right-hand side of 
the equations, and squaring both sides, provides 


(csinO4)”> = (asinOz + bsin 63)" (6.35) 
(ccos@4)> = (acosz + bcos63 — d)’. (6.36) 


By adding Equations (6.35) and (6.36), and simplifying, we derive the equa- 
tion: 


J; cos 03 + J4 cos 02 + Js = cos (03 — 02) (6.37) 
where 
d 
I= 5 (6.38) 
C2 me d2 _ az = b2 
Js = sah (6.39) 


Equation (6.37) may be expanded and transformed to 


Dian? 8 + Btn? +P =0 (6.40) 

where D, FE, and F are functions of the input variable. 
D = Js—J, + (1+ J4) cos 69 (6.41) 
E = —2sin6. (6.42) 


Fo = Jst+ Ji — (1 = J4) cos O5 (6.43) 
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Equation (6.40) is a quadratic in tan (63/2) and can be used to find the 
coupler angle 63. 


ey Sym ey a Op 
os = eat (FEVER PF) (6.44) 


2D 


Equations (6.34) and (6.44) can be used to calculate the output and 
coupler angles 04 and 03 as two functions of the input angle 62, provided 
the lengths a, 6, c, and d are given. m 


Example 218 Two possible configurations for a four-bar linkage. 

At any angle 62, and for suitable values of a, b, c, and d, Equations (6.1) 
and (6.2) provide two values for the output and coupler angles, 04 and 03. 
Both solutions are possible and provide two different configurations for each 
input angle 02. 

A suitable set of (a, b, c, d) is the numbers that make the radicals in 
Equations (6.1) and (6.2) real. 

As an example, consider a linkage with the following lengths: 


= 1 
= 2 

= 25 

= 3. (6.45) 


ao oe & 


The J;,i = 1,2,3,4,5 are functions of the links’ length and are equal to 


d 
Ao= -=3 
a 
d 3 
Jo = -=—=12 
i C25 
2 2 2 2 
J Oe Dt GS sa gk 
2ac 
d 
De ID ee AD ED, 
fee a el (6.46) 


2ab 


The coefficients of the quadratic equations are then calculated. 


A = —0.6914213562 

B = —1.414213562 

C = 3.894365082 

D = —3.169733048 

E = —1.414213562 

F 1.416053390 (6.47) 
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FIGURE 6.4. Two possible configuration of a four-bar linkage having the same 
input angle 02. 


Using the minus sign, the output and coupler angles at 62 = m/4rad = 
45 deg are 

04 = 2rad = 114.73 deg 

03 0.897 rad + 51.42 deg (6.48) 


and using the plus sign, they are 


04 % —2.6rad » —149 deg 
03 —1.495 rad = —85.7 deg. (6.49) 


Figure 6.4 depicts the two possible configurations of the linkage for 02 = 
45 deg. The configuration in Figure 6.4(a) is called convex, non-crossed, 
or elbow-up, and the configuration in Figure 6.4(b) is called concave, 
crossed, or elbow-down. 


2 


2 


Example 219 Velocity analysis of a four-bar linkage. 
The velocity analysis of a four-bar linkage is possible by taking a time 
derivative of Equations (6.20) and (6.21), 


d 
ai (asin 62 + bsin 63 — csin 04) 


= awecos 62 + bw3 cos 63 — cw4cosb4 = 0 (6.50) 


d 
— (—d + acos 02 + bcos 63 — ccos 64) 


— an sin 02 — bw3 sin 83 + cw4sin 04 = 0 (6.51) 
where 
Ww. = Oo 
Wz, = 05 


we = 4. (6.52) 
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Assuming 02 and wz are given values, and 03, 04 are known from Equa- 
tions (6.1) and (6.2), we may solve Equations (6.50) and (6.51), for ws 


and w4. 


Example 220 Velocity of moving joints for a four-bar linkage. 


asin (92 — 63) 

eee csin (O4 = 3) a 
asin (02 — 04) 

“3 bsin (84 — 3)" 


(6.53) 


(6.54) 


Having the coordinates 02, 03, 04 and velocities w2, W3, w4 enables us to 
calculate the absolute and relative velocities of points A and B shown in 
Figure 6.8. The absolute velocity is referred to the ground link, and relative 
velocity refers to a moving point. 

The absolute velocity of points A and B are 


VB 


GW2 X Gry 
0 acos 02 
0 x | asin d,s 
W2 0 
Gw4x “V4 
0 ccos 04 
0 x | csind4 
Wa 0 


—awy sin 0g 
= AW» COS Og 
0 


—cw4 sin 04 
= CW Cos 64 
0 


and the velocity of point B with respect to point A is 


G 


VB/A 


= vg — Svs 


—cw4 sin 04 


a cw4 cos 04 
0 


—awe sin 02 
— aw, Cos O04 
0 


dW» sin 62 — cw4 sin 04 


CW COS O4 — AW COs 9 
0 


The velocity of point B with respect to A can also be found as 


G 


VB/A 


Gp.2 
Ro“vpB 
Gp.2 
Ro“veB 
© Ro (2w3 x 743) 
GW3 Xx Crs 
0) bcos 63 
0 x | bsin As 


W3 0 


—bw3 sin 63 
— bw 3 cos 63 
0 


(6.55) 


(6.56) 


(6.57) 


(6.58) 
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Equations (6.57) and (6.58) are both correct and convertible to each other. 


Example 221 Acceleration analysis of a four-bar linkage. 
The acceleration analysis of a four-bar linkage is possible by taking a time 
derivative from Equations (6.50) and (6.51), 


d 
7 (aw cos 62 + bw3 cos O3 — cw4 cos 64) 


= aa2 C0892 + baz cos 3 — ca4 cos 04 
—aw3 sin 02 — bw} sin 63 + cw sin 04 
= 0 (6.59) 


d 
i (—awg sin 82 — bw sin 63 + cw4 sin 04) 


= —ady2 sin Oo — bag sin O3 + ca4sin 64 


—aw? cos 05 — bw cos #3 + cw cos 64 


= 0 (6.60) 
where 
ag = Ww 
a3 W3 
a4 = wW,. (6.61) 


Assuming 02, w2, and a2 are given values as the kinematics of the input 
link, @3, 04 are known from Equations (6.1) and (6.2), and ws, wa are 
known from Equations (6.53) and (6.54), we may solve Equations (6.59) 
and (6.60), for a3 and ag. 


C3C4 — C1 Ce 


=) eS 6.62 
re Cis — Cos ee) 
C3C's — CoCo 
= ee 6.63 
= OiCe= CaO 0:08) 
where 
Ch = csin 04 
Co = bdsinds 
C3 = aagsinds + aus cos 92 + bw cos 63 — cw cos 04 
Cy = ccos64 
Cs = bcosé3 


Ce = aa cos. — aw sin 69 — bw sin 63 + cw sin 04. (6.64) 
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Example 222 Acceleration of moving joints for a four-bar linkage. 
Having the angular kinematics of a four-bar linkage 02, 03, 04, W2, w3, 
W4, A2, a3, and a4 is necessary and enough to calculate the absolute and 
relative accelerations of points A and B shown in Figure 6.8. The absolute 
acceleration is referred to as the ground link, and the relative acceleration 
refers to a moving point. 
The absolute acceleration of points A and B are 


G G G 
ag = @G@a2X “rot Gwe X (Gwe x r2) 
—aag sin 02 — aw cos 62 
= ad Cos Og — aw% sin 02 (6.65) 
0 
G G G 
apo = Ga4xX “Tat GW X (Gwa x r4) 


—ca4 sin 04 — cwi cos 64 
= ca4 cos 04 — cwH sin 04 (6.66) 


where 


Cry = asin 02 (6.67) 


Cr, = csin 64 (6.68) 


Gwe = (6.69) 


A 

Gw4 = | (6.70) 
{] 
Hi 


GQ2 = 


Ga, = (6.72) 
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The acceleration of point B with respect to point A is 


G G G 
aB/A = G3 X “r3 + GwWs3 X (Gws x r3) 


—ba sin 03 — bw cos 63 
ba cos 63 — bw sin 63 (6.73) 


where 


w 
lI 
~ 
H 
2, 
=) 
D 
w 


(6.74) 


cw; = | 0 (6.75) 


lI 
o 


GO (6.76) 


Example 223 Grashoff criterion. 

The ability of a four-bar linkage to have a rotary link is determined by 
Grashoff criterion. Assume the four links have the lengths s, l, p, and q, 
where 


~ 


longest link 
s = shortest link 


Pd 


the other two links 


then, the Grashoff criterion states that the linkage can have a rotary link 
if 
l+s<p+gq. (6.77) 


Different types of a Grashoff mechanism are: 


1— Shortest link is the input link, then the mechanism is a crank-rocker. 
2— Shortest link is the ground link, and the mechanism is a crank-crank. 
3— At all other conditions, the mechanism is a rocker-rocker. 


A crank-crank mechanism is also called a drag-link. 


Example 224 Limit positions for a four-bar linkage. 

When the output link of a four-bar linkage stops while the input link 
can turn, we say the linkage is at a amit position. It happens when the 
angle between the input and coupler links is either 180 deg or 360 deg. Limit 
positions of a four-bar linkage, if there are any, must be determined by the 
designer to make sure the linkage is designed properly. A limit position for 
a four-bar linkage is shown in Figure 6.6. 
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360° 


(a) (b) 
FIGURE 6.5. Limit position for a four-bar linkage. 


We show the limit angle of the output link by 04,,, 64,,, and the corre- 
sponding input angles by 02,,, 62,,. They can be calculated by the following 
equations: 


Bn, 4s reese ye -) (6.78) 
ca Jie — =) (6.79) 
Oo. = cos C oe -) (6.80) 
Oye? Ss 085? C — aaa — -] (6.81) 

The sweep angle of the output link would be 
b = O41. — 4;1- (6.82) 


Example 225 Dead positions for a four-bar linkage. 

When the input link of a four-bar linkage locks, we say the linkage is at a 
dead position. It happens when the angle between the output and coupler 
links is either 180 deg or 360 deg. Limit positions of a four-bar linkage, if 
there are any, must be determined by the designer to make sure the linkage 
is never stuck in a dead position. A dead position for a four-bar linkage is 
shown in Figure 6.6. 

We show the dead angle of the output link by 04,,, 04,., and the corre- 
sponding input angles by 62,,, 82,,. They can be calculated by the following 
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B 
360° 
M N 
A 


(b) 


FIGURE 6.6. Dead position for a four-bar linkage. 


equations: 


Q2n1 = 


B41 = 


9259 a 


Bano = 


cos} meh sae uN: (6.83) 
cos”! a (6.84) 
cos”! et ct = =) (6.85) 
cos | E — c— au): (6.86) 


Example 226 *% Designing a four-bar linkage using Freudenstein’s equa- 


tion. 


Designing a mechanism can be thought of as determining the required 
lengths of the links to accomplish a specific task. 
Freudenstein’s equation (6.24) 


J cos 04 — Jo cos 02 + J3 = cos (04 — 02) (6.87) 
d 
A= = (6.88) 
d 
th = 5 (6.89) 
a —b4+e+4+da7 


J3 


determines the input-output 


= (6.90) 


relationship of a four-bar linkage. This equa- 


tion can be utilized to design a four-bar linkage for three associated input- 


output angles. 
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CA 


Double arm Double arm 
parallel opposed 
Single arm Single arm 

simple cam controlled 


FIGURE 6.7. Four popular windshield wiper systems. 


Figure 6.7 illustrates the four popular windshield wiper systems. Double- 
arm parallel method is the most popular wiping system that serves more 
than 90% of passenger cars. The double-arm opposing method has been 
used been using since last century, however, it was never very popular. The 
single-arm simple method is not very efficient, so the controlled single-arm 
is designed to maximize the wiped area. 

Wipers are used on windshields, and headlights. Figure 6.8 illustrates 
a sample of double-arm parallel windshield wiper mechanism. A four-bar 
linkage makes the main mechanism match the angular positions of the left 
and right wipers. A dyad or a two-link connects the driving motor to the 
main four-bar linkage and converts the rotational output of the motor into 
the back-and-forth motion of the wipers. 

The input and output links of the main four-bar linkage at three different 
positions are shown in Figure 6.9. We show the beginning and the end angles 
for the input link by 02, and 093, and for the output link by 04, and 043 
respectively. To design the mechanism we must match the angular positions 
of the left and right blades at the beginning and at the end positions. Let’s 
add another match point approximately in the middle of the total sweep 
angles and design a four-bar linkage to match the angles indicated in Table 
6.2. 


Table 6.2 - Matching angles for a four-bar linkage of the double-arm 
parallel mechanism shown in Figure 6.9. 


Matching Output angle 
1 O21 = 157.6 deg © 2.75 rad | 04, = 157.2 deg = 2.74 rad 
2 O22 = 113.1deg © 1.97 rad | O42 = 97.5deg © 1.7rad 


3 O23 = 69.5deg © 1.213 rad | 043 = 26.8 deg + 0.468 rad 
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FIGURE 6.9. The input and output links of the main four-bar linkage of a wind- 
shield wiper at three different positions. 
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Substituting the input and output angles in Freudenstein’s equation (6.24) 


Ji COs O41 = J» COs O01 ad J3 = COS (O41 = 621) 
J cos 642 — Jo cos 002 + Jz) = cos (O42 — O22) (6.91) 
Ji COs 643 = J» COs 023 ii J3 COs (O43 — 093) 


provides the following set of three equations: 


J; cos 2.74 — Jy cos2.75 + J3 = cos (2.74 — 2.75) 
J, cos 1.7 — Jocos1.97 + Jz = cos(1.7 — 1.97) (6.92) 
J; cos 0.468 — Jz cos 1.213 + J3 cos (0.468 — 1.213) 


The set of equations (6.92) is linear for the unknowns Ji, Jz, and J3 


—0.92044 0.9243 1 Ji 0.99995 
—0.12884 0.38868 1 Jo | = | 0.96377 (6.93) 
0.89247 —0.35021 1 J3 0.73509 


with the following solution: 


di 2.5284 
Jo | =| 3.8043 (6.94) 
uP —0.18911 


The three factors J,, Jo, J3 should be used to find four numbers for the 
links’ length. 


d 
J, = 5 (6.95) 
Jg = : (6.96) 
2) p's) AOS 52 
ee ai —b +e +d (6.97) 


So, we may preset the length of one of the links, based on the physical situa- 
tion. Traditionally, we use a = 1 and find the remaining lengths. Then, the 
designed mechanism can be magnified or shrunk to fit the required geometry. 
In this example, we find 


= 1 

= 2.8436 

0.66462 

= 2.5284. (6.98) 


ao oes 
lI 


Assuming a distance d = 75cm & 29.5in for a real passenger car, between 
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r oe i 


84.28 


FIGURE 6.10. The main four-bar linkage of the windshield wiper at the initial 
position measured in [cm]. 


the left and right fixed joints M and N, we find the following dimensions: 


a = 296mm 
6 = 843mm 
c = 197mm 
d = 750mm (6.99) 


Such a mechanism is shown in Figure 6.10 at the initial position. 


Example 227 % Equal sweep angles for input and output links. 
Let’s place the second matching point of the windshield wiper mechanism 
in Example 226 exactly in the middle of the total sweep angles 


157.6 + 69.5 
092 = aa aa 113.55 deg = 1.982 rad 


157.2 + 26.8 
O42 = a es 92 deg = 1.605 rad. (6.100) 


The first and second sweep angles for such matching points would be equal. 
Having equal sweep angles makes the motion of the wipers more uniform, 
although it cannot guarantee that the angular speed ratio of the left and 
right blades remains constant. 

The matching points for the main four-bar linkage of the windshield wiper 
with equal sweep angles are indicated in Table 6.3. 


Table 6.3 - Equal sweep angle matching points for the four-bar linkage of 
the double-arm parallel mechanism shown in Figure 6.9. 


Matching Output anate 
1 02, = 157.6 deg & 2.75 rad 04, = 157.2 deg © 2.74 rad 
2 Oo2 = 113.55 deg + 1.982 rad | 042 = 92 deg = 1.605 rad 


3 O03 = 69.5 deg & 1.213 rad 643 = 26.8 deg = 0.468 rad 
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Substituting the angles in Freudenstein’s equation (6.24) provides the fol- 


lowing set of three equations: 


(6.101) 


(6.102) 


(6.103) 


(6.104) 


(6.105) 


(6.106) 


J, cos 2.74 — Jy cos2.75 + Jg3 = cos (2.74 — 2.75) 
J; cos 1.605 — Jo cos 1.982 + J3 = cos (1.605 — 1.982) 
J; cos 0.468 — Jz cos 1.213 + J3 = cos (0.468 — 1.213) 
The set of equations can be written in a matrix form for the three unknowns 
Ji, Jo, and J3 
—0.92044 0.9243 1 Ji 0.999 95 
—.0332 3993 1 Jo | = | .929589 
0.89247 —0.35021 1 J3 0.735 09 
with the solution. 
Ji 0.276 
Jn | = 0.6 
Js 0.699 
Using a =1 and the three factors J,, Jo, and J3 
iy eS 
a 
d 
Jn = = 
c 
a2 -_ b2 a fo ae d2 
J3 i ’ 
2ac 
we can find the links’ length. 
a = 1 
b = 0.803 
c = 0.46 
d = 0.276. 


(6.107) 


Assuming a distance d = 75cm ®& 29.5in between the left and right fixed 
joint M and N, we find the following dimensions for a real passenger car: 


a = 2717mm 
b = 2182mm 
c = 1250mm 
d = 750mm 


(6.108) 


These dimensions do not show a practical design because the links’ length 
may be longer than the width of the vehicle. It shows that the designed 
mechanism is highly dependent on the second match point. So, it might 
be possible to design a desirable mechanism by choosing a suitable second 


match point. 
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Example 228 ¥% Second match point and link’s length. 
To see how the design of the windshield wiper mechanism in Example 
226 is dependent on the second match point, let’s set 


157.6 + 69.5 
ie Se — 113.55 deg ~ 1.982rad (6.109) 
and make 042 a variable. The three matching points for the main four-bar 
linkage of the windshield wiper are indicated in Table 6.4. 


Table 6.4 - Variable second match point for the four-bar linkage of 
the double-arm parallel mechanism shown in Figure 6.9. 


Matching Output angle 
i Gq, = 157 deg 2.74 tad 
2 or 
3 093 = 69.5 deg & 1.213 rad 643 = 26.8 deg & 0.468 rad 


The Freudenstein’s equation (6.24) provides the following set of equa- 
tions: 


J; cos 2.74 — Jocos2.75+J3 = cos (2.74 — 2.75) 
J; cos 042 — Jo cos 1.982 + Jz = cos (O42 — 1.982) 
J, cos 0.468 — Jzcos 1.2134 J3 = cos(0.468— 1.213) (6.110) 


The set of equations gives the following solutions: 


79.657 cos(@42 — 1.9815) — 70.96 


J = 
. 79.657 cos 049 + 13.828 
- 93.642 cos(042 — 1.981) + 13.681 cos 042 — 81.045 
. 65.832 cos O49 + 11.428 
2.357 — 25. 649 — 1.981 184 cos(0 
i 32.357 — 25.959 cos(O42 981) + 53.184 cos(A42) (6.111) 


11.428 + 65.83 cos(642) 


Having d = 75cm & 29.5in between the left and right fixed joint M and N 
as a ground link, and using the factors Jy, Jo, and J3 


d 
= (6.112) 
ge (6.113) 
c 
27242 a 72 
J3 = it Bie (6.114) 


2ac 


we can find the length of the other links a, b, and c as functions of 049. 
Figure 6.11 illustrates how the angle @42 affects the lengths of the links. 
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FIGURE 6.11. The length of links a, b, and c as functions of 042. 
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FIGURE 6.12. Maginification of the plot for the length of links a, b, and c as 
functions of 642, around the optimal design. 
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FIGURE 6.13. The finalized main four-bar linkage of the windshield wiper at the 
initial position measured in [cm]. 


To hide the mechanism under the hood in a small space, we need to have 
the lengths a and c much shorter than the ground d. Based on Figure 6.11, 
a possible solution would be around 042 = 100 deg. Figure 6.12 illustrates a 
magnified view around 042 = 100 deg. 

To have the length of a and c less than 100mm ®& 3.94in we pick 043 = 
99.52 deg = 1.737rad. Then the factors J,, Jz, and J3 are 


Ne 9.740208376 
Jo | =| 14.06262379 (6.115) 
Js —3.032892944 


and the links’ length for d= 75cm * 29.5in are equal to 


= 77mm 

= 772mm 

53.3mm 

= 750mm. (6.116) 


an a om & 
lI 


These numbers show a compact and reasonable mechanism. Figure 6.13 
illustrates the finalized four-bar linkage of the windshield wiper at the initial 
position. 


Example 229 *% Designing a dyad to attach a motor. 

The main four-bar linkage of a windshield wiper is a rocker-rocker mech- 
anism because both the input and the output links must oscillate between 
two specific limits. To run the wipers and lock them at the limits, a two-link 
dyad can be designed. First we set the point of installing a rotary motor 
according to the physical conditions. Let point P, as shown in Figure 6.14, 
be the point at which we install the electric motor to run the mechanism. 
The next step would be to select a point on the input link to attach the sec- 
ond link of the dyad. Although joint B is usually the best choice, we select 
a point on the extension of the input link, indicated by D. There must be a 
dyad between joints D and P with lengths p and q. When the mechanism 
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is at the initial position, joint D is at the longest distance form the motor 
P, and when it is at the final position, joint D is at the shortest distance 
form the motor P. Let’s show the longest distance between P and D by | 
and the shortest distance by s. 


1 = longest distance between P and D 
s = shortest distance between P and D 
p,q = dyad lengths between P and D 


When P and D are at the maximum distance, the two-link dyad must 
be along each other, and when P and D are at the minimum distance, the 
two-link dyad must be on top of each other. Therefore, 

1 = q+p (6.117) 

Ss = q-D (6.118) 
where p is the shortest link, and q is the longest link of the dyad. Solving 
Equations (6.117) and (6.118) for p and q provides 


ie — (6.119) 

q = — (6.120) 
In this example we measure 

1 = 453.8mm 

s = 312..1mm (6.121) 
and calculate for p and q 

= 70.8mm 

gq = 382.9mm. (6.122) 


The final design of the windshield mechanism and the running motor is 
shown in Figure 6.14 at the initial and final positions. The shorter link of 
the running dyad, p, must be attached to the motor at P, and the larger 
link, q, connects joint D to the shorter link at C. The motor will turn the 
shorter link, PC continuously at an angular speed w, while the longer link, 
CD, will run the mechanism and protect the wiper links to go beyond the 
initial and final angles. 


Example 230 Application of four-bar linkage in a vehicle. 

The double A arm suspension is a very popular mechanism for inde- 
pendent suspension of street cars. Figure 6.15 illustrates a double A arm 
suspension and its equivalent kinematic model. We attach the wheel to a 
coupler point at C. The double A arm is also called double wishbone 
Suspension. 
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FIGURE 6.14. The final design of the windshield mechanism at the initial and 
final positions. 


FIGURE 6.15. Double A arm suspension in a four-bar linkage mechanism. 
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FIGURE 6.16. A slider-crank mechanism. 


6.2 Slider-Crank Mechanism 


A slider-crank mechanism is shown in Figure 6.16. A slider-crank mecha- 
nism is a four-bar linkage. Link number 1 is the ground, which is the base 
and reference link. Link number 2 = MA is usually the input link, which 
is controlled by the input angle 02. Link number 4 is the slider link that is 
usually considered as the output link. The output variable is the horizontal 
distance s between the slider and a fixed point on the ground, which is 
usually the revolute joint at M. If the slider slides on a flat surface, we 
define the horizon by a straight line parallel to the flat surface and passing 
through M. The link number 3 = AB is the coupler link with angular posi- 
tion 03, which connects the input link to the output slider. This mechanism 
is called the slider-crank because in most applications, the input link is a 
crank link that rotates 360 deg, and the output is a slider. 

The position of the output slider, s, and the angular position of the 
coupler link, 03, are functions of the link’s length and the value of the 
input variable 02. The functions are 


—-Gt V G?2 —4H 


= 12 
8 5 (6.123) 
— in @ 
63; = sin-?} (a) (6.124) 
where 
G = —2acosO, (6.125) 
H = a?+e*—b? — 2aesin 62. (6.126) 


Proof. We show the slider-crank mechanism by a vector loop, as shown in 
Figure 6.17. The direction of each vector is arbitrary, however the angles 
should be associated to the vector’s direction and be measured with the 
positive direction of the x-axis. The links and their expression vectors are 
shown in Table 6.5. 
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FIGURE 6.17. Expressing a slider-crank mechanism by a vector loop. 


Table 6.5 - Vector representation of the slider-crank mechanism 
shown in Figure 6.17. 


Tink Variable 
5 
[a | | 


The vector loop is 
Cr, + Gra — Org — Sry = 0 (6.127) 


and we may decompose the vector equation (6.127) into sin and cos com- 
ponents. 


asin@, —bsin@z;-e = 0 (6.128) 

acos $2 —bcos63-s = 0 (6.129) 

To derive the relationship between the input angle 62 and the output 
position s, the coupler angle 63 must be eliminated between Equations 


(6.128) and (6.129). Transferring the terms containing 63 to the other side 
of the equations, and squaring both sides, we get 


(bsin03)> = (asin@,—e)? (6.130) 
(bcos03)° = (acos62—s)°. (6.131) 


By adding Equations (6.130) and (6.131), we derive the following equation: 


s” — 2as cos 62 + a? + e? — b* — 2aesin O2 = 0 (6.132) 
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or 
s?+Gs+H=0 (6.133) 
where 
G = —2acos 62 (6.134) 
H a” + e” — b? — Qaesin 62. (6.135) 


Equation (6.133) is a quadratic in s and provides the following solution: 


as ae 2) ee 
ge COS ea (6.136) 


To find the relationship between the input angle @2 and the coupler angle 
63, we can use Equations (6.128) or (6.129) to solve for 03. 


6; = sin”) (*) (6.137) 
6; = cos? (*) (6.138) 


Equations (6.34) and (6.44) can be used to calculate the output and 
coupler variables s and 63 as functions of the input angle 62, provided the 
lengths a, b, and e are given. @ 


Example 231 Two possible configurations for a slider-crank mechanism. 
At any angle 02, and for suitable values of a, b, and e, Equation (6.136) 
provides two values for the output variable s. Both solutions are possible 
and provide two different configurations for the mechanism. A suitable set 
of (a, b, e) is the numbers that make the radical in Equations (6.136) real. 
As an example, consider a slider-crank mechanism at 02 = 1/4rad = 
45 deg with the lengths 


= 1 
b= 2 
e = 05. (6.139) 


To solve the possible configurations, we start by calculating the coefficients 
of the quadratic equation (6.133) 


G = —2acos62 

= —1.4142 (6.140) 
H = a@+e?—b? -2aesin6, 

= —3.4571. (6.141) 


Employing Equation (6.136) provides 


_ -G4V@—4H | { 2.696 


af 2 ~1.282 (ote?) 
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FIGURE 6.18. Two possible configurations of a slider-crank mechanism having 
the same input angle 02. 


The corresponding coupler angle 03 can be calculated form either Equation 
(6.187) or (6.1388). 


6, = sin + pa = tt) =cos! (: = we 


3.037 rad ~ 174 deg 
0.103 rad = 5.9 deg 


Dd 
~ 


(6.143) 


Figure 6.18 depicts the two possible configurations of the mechanism for 
02 = 45 deg. 


Example 232 Velocity analysis of a slider-crank mechanism. 
The velocity analysis of a slider-crank mechanism is possible by taking a 
time derivative of Equations (6.128) and (6.129), 


d 
— (asin 62 — bsin #3 — e) 


dt 
= awe Cos Jz — bw3 cos 63 = 0 (6.144) 
(acos 62 — bcos 63 — s) 
7 2 3 
= —awesin 8, + bw3 sins —s=0 (6.145) 
where 
WQ0= A. 
we = Oo. (6.146) 


Assuming 02 and wz are given values, and s, 03 are known from Equa- 
tions (6.123) and (6.124), we may solve Equations (6.144) and (6.145) for 
8 and W3. 


. sin (A3 = 02) 
= — 4 ~ 14 
8 cat aw (6.147) 
bps SON (6.148) 


cos 83 b 
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Example 233 Velocity of moving joints for a slider-crank mechanism. 

Having the coordinates 02, 03, s and velocities wo, w3, § enables us to 
calculate the absolute and relative velocities of points A and B shown in 
Figure 6.17. The absolute velocities of points A and B are 


Gy, = Gw&w2 xX Gry 
0 aCcos O5 —aWs sin Og 
= 0 x | asindy | = AW» COs 64 (6.149) 
W2 0 0 
Cyp = $2 
sin (A3 = 02) 
cosb3. 
= sa G (6.150) 
0 


and the velocity of point B with respect to point A is 


G G G 


sun S ea) —au2 sin By 
7 cos fe Ls GW COS O5 
is 0 
aw, sin 2 + az2%— sin (03 — 02) 
= —awy cos Og : (ety) 
0 


The velocity of point B with respect to A can also be found as 


CVB/A = °R:°vp 
= °R:°vp 
= Rs (2w3 x 7x3) 
= gw; Crs 
0 bcos 03 —bw3 sin 03 
= 0 | x | bsinés | = | bw3cos63 |. (6.152) 
W3 0 0 


Equations (6.151) and (6.152) are both correct and convertible to each 
other. 
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Example 234 Acceleration analysis of a slider-crank mechanism. 
The acceleration analysis of a slider-crank mechanism is possible by tak- 
ing another time derivative from Equations (6.144) and (6.145), 


d 
ae (awe cos 2 — bws3 cos 63) 


= aaz cos 62 — baz cos 03 — aw sin 02 + bw} sin 63 
=H (6.153) 


— (—aw sin 02 + bw3 sin 3 — 8) 


dt 
= —aaz2 sin 62 — ba3 sin d3 + aus cos 2 + bw cos 03 — 8 
= 0 (6.154) 
where, 
aQ = W9 
a3 = WwW. (6.155) 


Assuming 02, w2, and a2 are given values as the kinematics of the input 
link, s, 03, are known from Equations (6.123) and (6.124), and 8, w3 are 
known from Equations (6.147) and (6.148), we may solve Equations (6.153) 
and (6.154) for § and a3. 

g = Dae sin (82 + 03) + bw? cos 203 + aw} cos (82 — 43) (6.156) 
cos 03 
ee ik ad2 Cos 02 — aw sin Og + bw sin 63 (6.157) 
bcos 63 
Example 235 Acceleration of moving joints of a slider-crank mechanism. 

Having the angular kinematics of a slider-crank mechanism 62, 03, 8, wa, 
W3, §, A2, a3, and § are necessary and enough to calculate the absolute and 
relative accelerations of points A and B, shown in Figure 6.17. 

The absolute acceleration of points A and B are 


Gay = Gag xX Gro + GW X (Gwe x Cr) 
—aay sin 02 — aw cos O2 
= ad Cos 02 — aw% sin 02 (6.158) 
0 
Cap = $74 
—aa sin (82 + 03) + bw cos 203 + aw cos (82 — 03) 
= ces (6.159) 


0 
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FIGURE 6.19. Limit position for a slider-crank mechanism. 


The acceleration of point B with respect to point A is 


G G G 
ap/A = Gaz X “T3 + GW3 X (qws x r3) 


—ba sin 63 — bw cos 03 
= baz cos 63 — bw3sinO3 | . (6.160) 
0 


Example 236 Limit positions for a slider-crank mechanism. 

When the output slider of a slider-crank mechanism stops while the input 
link can turn, we say the slider is at a amit position. It happens when the 
angle between the input and coupler links is either 180 deg or 360 deg. Limit 
positions of a slider-crank mechanism are usually dictated by the design 
requirements. A limit position for a slider-crank mechanism is shown in 
Figure 6.19. 

We show the limit angle of the input link by 02,,, 02,., and the cor- 
responding horizontal distance of the slider by Sax; Smin- They can be 
calculated by the following equations: 


= ngpaet |. ® 
62,, = sin Eee (6.161) 
8Max = \/(b+a)*—e? (6.162) 
ee e€ 
O33 Seles eq (6.163) 
Smin = \ (b—a)*—e? (6.164) 


The length of stroke that the slider travels repeatedly would be 


S = §S§Max — Smin 


(b+a)? —e2?—y/(b—a (6.165) 


wa 
iw) 
fav) 
iw) 
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Example 237 * Quick return slider-crank mechanism. 

Consider a slider-crank with a rotating input link at a constant angular 
velocity wo. The required time for the slider to move from 8min to SMax 18 
92,0 _ G27, 


t= 
W92 


= - (sin eq ~sin7! l<a]) (6.166) 


and the required time for returning from Spaz tO Smin 1S 


t _ 92,1 a D210 
a ee ee 
W2 
ay ce ec er (6.167) 
wa b+a b—a]/)- ; 
If e=0, then 
62,, = 0 (6.168) 
62,, = 180deg (6.169) 
and therefore, 
ae (6.170) 
We 
However, when e < 0 then, 
iS ti (6.171) 


and the slider returns to 8min faster. Such a mechanism is called quick 
return. 


6.3 Inverted Slider-Crank Mechanism 


An inverted slider-crank mechanism is shown in Figure 6.20. It is a four- 
link mechanism. Link number 1 is the ground link, which is the base and 
reference link. Link number 2 = MA is usually the input link, which is 
controlled by the input angle 02. Link number 4 is the slider link and is 
usually considered as the output link. The slider link has a revolute joint 
with the ground and a prismatic joint with the coupler link 3 = AB. The 
output variable can be the angle of the slider with the horizon, or the length 
AB. The link number 3 = AB is the coupler link with angular position 63. 


If we attach the coupler link of a slider-crank mechanism to the ground, 
an inverted slider-crank mechanism is made. Changing the grounded link 
produces a new mechanism that is called an inversion of the previous mech- 
anism. Hence, the inverted slider-crank is an inversion of a slider-crank 
mechanism. 
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FIGURE 6.20. An inverted slider-crank mechanism. 


The angular position of the output slider 64 and the length of the coupler 
link b are functions of the lengths of the links and the value of the input 
variable 99. These variables are: 


b t/a? + d? — e? — 2adcos 62 (6.172) 


I 


ug 
04 => I+ 5 
_H+./—— 
bs eg) ee (6.173) 
2G 
where 
G = d—e-—acos§ (6.174) 
H = 2asin 62 (6.175) 
I = acos6,—d-e. (6.176) 


Proof. We show the inverted slider-crank mechanism by a vector loop as 
shown in Figure 6.21. The direction of each vector is arbitrary, however, 
the angles should be associated to the vector’s direction and be measured 
with positive direction of the z-axis. The links and their expression vectors 
are shown in Table 6.6. 


Table 6.6 - Vector representation of the inverted slider-crank 
mechanism shown in Figure 6.21. 


Tink Variable 
a 


Gry + Gro — Srg — Cr, =0 (6.177) 
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FIGURE 6.21. Kinematic model of an inverted slider-crank mechanism. 
which can be decomposed into sin and cos components. 
asin 6 — bsin (6, = =) —esins = 0 (6.178) 
—d + acos62 — bsin (0, % =) —ecos6s = 0 (6.179) 


To derive the relationship between the input angle 62 and the output 04, 
we eliminate b between Equations (6.178) and (6.179) and find 


(acos 62 — d) cos 4 + asin 02 sin 64 — e = 0. (6.180) 


The have a better expression suitable for computer programming, we 
may use trigonometric equations 


” 
2tan — 
sind4 = 2———2— (6.181) 
1+ tan? & 
2 
6 
14+ tan? — 
cos04. = ——— (6.182) 
1+ tan? is 


to transform Equation (6.180) to a more useful equation 
2 04 04 
G tan > +Htan> +1=0 (6.183) 


where, J, J, and K are functions of the input variable. 


G = d-—e-—acos6, (6.184) 
H = 2asin 62 (6.185) 
I acos@2 —d—e (6.186) 
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Equation (6.183) is a quadratic in tan (@4/2) and can be used to find the 
output angle 64. 


(6.187) 


re (= + J/H?— 1) 


2G 


To find the relationship between the input angle 02 and the coupler length 
b, we may solve Equations (6.178) and (6.179) for sin 64, and cos 64 


ab cos 02 — aesin 62 + bd 


in = See (6.188) 
e€ 
Py absin 02 poe (6.189) 


or substitute (6.187) in (6.180) and solve for b. By squaring and adding 
Equations (6.188) and (6.189), we find the following equation: 


a? — b* + d? — e* — 2adcos 62 =0 (6.190) 


which must be solved for 0. 


b=+/a? + d? — e? — 2adcos 02 (6.191) 


Example 238 Two possible configurations for an inverted slider-crank mech- 
anism. 

At any angle 02, and for suitable values of a, d, and e, Equations (6.172) 
and (6.173) provide two values for the output b and coupler angles 04. Both 
solutions are possible and provide two different configurations for the mech- 
anism. A suitable set of (a, d, e) are the numbers that make the radicals in 
Equations (6.172) and (6.173) real. 

For example, consider an inverted slider-crank mechanism at 62 = 1/4rad = 
45 deg with the lengths 


a = l 
e = 0.5 
d = 3. (6.192) 


The parameters of Equation (6.172) are equal to 


G = d—e—acos@, = 1.7929 
H = 2asin@2 = 1.4142 
I = acos6, —d—e=—2.7929 (6.193) 


Now, Equation (6.183) gives two real values for 04 


{ 1.48 rad & 84.8 deg 
04 y 


—2.08 rad © —120 deg (6.194) 
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(a) (b) 


FIGURE 6.22. Two configurations of an inverted slider crank mechanism for 
O02 = 45 deg. 


Using the known values and for 64 = 1.48rad, Equations (6.188) will 


provide 
b & 2.33. (6.195) 


When 64 = —1.732 rad we get 
b = —2.28. (6.196) 


Figure 6.22 depicts the two configurations of the mechanism for 02 = 
45 deg. 


Example 239 Velocity analysis of an inverted slider-crank mechanism. 
The velocity analysis of a slider-crank mechanism can be found by taking 
a time derivative of Equations (6.178) and (6.179), 
d 
rr (asin 62 + bcos 64 — esin 64) 
= awycosb> — bw4sin 64 + bcos 64 — ews cos 64 = 0 (6.197) 


d 
oe (acos 62 + bcos 64 — ecos 64 — d) 


= —aw2sin 02 —bwasinds + bcos64+ewassinds=0 (6.198) 
where 
WQ = 02 
we = we=O4. (6.199) 


Assuming 02 and wz are given values, and b, 04 are known from Equa- 
tions (6.172) and (6.173), we may solve Equations (6.197) and (6.198) for 
b and wy. 


6 = 09 [bcos (04 — 02) — esin (04 — 02)| (6.200) 


we = w= 2 sin (62 — 04) (6.201) 
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Example 240 Velocity of moving joints for an inverted slider-crank mech- 


anism. 


Having the coordinates 02, 04, 6 and velocities wo, wa, b enables us to 
calculate the absolute and relative velocities of points A and B shown in 
Figure 6.21. The absolute and relative velocities of points A and B are 


Cy = qQqw2x Cry 
0 acos 65 —aw2 sin 62 

= 0 x | asind. | = QW COS Og (6.202) 

W2 0 0 

Sve, = GW4 X Y4 
0 ecos 04 —ew4 sin 04 

= 0 x | esinds | = eWa COS 04 (6.203) 

W4 0 0 

CV By/A = GW3 xX (- r3) 
0 —bcos 04 bw sin 64 

— 0 x | —bsinds | = | —bwacosO4 (6.204) 

W4 0 0 

“ve, = Svayjat ova 
bw sin 04 —awe sin A 
= —bw4cosO4 | + aw Cos 04 
0 0 
bw sin 04 — awe sin 02 
= AW COs 62 — bw4 cos 04 (6.205) 
0 
@VBs/Bs CVE, = vp, 
bw sin 04 — awe sin 89 —ew, sin 04 
= aw, COS 02 — bwacosO4 | — ews cos 04 
0 0 


w4e sin 04 — aw sin 62 + bw4 sin 04 


dW» Cos 62 — w4e cos 64 — bwa cos 04 (6.206) 
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Example 241 Acceleration analysis of an inverted slider-crank mecha- 
nism. 

The acceleration analysis of an inverted slider-crank mechanism can be 
found by taking another time derivative from Equations (6.197) and (6.198), 


‘ (awe cos 69 — bw4 sin 64 + bcos 64 — ew4 cos 61) 


= aaycos 62 — aus sin 02 — baa sin 04 + bw cos 04 
+bcos 64 — bw4 sin 04 — ea4 cos 64 + ew? sin 04 
= 0 (6.207) 


d , 
i (—aws sin 0. — bw4sin 64 + bcos 64 + ew, sin 61) 


= —aag sind, + aw cos 0g — bag sin 04 — bw cos 04 
+bcos 64 —- bw sin 94 + ea, sin 84 + ew cos 04 
= 0 (6.208) 


where 


aq = Ww 
A = AZ =W4 = W3. (6.209) 


Assuming 02, w2, and a4 are given values as the kinematics of the input 
link, b, 04, are known from Equations (6.172) and (6.173), and b, w4 are 
known from Equations (6.200) and (6.201), we may solve Equations (6.207) 
and (6.208), for b and a4 

: C7Ci2 — CoCo 
i a ReNGN Ee (6.210) 
CoCi1 — CaCi2 


= 6.211 
i C7C11 — CgCio ( ) 


where, 
Cz = sinO4 
Cg = Obcosé4+esin64 
Cy = aagsind2 + aus Cos 09 — 2bw4 cos 04 


+bu3 sin 04 — ew cos 04 


Cio = cosd4 
Ci, = —bsin64+ecos64 
Cig = aa cos 62 — aw sin 2 + 2bu4 sin 04 


+bw4 cos 04 + ew4 sin 04. (6.212) 
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FIGURE 6.23. The McPherson strut suspension is an inverted slider mechanism. 


Example 242 Application of inverted slider mechanism in vehicles. 

The McPherson strut suspension is a very popular mechanism for inde- 
pendent front suspension of street cars. Figure 6.23 illustrates a McPherson 
strut suspension and its equivalent kinematic model. We attach the wheel 
to a coupler point at C. 

The piston rod of the shock absorber serves as a kingpin axis at the top 
of the strut. At the bottom, the shock absorber pivots on a ball joint on 
a single lower arm. The McPherson strut, also called the Chapman strut, 
was invented by Earl McPherson in the 1940s. It was first introduced on 
the 1949 Ford Vedette, and also adopted in the 1951 Ford Consul, and then 
become one of the dominating suspension systems because it’s compactness 
and has a low cost. 


6.4 Instant Center of Rotation 


In a general plane motion of a rigid body, at a given instant, the velocities 
of various points of the body can be expressed as the result of a rotation 
about an axis perpendicular to the plane. This axis intersects the plane at 
a point called the instantaneous center of rotation of the body with respect 
to the ground. The instantaneous center of rotation is also called instant 
center, centro, and pole. 

If the directions of the velocities of two different body points A and B 
are known, the instant center of rotation J is at the intersection of the lines 
perpendicular to the velocity vectors v4 and vg. Such a situation is shown 
in Figure 6.24(a). 

If the velocity vectors v4 and vg are perpendicular to the line AB and 
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(4) 


FIGURE 6.24. Determination of the instantaneous center of rotation J for a 
moving rigid body. 


if their magnitudes are known, the instantaneous center of rotation I is at 
the intersection of AB with the line joining the extremities of the velocity 
vectors. Such a situation is shown in Figure 6.24(b). 

There is an instant center of rotation between every two links moving 
with respect to each other. The instant center is a point common to both 
bodies that has the same velocity in each body coordinate frame. 

The three instant centers , [;2, [23, and J;3 between three links numbered 
1, 2, and 3 lie on a straight line. This statement is called the Kennedy 
theorem for three instant centers. 


Proof. Consider the two bodies shown in Figure 6.25. The ground is link 
number 1, links number 2 and 3 are pivoted to the ground at points MW 
and N, and are rotating with angular velocities w2 and w3. The two links 
are contacted at point C. The revolute joint at M is the instant center I;, 
and the revolute joint at N is the instant center [q3. 

The velocity of point C' as a point of link 2 is vc,, perpendicular to the 
radius MC. Similarly, the velocity of point C' as a point of link 3 is vc,, 
perpendicular to the radius NC. The instant center of rotation J,3 must 
be a common point with the same velocity in both bodies. Let’s draw the 
normal line n — n, and tangential line t — t to the curves of links 2 and 3, 
at the contact point C. 

Point C' is a common point between the two bodies. The normal compo- 
nents of vc, and vc, must be equal to keep contact, so the only difference 
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FIGURE 6.25. A 3-link mechanism with the ground as link number 1, and two 
moving links, numbers 2 and 3. 


between the velocity of the common point can be in the tangent compo- 
nents. So, the instant center of rotation [;3 must be at a position where 
the relative velocity of points Cy and C3 with respect to [,3 are equal and 
are on the line t — t. Hence, it must be on the normal line n — n, and the 
intersection of the normal line n — n with the center line MN is the only 
possible point for the instant center of rotation [13. 

Let’s define 


igi = (6.213) 
leks = 5 (6.214) 


then, because the velocities of the two bodies must be equal at the common 
instant center of rotation, we have 


Iowy. = I3w3 (6.215) 
or 
te B 
W3 7 lo 
1 
14+— 
ly 


where, d is the length of the ground link MN. um 
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FIGURE 6.26. The instant centers of rotation for a four-bar linkage, a slid- 
er-crank, and an inverted slider-crank mechanism. 


Example 243 Number of instant centers. 

There is one instant center between every two relatively moving bodies. 
So, there are three instant centers between three bodies. The number N of 
instant centers between n relatively moving bodies is 

n(n —1) 
N — > 
Thus, a four-bar linkage has six instant centers, I12, 13, Tha, [o3, Ina, Iga. 
The symbol I;; indicates the instant center of rotation between kinks + and 
j. Because two links have only one instant center, we have 


ly = Ti. (6.218) 


(6.217) 


The four instant centers of rotation for a four-bar linkage, a slider-crank, 
and an inverted slider-crank mechanisms are shown in Figure 6.26. The in- 
stant center of rotation for two links that slide on each other is at infinity, 
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FIGURE 6.27. Fifteen instant center of rotations for a 6-link mechanism. 


on a line normal to the common tangent. So, Ih4 in Figure 6.26(b) is on 
a line perpendicular to the ground, and I34 in Figure 6.26(c) is on perpen- 
dicular to the link 3. 

Figure 6.27 depicts the 15 instant centers for a six-link mechanism. 


Example 244 Application of instant center of rotation in vehicles. 

Figure 6.28 illustrates a double A-arm suspension and its equivalent kine- 
matic model. The wheel will be fastened to the coupler link AB, witch con- 
nects the upper A-arm BN to the lower A-arm AN. The A-arms are con- 
nected to the body with two revolute joints at N and M. The body of the 
vehicle acts as the ground link for the suspension mechanism, which is a 
four-bar linkage. 

Points N and M are, respectively, the instant centers of rotation for the 
upper and lower arms with respect to the body. The intersection point of the 
extension line for the upper and lower A-arms indicates the instant center 
of rotation for the coupler with respect to the body. When the suspension 
moves, the wheel will rotate about point I with respect to the body. Point I 
is called the roll center of the wheel and body. 
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FIGURE 6.28. The roll center of a double A-arm suspension and its equivalent 
kinematic model. 


Example 245 The instant centers of rotation may not be stationary. 
When a mechanism moves, the instant centers of rotation may move, 
if they are not at a fixed joint with the ground. Figure 6.29 illustrates a 
four-bar linkage at a few different positions and shows the instant centers 
of rotation for the coupler with respect to the ground hg. Point 3 will 
move when the linkage moves, and traces a path shown in the figure. 


Example 246 Sliding a slender on the wall. 

Figure 6.30 illustrates a slender bar AB sliding at points A and C. We 
have the velocity axis of two points A and C, and therefore, we can find the 
instant center of rotation I. 

The coordinates of point I are a function of the parameter 6 as follows: 


zr = hcoté (6.219) 
yr = h+ax,cotd 
h (1+ cot? 6). (6.220) 


Eliminating @ between x and y, generates the path of motion for I. 


a2 
yr =h (1 + 7) (6.221) 


Example 247 * Plane motion of a rigid body. 

The plane motion of a rigid body is such that all points of the body move 
only in parallel planes. So, to study the motion of the body, it is enough to 
examine the motion of points in just one plane. 
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FIGURE 6.29. Path of motion for the instant center of rotation 143. 


FIGURE 6.30. A slender bar AB sliding at points A and C. 


6. Applied Mechanisms 353 


FIGURE 6.31. A rigid body in a planar motion. 


Figure 6.31 illustrates a rigid body in a planar motion and the correspond- 
ing coordinate frames. The position, velocity, and acceleration of body point 
P are: 


Grp = Cdp ini CRs Brp 
Cdp+ Srp (6.222) 
Cyp = Cdp+ GWB xX (Crp _ Cdp) 
= [dg + qwe x Srp (6.223) 


where, “dg indicates the position of the moving origin o relative to the 
fied origin O. The term@dg is the velocity of point o and, qwp x Srp 
is the velocity of point P relative to o. 


CV p/o = GWp x Grp (6.224) 


Although it is not a correct view, it might sometimes help if we interpret 
Cdp as the translational velocity and qwp Xx Crp as the rotational velocity 
components of @vp. Then, the velocity of any point P of a rigid body is 
a superposition of the velocity Cdp of another arbitrary point o and the 
angular velocity qwp x Grp of the points P around o. 

The relative velocity vector CV pio is perpendicular to the relative position 
vector Orn Employing the same concept we can say that the velocity of 
points P and o with respect to another point Q are perpendicular to Srp/a 
and Cre respectively. We may search for a point Q, as the instantaneous 
center of rotation, at which the velocity is zero. Points o, P, and Q are 
shown in Figure 6.82. 
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FIGURE 6.32. Instant center of rotation Q, for planar motion of a rigid body. 


Assuming a position vector Gi aig for the instant center point Q, let’s 
define 
Crog =aQ°dg + ba awe x Sde (6.225) 
then, following (6.223), the velocity of point Q can be expressed by 
Cvg = Gdp + Gwp x Cray, 
EG ia ce ae (6.226) 


Cdp- GWB xX (ac Cdp + bg Gwp X Cdn) 


Gdp — aQ GWwB x Gdp — beg GWB XxX (cwr x Cdn) 


= 0. (6.227) 


Now, using the following equations 


Gwa = wk (6.228) 
GWBX (cwr x Cdn) = (cwr . Cdn) GWB —w? dy (6.229) 
awp:-°dg = 0 (6.230) 

we find 
(1+ baw?) Sdp —ag awe x Cdg = 0. (6.231) 


Because dp and qwp x Sdpg must be perpendicular, Equation (6.231) 
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provides 
lt+bgw? = 0 (6.232) 
ag = 0 (6.233) 
and therefore, 
Croe = - (cwn x Cdn) (6.234) 


Example 248 *% Instantaneous center of acceleration. 

For planar motions of rigid bodies, it is possible to find a body point with 
zero acceleration. Such a point may be called the instantaneous center of 
acceleration. When a rigid body is in a planar motion, we can be express 
the acceleration of a body point P, such as shown in Figure 6.82, as 


Gap = CGdp + GOB xX (Crp — Cdp) 
+ Gwe xX (cwp x (Crp — “dp)) 
ao. Hs te G G 
= dp GQBX prp+ Gwe x (qwp x BYP) : (6.235) 


The term qwp X (awe x Grp) is the centripetal acceleration, and the 


term Gap X Grp is the tangential acceleration and is perpendicular to 
Srp. Because the motion is planar, the angular velocity vector is always in 


parallel to k and K unit vectors. 


Gwe = wk (6.236) 
gap = ak (6.237) 

Therefore, the velocity vp and acceleration Cap can be simplified to 
Gap = Cdp + Gap x orp =(y" Grp. (6.238) 


We now look for a zero acceleration point S and express its position vector 
by 
Crs) =ag dp +bs cap x Cd (6.239) 


and based on (6.238) we have, 


G Gy G 2G 
as = dp + GQ@BX prgy—wW prs 


Gy G 2G 
dp + @Qe xX “YTs/o —W° “Tg/o 


= Cdp + GQB xX (as Cdp + bs gap Xx Cdn) 
sg? (as Gda + bs @ap X Cdn) 
— Gdp +asg Gap xX Cdp + bs gap X (cop x Cdn) 


Gaur Cdp “ben GQaBx Cdp 
= 0. (6.240) 
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Simplifying results in 


(1 —agw? — bg a?) dg t (ag —bgw?) cag x Sdp=0 (6.241) 


and because “dg and gag x “dg are perpendicular, we must have 


l—agw*—bga? = 0 (6.242) 
ag—bgw? = 0 (6.243) 
and hence, 
2 
WwW 
as = aoa (6.244) 
if 


The position vector of the instant center of acceleration is then equal to 


w dp + cap x Cdn) (6.246) 


G = 1 
"Sle — age 


6.5 Coupler Point Curve 


The most common independent suspension systems are double A-arm and 
inverted slider-crank mechanisms. The wheel of the vehicle will be attached 
to a point of the coupler link of the mechanism, which is attached to the 
body of the vehicle. 


6.5.1. Coupler Point Curve for Four-Bar Linkages 


Figure 6.33 illustrates a four-bar linkage M NAB and a coupler point at C. 
When the mechanism moves, the coupler point C will move on a path. 

The path of the coupler point is called the coupler point curve. Consid- 
ering 02 as the input of the mechanism, the parametric coordinates of the 
coupler point curve (xc, yc) are 


to = acosb,+ecos(8—y+a) (6.247) 
yo = asiné2+esin(6—y+a) (6.248) 
where, 
= tan! ee (6.249) 
: d—acos65 , 


: (40272 a (ee ae c2)? 
tan 
B+ f—2 
f = Va? +d — 2adcos 69. (6.251) 


(6.250) 
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FIGURE 6.33. A four-bar linkage MM NAB and a coupler point at C. 


Proof. The position of the coupler point C in Figure 6.33 is defined by 
the polar coordinates length e and angle a in a coordinate frame attached 
to the coupler link, and by (ac,yc) in the Cartesian coordinate frame 
attached to the ground. The length of the links are indicated by MA =a, 
AB = b, NB =c, and MN = d. We show the angle ZANM by ¥ and 
ZBAN by £. Let’s draw a line / through A and parallel to the ground link 
MN, then, 


ZNAL = ZANM=¥ (6.252) 
ZCAL = (6.253) 
yp = B-yta (6.254) 


The global coordinates of point C’ are 


nil acos 82 + ecos y (6.255) 
Yo = asind,+esiny (6.256) 


where, w comes from Equation (6.254). The angle @ can be calculated from 
the cosine law in ABAN, 


cos 8 = Piso eats (6.257) 


where, f = AN. Applying the cosine law in AAMN shows that f is equal 
to 


f = Va? + d? — 2adcos 65 (6.258) 


given by Equation (6.251). 
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FIGURE 6.34. A double A arm suspension mechanism and its equivalent four-bar 
linkage kinematic model. 


For computer calculation ease, it is better to find G from the trigonomet- 
ric equation 


tan? B = sec? B—1 (6.259) 
after we substitute sec 3 from Equation (6.257). 
Ab? f2 — (b2 + f2 — c2)? 


a -1 
6 =tan a (6.260) 


The angle y can be found from a tan equation based on the vertical 
distance of point A from the ground link MN. 


1 asin @, 


y = tan™ (6.261) 


d—acos 62 


Therefore, the coordinates xc and yo can be calculated as two parametric 
functions of 02 for a given set of a, b, c,d, e, anda. 


Example 249 A poorely designed double A arm suspension mechanism. 

Figure 6.34 illustrates a double A arm suspension mechanism and its 
equivalent four-bar linkage kinematic model. Points M and N are fixed 
joints on the body, and points A and B are moving joints attached to the 
wheel supporting coupler link. Point C is on the spindle and supposed to 
be the wheel center. When the wheel moves up and down, the wheel center 
moves on a the couple point curve shown in the figure. The wheel’s center 
of proper suspension mechanism is supposed to move vertically, however, 
the wheel center of the suspension moves on a high curvature path and 
generates an undesired camber. 

A small motion of the kinematic model of suspension is shown in Fig- 
ure 6.85, and the actual suspension and wheel configurations are shown in 
Figure 6.36. 
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FIGURE 6.35. A small motion of the kinematic model. 


FIGURE 6.36. A small motion of the actual suspension and wheel configurations. 
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FIGURE 6.37. A slider-crank mechanism and a coupler point at C. 


6.5.2. Coupler Point Curve for a Slider-Crank Mechanism 


Figure 6.37 illustrates a slider-crank mechanism and a coupler point at C. 
When the mechanism moves, coupler point C' will move on a coupler point 
curve with the following parametric equation: 


Lc = acosz + ccos(a—7) (6.262) 
yo = asin. +csin(a—7) (6.263) 


The angle 2 is the input angle and acts as a parameter, and angle y can 
be calculated from the following equation. 


. _1 asin Oz —e 


7 = sin ; (6.264) 


Proof. We attach a planar Cartesian coordinate frame to the ground link 
at M. The z-axis is parallel to the ground indicated by the sliding surface, 
as shown in Figure 6.37. Drawing a line / through A and parallel to the 
ground shows that 


B=a-7 (6.265) 


where ¥ is the angle between the coupler link and the ground. 
The coordinates (xc, yc) for point C are 


Lo acos @2 + ccos GB (6.266) 
yo = asind,+csin ZB. (6.267) 
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FIGURE 6.38. A centric and symmetric slider-crank mechanism. 


To calculate the angle y, we examine AAFB and find 


AE 
AB 
asin 6. —e 


__ (6.268) 


siny = 


that finishes Equation (6.264). 
Therefore, the coordinates xg and yo can be calculated as two parametric 
functions of 02 for a given set of a, b, c, e, anda. @ 


Example 250 A centric and symmetric slider-crank mechanism. 

Point C (ac, yc) is the coupler point of a centric and symmetric slider- 
crank mechanism shown in Figure 6.38. It is centric because e = 0, and is 
symmetric because a = b, and therefore, 02 = 04. Point C is on the coupler 
link AB and is at a distance kb from A, where0<k <1. 

The coordinates of point C are 


Lc = acos6.+ kacos 6 
= a(1+k)cos62 (6.269) 
yo = asind2 — kasin 02 
= a(1—k)sin6, (6.270) 
and therefore, 
1 TC 
cos 03 ae R) (6.271) 
: Yc 
= ——. 272 
sin 05 a(l—*) (6.272) 


Using cos? 02 + sin? 6) = 1, we can show that the coupler point C will 


362 6. Applied Mechanisms 


y © C(XG yc) 


FIGURE 6.39. An inverted slider-crank mechanism and a coupler point at C. 


move on an ellipse. 


Te Ye 
a2(1+k)? a2 (1—k)? 


=1 (6.273) 


6.5.3 Coupler Point Curve for Inverted Slider-Crank 
Mechanism 


Figure 6.39 illustrates an inverted slider-crank mechanism and a coupler 
point at C’. When the mechanism moves, the coupler point C’ will move on 
a coupler point curve with the following parametric equation: 


Lc = acosb,+ccos(m#—a— 44) (6.274) 
yo = asind,+csin (a —a— 04) (6.275) 


The angle @2 is the input angle and acts as a parameter, and 4 is the angle 
of the output link, given by Equation (6.173). 


64 = 2tan—! (== | (6.276) 
2G 

G = d—e-—acos62 (6.277) 

H = 2asin@s (6.278) 

I = acos6g—d-e. (6.279) 


Proof. We attach a planar Cartesian coordinate frame to the ground link 
at MN. Drawing a vertical line through C defines the variable angle 7 = 
ZACF as shown in Figure 6.39. We also define three angles 6, = ZANM, 
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By = ZANB, and 63 = ZBEF, to simplify the calculations. From AACE, 
we find 


y=1-—B3,-a (6.280) 
and from quadrilateral DE F'NB, we find 


B3+ZEFN + Byg+ BP, +ZEBN = 2r. (6.281) 
However, 
TT 
ZEBN = 5 (6.282) 
ZEFN = - (6.283) 
and therefore, 
The output angle 64 is equal to 
04 =m — (82 +83), (6.285) 
and thus, 
64 = Bs. (6.286) 


Now the angle y may be written as 
y=n-04-a (6.287) 


where 64 is the output angle, found in Equation (6.173). 
Therefore, the coordinates xg and yo can be calculated as two parametric 
functions of 02 for a given set of a, d,c, e, anda. m 


6.6 ¥ Universal Joint Dynamics 


The universal joint shown in Figure 6.40 is a mechanism used to connect 
rotating shafts that intersect in an angle y. The universal joint is also 
known as Hook’s coupling, Hook joint, Cardan joint, or yoke joint. 

Figure 6.41 illustrates a universal joint. There are four links in a universal 
joint: link number 1 is the ground, which has a revolute joint with the 
input link 2 and the output link 4. The input and the output links are 
connected with a cross-link 3. The universal joint is a three-dimensional 
four-bar linkage for which the cross-link acts as a coupler link. 

The driver and driven shafts make a complete revolution at the same 
time, but the velocity ratio is not constant throughout the revolution. The 
angular velocity of the output shaft 4 relative to the input shaft 2 is called 
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FIGURE 6.40. A universal joint. 
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Driver 


Cross-link 


FIGURE 6.41. A universal joint with four links: link 1 is the ground, link 2 is the 
input, link 4 is the output, and the cross-link 3 is a coupler link. 
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FIGURE 6.42. A separate illustration of the input, output, and the cross links 
for a universal joint. 


speed ratio Q and is a function of the angular position of the input shaft 0, 
and the angle between the shafts y. 
wW4 cos 

~ wa 1—sin? pcos? 6 oe 
Proof. A universal joint may appear in many shapes, however, regardless 
of how it is constructed, it has essentially the form shown in Figure 6.41. 
Each connecting shaft ends in a U-shaped yoke. The yokes are connected 
by a rigid cross-link. The ends of the cross-link are set in bearings in the 
yokes. When the driver yoke turns, the cross-link rotates relative to the 
yoke about its axis AB. Similarly, the cross-link rotates about the axis CD 
and relative to the driven yoke. 

Although the driver and driven shafts make a complete revolution at the 
same time, the velocity ratio is not constant throughout the revolution. A 
separate illustration of the input, output, and the cross links are shown in 
Figure 6.42. 

The angular velocity of the cross-link may be shown by 


1W3 = Wot 3W3 
= w+ tw (6.289) 
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FIGURE 6.43. A kinematic model for a universal joint. 


where, 1wW2 is the angular velocity of the driver yoke about the x-axis 
and 3w3 is the angular velocity of the cross-link about the axis AB relative 


to the drive yoke expressed in the ground coordinate frame. 


Figure 6.43 shows that the unit vectors j2 and j3 are along the arms of 
the cross link, and the unit vectors 72 and 74 are along the shafts. Having 


the angular velocity vectors, 


1W2 >= J 


1W4 = JA 


2W30 = 


4W3 0 = 


3 
4W3 0 = 


W221 
0 
0 


ook 
Har 


(6.290) 


(6.291) 


(6.292) 


(6.293) 


(6.294) 


(6.295) 
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we can simplify Equation (6.289) to 
w32 43 + Wai tg = Wai t4 + 34 Js. (6.296) 
However, because the cross-link coordinate frame is right-handed, we have 
ig X j3 = kg (6.297) 
and therefore, 
(w32 43 + wai 2) - kg = (war ta + w34 93) - kg (6.298) 
that results in the following equation: 
oi tes ha Wap? hy (6.299) 


Now the required equation for the speed ratio Q = w41/wa1 is 


Oo 
W21 
= aoe (6.300) 
13 X J3° U4 
The unit vector j3 is perpendicular to 73 and 74, we may write 
ja = tg X t3 (6.301) 
where a is a coefficient. Now 
a3 xX Js = 123 (at4 x is) 
= alig — (a3 + %4) t3] (6.302) 
and because 
13+ t2 =0 (6.303) 
we find 
Ga et 
W21 
= to ° a [t4 = (és : t4) 23] 
23 “a [i4 = (#3 : i4) i] 
= tg + 04 
1 — (a3 - ta)? 
cos Y 
= ———,. (6.304) 
Las) 
If we show the angular position of the input yoke by 0, then 
13 = cos0j, +sin0 ky (6.305) 


74 = cosy? —sing ji (6.306) 
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FIGURE 6.44. A three-dimensional plot for the speed ratio of a universal joint, 
Q as a function of the input angle @ and the angle between input and output 
shafts y. 


and the final equation for the speed ratio is found as 


Q Wal 
W21 
cos Y 
= —_,_.. 6.307 
1 — sin? y cos? 6 ( ) 

This formula shows that although both shafts complete one revolution 
at the same time, the ratio of their angular speed varies with the angle of 
rotation 0(t) of the driver and is a function also of the shaft angle y. Thus, 
even if the angular speed w 2; of the drive shaft is constant, the angular 
speed wa, of a driven shaft will not be uniform. m 


Example 251 * Graphical illustration of the universal joint speed ratio 
Q. 

Figure 6.44 depicts a three-dimensional plot for Q. The Q-surface is plot- 
ted for one revolution of the drive shaft and every possible angle between 
the two shafts. 


—t < O0<7 
—T < Y<Tt 


A two-dimensional view for Q is depicted in Figure 6.45. When p & 
10 deg there is not much fluctuation in speed ratio, however, when the angle 
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FIGURE 6.45. A two-dimensional view of Q as a function of the input angle 0 
and the angle between input and output shafts y. 


between the two shafts is more than 10 deg then the speed ratio Q cannot 
be assumed constant. The universal joint stuck when yp = 90deg, because 
theoretically 


lim 2 = indefinite. (6.308) 
y—90 
The behavior of Q as a function of 0 and »~ can be better viewed in a 
polar coordinate, as shown in Figure 6.46. 


Example 252 % Maximum and minimum of wa, in one revolution. 
The maximum value of Q is 


M (6.309) 
cos (p 
at 
06=0,7 (6.310) 
and the minimum value of Q is 
Qm = cosy (6.311) 
at 3 
nu 30 
d=-,—. 6.312 
(6.312) 


Example 253 *% History of the universal joint. 
The need to transmit a rotary motion from one shaft to another, which 
are intersecting at an angle, was a problem for installing clocktowers in 
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FIGURE 6.46. The behavior of speed ratio Q as a function of 6 and ¢ in a polar 
coordinate. 


the 1300s. The transmission of the rotation to the hands should be dis- 
placed because of tower construction. Cardano (1501 — 1576) in 1550, Hook 
(1635 — 1703) in 1663, and Schott (1608 — 1666) in 1664 used the joint 
for transferring rotary motion. Hook was the first man who said that the 
rotary motion between the input and output shafts is not uniform. How- 
ever, Monge (1746 — 1818) is the first person to publish the mathematical 
principles of the joint in 1794, and later by Poncelet (1788 — 1867) in 1822. 


Example 254 » Double universal joint. 

To eliminate the non-uniform speed ratio between the input and output 
shafts, connected by a universal joint, we can connect a second joint to 
make the intermediate shaft have a variable speed ratio with respect to both 
the input and the output shafts in such a way that the overall speed ratio 
between the input and output shafts remain equal to one. 


Example 255 * Alternative proof for universal joint equation. 

Consider a universal joint such as that shown in Figure 6.41. Looking 
along the axis of the input shaft, we see points A and B moving in a circle 
and points C and D moving in an ellipse as shown in Figure 6.47(a). This 
is because A and B trace a circle in a normal plane, and C and D trace a 
circle in a rotated plane by the angle y. Assume the universal joint starts 
rotating when the aris CD of the cross link is at the intersection of the 
planes of motion CD and AB, as shown in Figure 6.47(a). If the axis AB 
turns an angle 0, then the projection of the axis CD will turn the same 
angle, as can be seen in Figure 6.47(b). However, the angle of rotation CD 
is 04 different than @ when we look at the axis CD along the output shaft. 
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(a) (d) 
FIGURE 6.47. Rotation of the cross link from a viewpoint along the input shaft. 


Looking along the input shaft, the axis AB starts from A,B, and moves 
to AgBo after rotation y. From the same viewpoint, the axis CD starts 
from CiD, and moves to CyD2, however, CD would be at ChDb, if it 
were looking along the output shaft. The geometric relationship between the 
angles are 


Of tan 04 (6.313) 
— = tand (6.314) 
oi = cosy. (6.315) 
Therefore, 
tan @ = tan 64 cosy (6.316) 
which after differentiation becomes 
at cosy (6.317) 


csc? csc? 04 


Eliminating 04 between (6.316) and (6.817), we find the relationship be- 
tween the input and output shafts’ angular velocities. 


cos p 


= 6.318 
sin? 6 + cos? 6 cos? Ti ( ) 
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The speed ratio would then be the same as (6.288). 


Ww cos 
Q = = 6.319 
wW2 sin? 6 + cos? 0 cos? y ( ) 
cos 
= ——____ 6.320 
1 — sin? y cos? 6 ( ) 


Example 256 * Alternative proof for the universal joint speed ratio equa- 
tion. 

Poncelet (1788 — 1867) in 1824 used spherical trigonometry to find the 
universal joint speed ratio equation. 

The universal joint can be used to transfer torque at larger angles than 
flexible couplings. One universal joint may be used to transmit power up to 
a py = 15deg depending on the application. Universal joints are available 
in a wide variety of torque capacities. 


6.7 Summary 


Every movable component of a vehicle, such as the doors, hoods, wind- 
shield wipers, axles, wheels, and suspensions, are connected to the vehicle 
body using some mechanisms. The four-bar linkage and inverted slider- 
crank mechanism are the two common mechanisms that we use to connect 
wheels of independent suspensions to the vehicle’s body. There are ana- 
lytic equations for determining position of the all links of a mechanism 
with respect to one of the links that we call the input link. 

The wheels are installed on a spindle, which is rigidly attached to the 
coupler link of the mechanisms. The center of the wheel will move on a 
coupler point curve, which depends on the links’ length. 
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6.8 Key Symbols 


a=z acceleration 

a,b,c,--- links’ length of a linkage 

a acceleration vector 

A,B,-:: coefficients of quadratic equations 

b relative position of an inverted slider 

b relative speed of a slider 

b relative acceleration of a slider 

C1, Co,-°° link acceleration parameters of linkages 
d position vector of a moving frame 
f=1/T cyclic frequency [| Hz] 

g gravitational acceleration 

a, jk unit vectors of Cartesian coordinate frames 
I instant center of rotation 

J1,J2,°°° link position parameters of linkages 

l length 

l length of the longest link 

n number of links 

N number of instant center of rotations 
Pq length of the middle links 


r joint relative position vector 

8 displacement position of an slider 
8 length of the shortest link 

8 speed of a slider 

8 acceleration of a slider 

t 


time 
Ee period 
L,Y,%, Xx displacement 
L,Y, z Cartesian coordinates 
LC,YC coupler point coordinates 
Vv velocity vector 
a angular acceleration vector 
on angular acceleration of link number 7 
0; angular position of link number 7 
0 angular position of input and output axles of a universal joint 
7) angle between the input and output axles of a universal joint 
w angular velocity vector 
Wj angular velocity of link number i 
Q angular velocity ratio 
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Exercises 


1. Two possible configurations for a four-bar linkage. 


Consider a four-bar linkage with the following links. 


a = 10cm 
b = 25cm 
c = 30cm 
d 25cm 


If 02 = 30deg what would be the angles 63 and @4 for a convex 
configuration? 
2. Angular velocity of a four-bar linkage output link. 


Consider a four-bar linkage with the following links. 


10cm 
= 25cm 
= 30cm 
25cm 


a oes 


Determine the angular velocity of the output link w4 at 02 = 30deg 
if wo = 2mrad/s. 


3. Angular acceleration of a four-bar linkage output link. 


Consider a four-bar linkage with the following links. 


a = 10cm 
b = 25cm 
c = 30cm 
d = 25cm 


Determine the angular acceleration of the output link a4 at 02 = 
30 deg if a2 = 0.27 rad/s? and w2 = 27rad/s. 


4. Grashoff criterion. 


Consider a four-bar linkage with the following links. 


a = 10cm 
b = 25cm 
c = 30cm 


Determine the limit values of the length d to satisfy the Grashoff 
criterion. 
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. Limit and dead positions. 


Consider a four-bar linkage with the following links. 


a = 10cm 
b = 25cm 
c = 30cm 
d = 25cm 


Determine if there is any limit or dead positions for the linkage. 


. *% Limit position determination. 


Explain how we may be able to determine the limit positions of a 
four-bar linkage by the following condition. 


. Two possible configurations for a slider-crank mechanism. 


Consider a slider-crank mechanism with the following links. 


= 10cm 
b = 45cm 
e = 0 


If 62 = 30 deg what would be angle 63 and position of the slides s for 
a convex configuration? 


. Angular velocity and acceleration of the slider of a slider-crank mech- 
anism. 


Consider a slider-crank mechanism with the following links. 


a = 10cm 
b = 45cm 
e = 0 


Determine the angular velocity and acceleration of the slider at 02 = 
30 deg if w2 = 27 rad/s and ag = 0.27 rad/s?. 


. Quick return time. 


Consider a slider-crank mechanism with the following links. 


a = 10cm 
= 45cm 
e = 38cm 


Determine the difference time between go and return half cycle of the 
slider motion if w2 = 2mrad/s. 
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10. Two possible configurations for an inverted slider-crank mechanism. 


Consider an inverted slider-crank mechanism with the following links. 


a = 10cm 
d = 45cm 
e = 5cm 


If 62 = 30 deg, what would be the angle 63 and position of the slides 
b? 
11. Instant center of rotation. 


Find the instant center of rotations for the 6-bar linkage shown in 
Figure 6.48. 


FIGURE 6.48. A 6-bar linkage. 


12. A coupler point of a four-bar linkage. 


Consider a four-bar linkage with the following links 


a = 10cm 
b = 25cm 
c = 30cm 

= 25cm 


and a coupler point with the following parameters. 


10cm 
a = 30deg 


Determine the coordinates of the coupler point if 02 = 30 deg. 


13. A coupler point of a slider-crank mechanism. 
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Consider a slider-crank mechanism with the following parameters. 


a 
b 


ia) 


Cc 


a 


10cm 
45cm 
3cm 

10cm 
30 deg 


Determine the coordinates of the coupler point. 


14. A coupler point of an inverted slider-crank mechanism if 02 = 30 deg. 


Consider an inverted slider-crank mechanism with the following pa- 


rameters. 


a8 


io) 


10cm 
45cm 
d5cm 

10cm 
30 deg 


Determine the coordinates of the coupler point if #2 = 30 deg. 


7 


Steering Dynamics 


To maneuver a vehicle we need a steering mechanism to turn wheels. Steer- 
ing dynamics which we review in this chapter, introduces new requirements 
and challenges. 


7.1 Kinematic Steering 


Consider a front-wheel-steering 4W'S vehicle that is turning to the left, as 
shown in Figure 7.1. When the vehicle is moving very slowly, there is a 
kinematic condition between the inner and outer wheels that allows them 
to turn slip-free. The condition is called the Ackerman condition and is 
expressed by 


cot 6g — cot é; = + (7.1) 


where, 6; is the steer angle of the inner wheel, and 6, is the steer angle 
of the outer wheel. The inner and outer wheels are defined based on the 
turning center O. 


Ri 


FIGURE 7.1. A front-wheel-steering vehicle and the Ackerman condition. 


The distance between the steer axes of the steerable wheels is called the 
track and is shown by w. The distance between the front and real axles 
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FIGURE 7.2. A front-wheel-steering vehicle and steer angles of the inner and 
outer wheels. 


is called the wheelbase and is shown by |. Track w and wheelbase | are 
considered as kinematic width and length of the vehicle. 
The mass center of a steered vehicle will turn on a circle with radius R, 


R= \/a3 +l? cot? 6 (7.2) 


where 6 is the cot-average of the inner and outer steer angles. 


cot 6, + cot 6; 


tom 
2 2 


(7.3) 


The angle 6 is the equivalent steer angle of a bicycle having the same 
wheelbase / and radius of rotation R. 


Proof. To have all wheels turning freely on a curved road, the normal line 
to the center of each tire-plane must intersect at a common point. This is 
the Ackerman condition. 

Figure 7.2 illustrates a vehicle turning left. So, the turning center O is on 
the left, and the inner wheels are the left wheels that are closer to the center 
of rotation. The inner and outer steer angles 6; and 6, may be calculated 
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from the triangles AOAD and AOBC as follows: 


tand; = —— (7.4) 
Ri- + 
2 
l 
tan Oo = SS. (7.5) 
Ry+= 
2 
Eliminating R, 
1 i 
He he re tan 6; 
1 l 
= -= —— 7.6 
2 = tan do 78) 


provides the Ackerman condition (7.1), which is a direct relationship be- 
tween 6; and do. 


cot dg — cot 6; = ; (7.7) 


To find the vehicle’s turning radius R, we define an equivalent bicycle 
model, as shown in Figure 7.3. The radius of rotation R is perpendicular 
to the vehicle’s velocity vector v at the mass center C’. Using the geometry 
shown in the bicycle model, we have 


R = @4+R (7.8) 
cotd6 = aia) 
l 
1 

= 3 (cot di + cot do) (7.9) 


and therefore, 
R=\/a3 +l? cot? 6. (7.10) 


The Ackerman condition is needed when the speed of the vehicle is too 
small, and slip angles are zero. There is no lateral force and no centrifugal 
force to balance each other. The Ackerman steering condition is also called 
the kinematic steering condition, because it is a static condition at zero 
velocity. 

A device that provides steering according to the Ackerman condition 
(7.1) is called Ackerman steering, Ackerman mechanism, or Ackerman geom- 
etry. There is no four-bar linkage steering mechanism that can provide the 
Ackerman condition perfectly. However, we may design a multi-bar linkages 
to work close to the condition and be exact at a few angles. 

Figure 7.4 illustrates the Ackerman condition for different values of w/I. 
The inner and outer steer angles get closer to each other by decreasing w/I. 
| 
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FIGURE 7.3. Equivalent bicycle model for a front-wheel-steering vehicle. 


FIGURE 7.4. Effect of w/l on the Ackerman condition for front-wheel-steering 
vehicles. 
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Example 257 Turning radius, or radius of rotation. 
Consider a vehicle with the following dimensions and steer angle: 


1 = 103.1lin = 2.619m 
w = 61.6in1.565m 
ag = 60in1.524m 
6; = 12deg % 0.209 rad (7.11) 


The kinematic steering characteristics of the vehicle would be 


do = cot? (+ + cot 3) 


= 0.186rad 10.661 deg (7.12) 


1 
Ry = ieot di + sw 


= 516.9in + 13.129m (7.13) 


7 _1 (cotd, + cot 6; 
6 = cot pee ) 


0.19684 rad © 11.278 deg (7.14) 


R = 4/a3+I? cot? 6 


= 520.46in © 13.219 m. (7.15) 


Example 258 w is the front track. 

Most cars have different tracks in front and rear. The track w in the 
kinematic condition (7.1) refers to the front track wy. The rear track has 
no effect on the kinematic condition of a front-wheel-steering vehicle. The 
rear track w, of aFW'S' vehicle can be zero with the same kinematic steering 
condition (7.1). 


Example 259 Space requirement. 

The kinematic steering condition can be used to calculate the space re- 
quirement of a vehicle during a turn. Consider the front wheels of a two-azle 
vehicle, steered according to the Ackerman geometry as shown in Figure 7.5. 


The outer point of the front of the vehicle will run on the maximum radius 
Raz, whereas a point on the inner side of the vehicle at the location of the 
rear axle will run on the minimum radius Rmin. The front outer point has 
an overhang distance g from the front axle. The maximum radius Ryo, is 


Ruta = (Bin + w)? + (I ole 9). (7.16) 
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FIGURE 7.5. The required space for a turning two-axle vehicle. 


Therefore, the required space for turning is a ring with a width AR, which 
is a function of the vehicle’s geometry. 


AR = Ruax — Rmin 
= V(Rinin +w)? + (1+ 9)? — Rin (7.17) 


The required space AR can be calculated based on the steer angle by 
substituting Rmin 


1 
Rmin = Ry — i 
l 
—— al 
tan 6; (ors) 
l 
= —_- Al 
tan dg i or) 
and getting 
AR = aes, Price a (7.20) 
7 tand; 7 tan 6; : 


l : 4 l 
7 I (wte +e) Pe age ve) 
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FIGURE 7.6. A trapezoidal steering mechanism. 


In this erample the width of the car wy and the track w are assumed to 
be equal. The width of vehicles are always greater than their track. 


Wy > Ww (7.22) 


Example 260 Trapezoidal steering mechanism. 

Figure 7.6 illustrates a symmetric four-bar linkage, called a trapezoidal 
steering mechanism, that has been used for more than 100 years. The 
mechanism has two characteristic parameters: angle 3 and offset arm length 
d. A steered position of the trapezoidal mechanism is shown in Figure 7.7 
to illustrate the inner and outer steer angles 6; and bo. 

The relationship between the inner and outer steer angles of a trapezoidal 
steering mechanism is 


sin (8 + 6;) + sin (8 — 60) 


= %44/(%—2sina)’ — (cos(8 — 64) cos (8+)? (7.28) 


To prove this equation, we examine Figure 7.8. In the triangle AABC 
we can write 


(w—2dsin8)? = (w—dsin(6+6;) —dsin (6 —6,))? 
+ (dcos (8 — 59) — dcos (8 + 6;))* (7.24) 


and derive Equation (7.23) with some manipulation. 

The functionality of a trapezoidal steering mechanism, compared to the 
associated Ackerman condition, is shown in Figure 7.9 for x = 2.4m % 
7.87ft andd = 0.4m & 1.3ft. The horizontal axis shows the inner steer 
angle and the vertical axis shows the outer steer angle. It depicts that for 
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FIGURE 7.7. Steered configuration of a trapezoidal steering mechanism. 
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FIGURE 7.8. Trapezoidal steering triangle ABC. 
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FIGURE 7.9. Behavior of a trapezoidal steering mechanism, compared to the 
associated Ackerman mechanism. 


a given l and w, a mechanism with 8 = 10 deg is the best simulator of an 
Ackerman mechanism if 6; < 50 deg. 

To examine the trapezoidal steering mechanism and compare it with the 
Ackerman condition, we define an error parameter e = 0p, —64,. The error 
e is the difference between the outer steer angles calculated by the trapezoidal 
mechanism and the Ackerman condition at the same inner steer angle 6;. 


e = Nby 
= d6p,—4a, (7.25) 


Figure 7.10 depicts the error e for a sample steering mechanism using the 
angle 3 as a parameter. 


Example 261 * Locked rear azle. 

Sometimes in a simple design of vehicles, we eliminate the differential 
and use a locked rear azle in which no relative rotation between the left and 
right wheels is possible. Such a simple design is usually used in toy cars, or 
small off-road vehicles such as a mini Baja. 

Consider the vehicle shown in Figure 7.2. In a slow left turn, the speed 
of the inner rear wheel should be 


w 
Uri, = (2: = =) r= Ry Wri (7.26) 
and the speed of the outer rear wheel should be 
w 
Ure = (2: + =) r= RyWro (7.27) 


where, r is the yaw velocity of the vehicle, Ry is rear wheels radius, and 
Wri, Wro Should be the angular velocity of the rear inner and outer wheels 
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FIGURE 7.10. The error parameter e = 6p, — 6a, for a sample trapezoidal 
steering mechanism. 


about their common azle. If the rear azle is locked, we have 
Wri = Weg =W (7.28) 


however, 


Re Aa (7.29) 
2 2 


which shows it is impossible to have a locked azle for a nonzero w. 

Turning with a locked rear axle reduces the load on the inner wheels and 
makes the rear inner wheel overcome the friction force and spin. Hence, 
the traction of the inner wheel drops to the maximum friction force under 
a reduced load. However, the load on the outer wheels increases and hence, 
the friction limit of the outer wheel helps to have higher traction force on 
the outer rear wheel. 

Eliminating the differential and using a locked drive aale is an impractical 
design for street cars. However, it can be an acceptable design for small 
and light cars moving on dirt or slippery surfaces. It reduces the cost and 
simplifies the design significantly. 

In a conventional two-wheel-drive motor vehicle, the rear wheels are 
driven using a differential, and the vehicle is steered by changing the di- 
rection of the front wheels. With an ideal differential, equal torque is de- 
livered to each drive wheel. The rotational speed of the drive wheels are 
determined by the differential and the tire-road characteristics. However, 
a vehicle using a differential has disadvantages when one wheel has lower 
traction. Differences in traction characteristics of each of the drive wheels 
may come from different tire-road characteristics or weight distribution. 
Because a differential delivers equal torque, the wheel with greater tractive 
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FIGURE 7.11. A rear-wheel-steering vehicle. 


ability can deliver only the same amount of torque as the wheel with the 
lower traction. The steering behavior of a vehicle with a differential is rela- 
tively stable under changing tire-road conditions. However, the total thrust 
may be reduced when the traction conditions are different for each drive 
wheel. 


Example 262 *% Rear-wheel-steering. 
Rear-wheel-steering is used where high maneuverability is a necessity on 
a low-speed vehicle, such as forklifts. Rear-wheel-steering is not used on 
street vehicles because it is unstable at high speeds. The center of rotation 
for a rear-wheel-steeringe vehicle is always a point on the front axle. 
Figure 7.11 illustrates a rear-wheel-steering vehicle. The kinematic steer- 
ing condition (7.1) remains the same for a rear-wheel steering vehicle. 


cot dg — cot d; = ; (7.30) 
Example 263 * Alternative kinematic steer angles equation. 

Consider a rear-wheel-drive vehicle with front steerable wheels as shown 
in Figure 7.12. Assume that the front and rear tracks of the vehicle are 
equal and the drive wheels are turning without slip. If we show the angular 
velocities of the inner and outer drive wheels by w; and wo, respectively, 
the kinematical steer angles of the front wheels can be expressed by 


tan! (< (22 < 1)) (7.31) 
tan! (< (1 = =)) (7.32) 


3% 


bo 
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FIGURE 7.12. Kinematic condition of a FWS vehicle using the angular velocity 
of the inner and outer wheels. 
To prove these equations, we may start from the following equation, which 


is the non-slipping condition for the drive wheels: 


eine = eine (7.33) 
Rit > Ry - z 


Equation (7.33) can be rearranged to 


& Rit 5 
=e = = 4p" (7.34) 
Wy Ry =/ 3 


and substituted in Equations (7.31) and (7.82) to reduce them to Equations 


(7.4) and (7.5). 
The equality (7.33) is the yaw rate of the vehicle, which is the vehicle’s 


angular velocity about the center of rotation. 


Ru we = Rw a (7.35) 


r= 
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FIGURE 7.13. Kinematic steering condition for a vehicle with different tracks in 
the front and in the back. 


Example 264 *% Unequal front and rear tracks. 

It is possible to design a vehicle with different tracks in the front and 
rear. It is a common design for race cars, which are usually equipped with 
wider and larger rear tires to increase traction and stability. For street cars 
we use the same tires in the front and rear, however, it is common to have 
a few centimeters of larger track in the back. Such a vehicle is illustrated 
in Figure 7.18. 

The angular velocity of the vehicle is 


ae “i (7.36) 
Ry+ > Ry - 2 
and the kinematic steer angles of the front wheels are 
21 (o) a 
6. Sg — re (7.37) 
We (Wo — Wi) + Wr (Wo + wi) 
21 = Wj; 
eee get (7.38) 
We (Wo — Wi) + Wr (Wo + wi) 


To show these equations, we should find R, from Equation (7.36) 


Ri = ile Te (7.39) 


2 Wo — Wj 
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and substitute it in the following equations. 


tand; = ——- (7.40) 
Rea 
2 
l 
tad, = ———= (7.41) 
r+ 


In the above equations, wy is the front track, w, is the rear track, and Ry 
is the wheel radius. 


Example 265 * Independent rear-wheel-drive. 

For some special-purpose vehicles, such as moon rovers and autonomous 
mobile robots, we may attach each drive wheel to an independently con- 
trolled motor to apply any desired angular velocity. Furthermore, the steer- 
able wheels of such vehicles are able to turn more than 90deg to the left 
and right. Such a vehicle is highly maneuverable at a low speed. 

Figure 7.14 illustrates the advantages of such a steerable vehicle and its 
possible turnings. Figures 7.14 (a)-(c) illustrate forward maneuvering. The 
arrows by the rear wheels, illustrate the magnitude of the angular velocity 
of the wheel, and the arrows on the front wheels illustrate the direction of 
their motion. The maneuvering in backward motion is illustrated in Figures 
7.14(d)-(f). Having such a vehicle allows us to turn the vehicle about any 
point on the rear axle including the inner points. In Figure 7.14(g) the 
vehicle is turning about the center of the rear right wheel, and in Figure 
7.14(h) about the center of the rear left wheel. Figure 7.14(i) illustrates a 
rotation about the center point of the rear aale. 

In any of the above scenarios, the steer angle of the front wheels should 
be determined using a proper equation, such as (7.40) and (7.41). The ratio 
of the outer to inner angular velocities of the drive wheels wo/w; may be 
determined using either the outer or inner steer angles. 


} 
wi «0 (wp + wy) — 21 ee) 
Wo Oj (we t+u,)+2l 
w, 6; (wy — wr) + 21 es) 


Example 266 * Race car steering. 

The Ackerman or kinematic steering is a correct condition when the turn- 
ing speed of the vehicle is slow. When the vehicle turns fast, significant 
lateral acceleration is needed, and therefore, the wheels operate at high slip 
angles. Furthermore, the loads on the inner wheels will be much lower than 
the outer wheels. Tire performance curves show that by increasing the wheel 
load, less slip angle is required to reach the peak of the lateral force. Un- 
der these conditions the inner front wheel of a kinematic steering vehicle 
would be at a higher slip angle than required for maximum lateral force. 


FIGURE 7.14. A highly steerable vehicle. 
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FIGURE 7.15. By increasing the speed at a turn, parallel or reverse steering is 
needed instead of Ackerman steering. 


Therefore, the inner wheel of a vehicle in a high speed turn must operate 
at a lower steer angle than kinematic steering. Reducing the steer angle of 
the inner wheel reduces the difference between steer angles of the inner and 
outer wheels. 

For race cars, it is common to use parallel or reverse steering. Ackerman, 
parallel, and reverse Ackerman steering are illustrated in Figure 7.15. 

The correct steer angle is a function of the instant wheel load, road condi- 
tion, speed, and tire characteristics. Furthermore, the vehicle must also be 
able to turn at a low speed under an Ackerman steering condition. Hence, 
there is no ideal steering mechanism unless we control the steer angle of 
each steerable wheel independently using a smart system. 


Example 267 ¥* Speed dependent steering system. 

There is a speed adjustment idea that says it 1s better to have a harder 
steering system at high speeds. This idea can be applied in power steering 
systems to make them speed dependent, such that the steering be heavily 
assisted at low speeds and lightly assisted at high speeds. The idea is sup- 
ported by this fact that the drivers might need large steering for parking, 
and small steering when traveling at high speeds. 


Example 268 *% Ackerman condition history. 

Correct steering geometry was a major problem in the early days of car- 
riages, horse-drawn vehicles, and cars. Four- or siz-wheel cars and car- 
riages always left rubber marks behind. This is why there were so many 
three-wheeled cars and carriages in the past. The problem was making a 
mechanism to give the inner wheel a smaller turning radius than the out- 
side wheel when the vehicle was driven in a circle. 

The required geometric condition for a front-wheel-steering four-wheel- 
carriage was introduced in 1816 by George Langensperger in Munich, Ger- 
many. Langensperger’s mechanism is illustrated in Figure 7.16. 

Rudolf Ackerman met Langensperger and saw his invention. Ackerman 
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FIGURE 7.16. Langensperger invention for the steering geometry condition. 


acted as Langensperger’s patent agent in London and introduced the in- 
vention to British carriage builders. Car manufacturers have been adopting 
and improving the Ackerman geometry for their steering mechanisms since 
1881. 

The basic design of vehicle steering systems has changed little since the 
invention of the steering mechanism. The driver’s steering input is trans- 
mitted by a shaft through some type of gear reduction mechanism to generate 
steering motion at the front wheels. 


7.2 Vehicles with More Than Two Axles 


If a vehicle has more than two axles, all the axles, except one, must be 
steerable to provide slip-free turning at zero velocity. When an n-axle ve- 
hicle has only one non-steerable axle, there are n — 1 geometric steering 
conditions. A three-axle vehicle with two steerable axles is shown in Figure 
7.17. 

To indicate the geometry of a multi-axle vehicle, we start from the front 
axle and measure the longitudinal distance a; between axle 7 and the mass 
center C’. Hence, a; is the distance between the front axle and C, and ag is 
the distance between the second axle and C’. Furthermore, we number the 
wheels in a clockwise rotation starting from the driver’s wheel as number 
1. 

For the three-axle vehicle shown in Figure 7.17, there are two indepen- 
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FIGURE 7.17. Steering of a three-axle vehicle. 
dent Ackerman conditions: 
w 
cot dg —cotd, = 7.44 
5 : a, + a3 ( ) 
cot 63 — cotdg = = (7.45) 
: SS peas: : 


Example 269 A siz-wheel vehicle with one steerable axle. 

When a multi-azle vehicle has only one steerable axle, slip-free rotation is 
impossible for the non-steering wheels. The kinematic length or wheelbase 
of the vehicle is not clear, and it is not possible to define an Ackerman 
condition. Strong wear occurs for the tires, especially at low speeds and large 
steer angles. Hence, such a combination is not recommended. However, in 
case of a long three-aale vehicle with two nonsteerable azles close to each 
other, an approximated analysis is possible for low-speed steering. 

Figure 7.18 illustrates a siz-wheel vehicle with only one steerable axle in 
front. We design the steering mechanism such that the center of rotation O 
is on a lateral line, called the midline, between the couple rear axles. The 
kinematic length of the vehicle, 1, is the distance between the front azle and 
the midline. For this design we have 


w 
cot 6, — cotd; = — 


(7.46) 
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FIGURE 7.18. A six-wheel vehicle with one steerable axle in front. 


and 


Ry 


W 
lcotd, - — 
cot 6 5 


I 


Leot 6; + 5) (7.47) 


The center of the front axle and the mass center of the vehicle are turning 
about O by radit Ry and R. 


Ry (7.48) 


(7.49) 


_1 43 — a2 
cos { tan~ 
(a SF) 


If the radius of rotation is large compared to the wheelbase, we may approz- 
imate Equations (7.48) and (7.49). 


(7.50) 
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FIGURE 7.19. A self-steering axle mechanism for locomotive wagons. 


rs (7.51) 
eed (eka 
(Sa) 
l 
R, = = (cotd, + cot d;) (7.52) 


2 


To avoid strong wear, it is possible to lift an axle when the vehicle is 
not carrying heavy loads. For such a vehicle, we may design the steering 
mechanism to follow an Ackerman condition based on a wheelbase for the 
non-lifted arle. However, when this vehicle is carrying a heavy load and 
using all the aales, the liftable arle encounters huge wear in large steer 
angles. 

Another option for multi-azle vehicles is to use self-steering wheels 
that can adjust themselves to minimize sideslip. Such wheels cannot provide 
lateral force, and hence, cannot help in maneuvers very much. Self-steering 
wheels may be installed on buggies and trailers. Such a self-steering aale 
mechanism for locomotive wagons is shown in Figure 7.19. 


7.3. ¥ Vehicle with Trailer 


If a four-wheel vehicle has a trailer with one axle, it is possible to derive a 
kinematic condition for slip-free steering. Figure 7.20 illustrates a vehicle 
with a one-axle trailer. The mass center of the vehicle is turning on a circle 
with radius R, while the trailer is turning on a circle with radius R;. 


1 \2 

R, = V(° cot 6; + 5") + b? — b3 (7.53) 
1 \2 

Ro = (: cot do — 5") + b? — 3 (7.54) 


At a steady-state condition, the angle between the trailer and the vehicle 
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FIGURE 7.20. A vehicle with a one-axle trailer. 


is 


1 
2tan7! ; ; (Ri JRE T+e)| by — by £0 
5 es 7) 


(7.55) 
1 
2tan~! oR, (by + bo) b; — bg = 0 
t 


Proof. Using the right triangle AOAB in Figure 7.20, we may write the 
trailer’s radius of rotation as 


R, = 1/R? +0? - 2 (7.56) 
because the length OB is 


OB = R?+b3 
= Ri+0?. (7.57) 


Substituting R, from Equation (7.6) shows that the trailer’s radius of ro- 
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FIGURE 7.21. Two possible angle @ for a set of (Rz, b1, b2). 


tation is related to the vehicle’s geometry by 


1 \2 

Ri = (: cot 6; + 5”) + b? — b3 (7.58) 
Pe 

ie = (: cot bo — 5") + b? — 2 (7.59) 

Ry = \/R?- a3 +0 - 02. (7.60) 


Using the equation 
Risin @ = by + be cos 8 (7.61) 


and employing trigonometry, we may calculate the angle @ between the 
trailer and the vehicle as (7.55). 

The minus sign, in case b; — bg # 0, is the usual case in forward motion, 
and the plus sign is a solution associated with a backward motion. Both 
possible configuration 0 for a set of (R:,b1,b2) are shown in Figure 7.21. 
The 0 is called a jackknifing configuration. 
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Example 270 * Two possible trailer-vehicle angles. 
Consider a four-wheel vehicle that is pulling a one-azle trailer with the 


following dimensions: 


1 = 103.lin = 2.619m 
w = 61.6in1.565m 
b, = 24inx+0.6lm 
bo = 90in & 2.286 m 
6; = 12deg = 0.209 rad 


The kinematic steering characteristics of the vehicle would be 


55 = cot! (++ 


cot 6i) 


= 0.186rad = 10.661 deg 


1 \2 
Rp = (toot 5: + Sw) +b? — b2 


= 509.57in ¥ 12.943 m 


1 
R, = lceotd;+ -w 


2 
= 516.9ins 


2 


13.129 m 


te eget Geo) 


= 0.19684rad = 11.278d 


R = 4/a3+l? cot? 6 


= 520.46in = 13.219m 


1 
_ me 4 
6 = 2tan lim Gz 


eg 


: Re) 


2 —3.0132 rad = —172.64 deg 
7 0.22121 rad = 12.674 deg 


Example 271 % Space requirement. 


401 


(7.62) 


(7.63) 


(7.64) 


(7.65) 


(7.66) 


(7.67) 


(7.68) 


The kinematic steering condition can be used to calculate the space re- 
quirement of a vehicle with a trailer during a turn. Consider that the front 
wheels of a two-aale vehicle with a trailer are steered according to the Ack- 


erman geometry, as shown in Figure 7.22. 


The outer point of the front of the vehicle will run on the maximum radius 
Ryutax, whereas a point on the inner side of the wheel at the trailer’s rear 
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FIGURE 7.22. A two-axle vehicle with a trailer is steered according to the Ack- 
erman condition. 


azle will run on the minimum radius Rmin. The maximum radius Ryax is 


2: 
Ryras = (A: ae =) + (1+9)° (7.69) 


where 


Ry = y/(Rinin + ws)? +03 — BR. (7.70) 
and the width of the vehicle is shown by wy. 
The required space for turning the vehicle and trailer is a ring with a 
width AR, which is a function of the vehicle and trailer geometry. 


AR = Rutaz — Rmin (7.71) 


The required space AR can be calculated based on the steer angle by 
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substituting Rmin 


i 
Rnin = Ry pws 


iat 1 
= leot ds + 50) + by — by — Swe 


|e eae ae eee 
= bcot do — sw + by — by — swe 


1 
= /R-a2+4-B- 5. (7.72) 


7.4 Steering Mechanisms 


A steering system begins with the steering wheel or steering handle. The 
driver’s steering input is transmitted by a shaft through a gear reduction 
system, usually rack-and-pinion or recirculating ball bearings. The steering 
gear output goes to steerable wheels to generate motion through a steering 
mechanism. The lever, which transmits the steering force from the steering 
gear to the steering linkage, is called Pitman arm. 

The direction of each wheel is controlled by one steering arm. The steer- 
ing arm is attached to the steerable wheel hub by a keyway, locking taper, 
and a hub. In some vehicles, it is an integral part of a one-piece hub and 
steering knuckle. 

To achieve good maneuverability, a minimum steering angle of approxi- 
mately 35 deg must be provided at the front wheels of passenger cars. 

A sample parallelogram steering mechanism and its components are 
shown in Figure 7.23. The parallelogram steering linkage is common on in- 
dependent front-wheel vehicles. There are many varieties of steering mech- 
anisms each with some advantages and disadvantages. 


Example 272 Steering ratio. 

The Steering ratio is the rotation angle of a steering wheel divided by 
the steer angle of the front wheels. The steering ratio of street cars is around 
10:1 steering ratio of race cars varies between 5:1 to 20:1. 

The steering ratio of Ackerman steering is different for inner and outer 
wheels. Furthermore, it has a nonlinear behavior and is a function of the 
wheel angle. 


Example 273 Rack-and-pinion steering. 

Rack-and-pinion is the most common steering system of passenger cars. 
Figure 7.24 illustrates a sample rack-and-pinion steering system. The rack 
is either in front or behind the steering azle. The driver’s rotary steering 
command 6g is transformed by a steering box to translation ur = ur (ds) 
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FIGURE 7.23. A sample parallelogram steering linkage and its components. 
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FIGURE 7.24. A rack-and-pinion steering system. 
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of the racks, and then by the drag links to the wheel steering 6; = 6; (ur), 
Jo = 00 (ur). The drag link is also called the tie rod. 

The overall steering ratio depends on the ratio of the steering box and on 
the kinematics of the steering linkage. 


Example 274 Lever arm steering system. 

Figure 7.25 ilustrates a steering linkage that sometimes is called a lever 
arm steering system. Using a lever arm steering system, large steering an- 
gles at the wheels are possible. This steering system is used on trucks with 
large wheel bases and independent wheel suspension at the front aale. The 
steering box and triangle can also be placed outside of the azle’s center. 


Example 275 Drag link steering system. 

It is sometimes better to send the steering command to only one wheel 
and connect the other one to the first wheel by a drag link, as shown in 
Figure 7.26. Such steering linkages are usually used for trucks and busses 
with a front solid axle. The rotations of the steering wheel are transformed 
by a steering box to the rotation of the steering arm and then to the rotation 


7. Steering Dynamics 405 


ce 


FIGURE 7.25. A lever arm steering system. 
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FIGURE 7.26. A drag link steering system. 


of the left wheel. A drag link transmits the rotation of the left wheel to the 
right wheel. 

Figure 7.27 shows a sample for connecting a steering mechanism to the 
Pitman arm of the left wheel and using a trapezoidal linkage to connect the 
right wheel to the left wheel. 


Example 276 Multi-link steering mechanism. 

In busses and big trucks, the driver may sit more than 2m =% 7 ft in front 
of the front arle. These vehicles need large steering angles at the front wheels 
to achieve good maneuverability. So a more sophisticated multi-link steering 
mechanism needed. A sample multi-link steering mechanism is shown in 
Figure 7.28. 

The rotations of the steering wheel are transformed by the steering box to 
a steering lever arm. The lever arm is connected to a distributing linkage, 
which turns the left and right wheels by a long tire rod. 


Example 277 * Reverse efficiency. 

The ability of the steering mechanism to feedback the road inputs to the 
driver is called reverse efficiency. Feeling the applied steering torque or 
aligning moment helps the driver to make smoother turn. 

Rack-and-pinion and recirculating ball steering gears have a feedback of 
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FIGURE 7.27. Connection of the Pitman arm to a trapezoidal steering mecha- 
nism. 


FIGURE 7.28. A multi-link steering mechanism. 
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the wheels steering torque to the driver. However, worm and sector steering 
gears have very weak feedback. Low feedback may be desirable for off-road 
vehicles, to reduce the driver’s fatigue. 

Because of safety, the steering torque feedback should be proportional to 
the speed of the vehicle. In this way, the required torque to steer the vehicle 
is higher at higher speeds. Such steering prevents a sharp and high steer 
angle. A steering damper with a damping coefficient increasing with speed 
is the mechanism that provides such behavior. A steering damper can also 
reduce shimmy vibrations. 


Example 278 *% Power steering. 

Power steering has been developed in the 1950s when a hydraulic power 
steering assist was first introduced. Since then, power assist has become a 
standard component in automotive steering systems. Using hydraulic pres- 
sure, supplied by an engine-driven pump, amplifies the driver-applied torque 
at the steering wheel. As a result, the steering effort is reduced. 

In recent years, electric torque amplifiers were introduced in automotive 
steering systems as a substitute for hydraulic amplifiers. Electrical steer- 
ing eliminates the need for the hydraulic pump. Electric power steering is 
more efficient than conventional power steering, because the electric power 
steering motor needs to provide assistance when only the steering wheel is 
turned, whereas the hydraulic pump runs constantly. The assist level is also 
tunable by vehicle type, road speed, and driver preference. 


Example 279 Bump steering. 

The steer angle generated by the vertical motion of the wheel with re- 
spect to the body is called bump steering. Bump steering is usually an 
undesirable phenomenon and is a function of the suspension and steering 
mechanisms. If the vehicle has a bump steering character, then the wheel 
steers when it runs over a bump or when the vehicle rolls in a turn. As a 
result, the vehicle will travel in a path not selected by the driver. 

Bump steering occurs when the end of the tie rod is not at the instant 
center of the suspension mechanism. Hence, in a suspension deflection, the 
suspension and steering mechanisms will rotate about different centers. 


Example 280 * Offset steering azis. 

Theoretically, the steering axis of each steerable wheel must vertically go 
through the center of the wheel at the tire-plane to minimize the required 
steering torque. Figure 7.27 is an example of matching the center of a wheel 
with the steering axis. However, it is possible to attach the wheels to the 
steering mechanism, using an offset design, as shown in Figure 7.29. 

Figure 7.80 depicts a steered trapezoidal mechanism with an offset wheel 
attachment. The path of motion for the center of the tireprint for an offset 
design is a circle with radius e equal to the value of the offset arm. Such 
a design is not recommended for street vehicles, especially because of the 
huge steering torque in stationary vehicle. However, the steering torque 
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FIGURE 7.29. An offset design for wheel attachment to an steering mechanism. 


Path of motion for the center 
of the tireprint 


FIGURE 7.30. Offset attachment of steerable wheels to a trapezoidal steering 
mechanism. 
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FIGURE 7.31. A positive four-wheel steering vehicle. 


reduces dramatically to an acceptable value when the vehicle is moving. 
Furthermore, an offset design sometimes makes more room to attach the 
other devices, and simplifies manufacturing. So, it may be used for small 
off-road vehicles, such as a mini Baja, and toy vehicles. 


7.5 %& Four wheel steering. 


At very low speeds, the kinematic steering condition that the perpendicular 
lines to each tire meet at one point, must be applied. The intersection point 
is the turning center of the vehicle. 

Figure 7.31 illustrates a positive four-wheel steering vehicle, and Fig- 
ure 7.32 illustrates a negative 4WS vehicle. In a positive 4W'S situation 
the front and rear wheels steer in the same direction, and in a negative 
4W'S situation the front and rear wheels steer opposite to each other. The 
kinematic condition between the steer angles of a 4W'S' vehicle is 

Wf Wry Cot dof — cot dif 


cot dgf — cot df = — — 


l 1 cot dor — cot dj> on) 


where, wy and w;, are the front and rear tracks, d;f and dof are the steer 
angles of the front inner and outer wheels, 6;, and do, are the steer angles 
of the rear inner and outer wheels, and / is the wheelbase of the vehicle. 
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FIGURE 7.32. A negative four-wheel steering vehicle. 


We may also use the following more general equation for the kinematic 
condition between the steer angles of a 4W'S vehicle 
wr Wr Cot dry — cotd fy 
aA fas eas ara aT (7.74) 
where, 67; and dy, are the steer angles of the front left and front right 
wheels, and 6, and 6,,; are the steer angles of the rear left and rear right 
wheels. 

If we define the steer angles according to the sign convention shown in 
Figure 7.33 then, Equation (7.73) expresses the kinematic condition for 
both, positive and negative 4W'S' systems. Employing the wheel coordinate 
frame (2, Yw; Zw), we define the steer angle as the angle between the vehicle 
x-axis and the wheel x,,-axis, measured about the z-axis. Therefore, a steer 
angle is positive when the wheel is turned to the left, and it is negative when 
the wheel is turned to the right. 


Proof. The slip-free condition for wheels of a 4W'S in a turn requires that 
the normal lines to the center of each tire-plane intersect at a common 
point. This is the kinematic steering condition. 

Figure 7.34 illustrates a positive 4WS vehicle in a left turn. The turning 
center O is on the left, and the inner wheels are the left wheels that are 
closer to the turning center. The longitudinal distance between point O 
and the axles of the car are indicated by c,, and cz measured in the body 
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(Positive steer angle) 


(Negative steer angle) 


FIGURE 7.33. Sign convention for steer angles. 


coordinate frame. 


The front inner and outer steer angles 4;¢, d,¢ may be calculated from 
the triangles AOAE and AOBF, while the rear inner and outer steer 
angles 6j,, 69, may be calculated from the triangles AODG and AOCH 


as follows. 
tan if 
tan dof 
tan Oj, 
tan dor 
Eliminating R, 
Ry = 


tan uF 
C1 
tan dof 


(7.75) 


(7.76) 


(7.77) 


(7.78) 


(7.79) 


(7.80) 
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FIGURE 7.34. Illustration of a negative four-wheel steering vehicle in a left turn. 


between (7.75) and (7.76) provides the kinematic condition between the 
front steering angles 6; and dof. 


Ue. 


cot dof — cot d;f = — (7.81) 
Cy 
Similarly, we may eliminate R, 
fe Se (7.82) 
ee eT ae : 
1 C2 
—5Ur + fade (7.83) 


between (7.77) and (7.78) to provide the kinematic condition between the 
rear steering angles 6;, and dor. 


cot dor — cot dj, = ae (7.84) 
C2 


Using the following constraint 


Cy — C2 > l (7.85) 
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FIGURE 7.35. Illustration of a positive four-wheel steering vehicle in a left turn. 


we may combine Equations (7.81) and (7.84) 


wr Wr _ 
cot dof — cot djp COD op — COt Dip 


l (7.86) 


to find the kinematic condition (7.73) between the steer angles of the front 
and rear wheels for a positive 4W'S' vehicle. 

Figure 7.35 illustrates a negative 4W'S vehicle in a left turn. The turning 
center O is on the left, and the inner wheels are the left wheels that are 
closer to the turning center. The front inner and outer steer angles dif, dof 
may be calculated from the triangles AOAE and AOBF, while the rear 
inner and outer steer angles 6;,, d9- may be calculated from the triangles 
AODG and AOCH as follows. 


tandip = on (7.87) 
I~ > 
Cy 
tandop = ——ap (7.88) 
Ra 


2 
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—tandy = — Ap (7.89) 
Ri - oe 
—tando, = — A (7.90) 
Ri + 
2 
Eliminating R, 
1 C1 
Ry = = 7.91 
: gt $ tan dif ( ) 
Cy 
= -= 7.92 
el i tan of ( ) 


between (7.87) and (7.88) provides the kinematic condition between the 
front steering angles 6;f and dof. 


cot dof — cot dif = — (7.93) 
1 


Similarly, we may eliminate R; 


1 
Ry = x <Wr+ 


.94 
2 tan Ojp a 2 ) 

— C2 
eae ere a ee) 


between (7.89) and (7.90) to provide the kinematic condition between the 
rear steering angles 6;, and dor. 
cot dor — cot dj, = =o (7.96) 
c2 


Using the following constraint 
ci — cg = l (7.97) 
we may combine Equations (7.93) and (7.96) 


wr Wr Hi 
cot dof — cot djp — COtDop — COt Dip 


(7.98) 


to find the kinematic condition (7.73) between the steer angles of the front 
and rear wheels for a negative 4W'S' vehicle. 

Using the sign convention shown in Figure 7.33, we may re-examine Fig- 
ures 7.35 and 7.34. When the steer angle of the front wheels are positive 
then, the steer angle of the rear wheels are negative in a negative 4WS 
system, and are positive in a positive 4WS system. Therefore, Equation 
(7.74) 
wr Wr Cot dry — cot dey 

l 1 cotd,. — cot 6,1 


cot dr — cot dy, = (7.99) 
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can express the kinematic condition for both, positive and negative 4WS 
systems. Similarly, the following equations can uniquely determine c, and 
c2 regardless of the positive or negative 4W'S' system. 
Wt 
1 cot dp, — cot dy: oy) 
Wr 
co 2 Sage Opp — COb Op (Gt0n) 
Four-wheel steering or all wheel steering AWS may be applied on ve- 
hicles to improve steering response, increase the stability at high speeds 
maneuvering, or decrease turning radius at low speeds. A negative 4WS 
has shorter turning radius R than a front-wheel steering FWS vehicle. 
For a FW vehicle, the perpendicular to the front wheels meet at a 
point on the extension of the rear axle. However, for a 4W'S' vehicle, the 
intersection point can be any point in the xy plane. The point is the turning 
center of the car and its position depends on the steer angles of the wheels. 
Positive steering is also called same steer, and a negative steering is also 
called counter steer. 


Example 281 *% Steering angles relationship. 
Consider a car with the following dimensions. 


1 = 2.8m 
wr = 135m 
wr = 14m (7.102) 


The set of equations (7.75)-(7.78) which are the same as (7.87)-(7.90) must 
be used to find the kinematic steer angles of the tires. Assume one of the 
angles, such as 

dif = 15 deg (7.103) 


is a known input steer angle. To find the other steer angles, we need to know 
the position of the turning center O. The position of the turning center can 
be determined if we have one of the three parameters cy, C2, Ry. To clarify 
this fact, let’s assume that the car is turning left and we know the value 
of dif. Therefore, the perpendicular line to the front left wheel is known. 
The turning center can be any point on this line. When we pick a point, 
the other wheels can be adjusted accordingly. 

The steer angles for a4WS system is a set of four equations, each with 
two variables. 


dif = dif (c1, Ri) 
Sof = Sof (C1, Fi) 
Sir = Or (co, R) 
Sor = Sor (ca, R,) 
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If c, and Ry are known, we will be able to determine the steer angles d;f, 
Sof, Oir, and dor uniquely. However, a practical situation is when we have 
one of the steer angles, such as dif, and we need to determine the required 
steer angle of the other wheels, dof, Oir, Sor- It can be done if we know cy 
or Ry. 

The turning center is the curvature center of the path of motion. If the 
path of motion is known, then at any point of the road, the turning center 
can be found in the vehicle coordinate frame. 

In this example, let’s assume 


R, =50m (7.108) 


therefore, from Equation (7.75), we have 


cy = (Ri _ <t) tan if 
1.35 T 


Because cy > 1 and 6;¢ > 0 the vehicle is in a positive W'S configuration 
and the turning center is behind the car. 


QQ = cy, — 1 


13.217 — 2.8 = 10.417 m. (7.110) 


Now, employing Equations (7.76)-(7.78) provides the other steer angles. 


4 Cy + _, 18.217 
Oof = tan aoe re uF = tan ale 35 
2 2 
= 0.25513rad = 14.618 deg (7.111) 
10.417 
Oir = tan ‘ 2 UW. ta ot 4 
Ri - = FOS 
2 2 
= 0.20824rad © 11.931 deg (7.112) 
10.41 
dor = tan I = WU. an! e a0 
Rita ee 
2 2 
= 0.20264rad = 11.61 deg (7.113) 


Example 282 * Position of the turning center. 
The turning center of a vehicle, in the vehicle body coordinate frame, is 
at a point with coordinates (xo, yo). The coordinates of the turning center 
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are 
LO = —A2— C2 
Wr 
= -a, —- ————_ 7.114 
a cot dor — cot dj ( ) 
yoo = ki 
1 
1+ = (wy tan d;¢ — w, tan dj) 
= 2 (7.115) 


tan di — tan dir 


Equation (7.115) is found by substituting c, and cy from (7.91) and (7.94) 
in (7.97), and define yo in terms of 6; and 6;,. It is also possible to define 
yo in terms of dof and dor. 

Equations (7.114) and (7.115) can be used to define the coordinates of 
the turning center for both positive and negative IWS systems. 

As an example, let’s examine a car with the following data. 


1 = 2.8m 

wr = 1.35m 

wr, = 14m 

a, = a (7.116) 
dif = 0.26180rad & 15 deg 
Sof = 0.25513 rad & 14.618 deg 
Oj = 0.20824 rad = 11.931 deg 
dor = 0.20264rad = 11.61 deg (7.117) 


and find the position of the turning center. 
Wr 


cot dor — cot dj, 
2.8 1.4 


2 cot 0.20264 — cot 0.20824 _ 


tO = a2 


11.802 m (7.118) 


1 
I+ 5 (wy tand;¢ — w, tan d;,) 


oo. tan jf — tan dj, 


1 
2.8 + 3 (1.35 tan 0.26180 — 1.4 tan 0.20824) 
=. = 50.011 11 
tan 0.26180 — tan 0.20824 se) 
The position of turning center fora FWS vehicle is at 


LQ = —ag 


1 
= = ———. 7.120 
oe Qf 7 tan dif ( ) 
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FIGURE 7.36. A symmetric four-wheel steering vehicle. 


and fora RWS vehicle is at 


TO = AL 
Ss eee (7.121) 
MS ae tan dj, , 


Example 283 * Curvature. 

Consider a road as a path of motion that is expressed mathematically by 
a function Y = f(X), in a global coordinate frame. The radius of curvature 
R,, of such a road at point X is 


14.¥7)9? 
io (7.122) 
where 
a as (7.123) 
2 
Y 
y's = (7.124) 


Example 284 * Symmetric four-wheel steering system. 

Figure 7.36 illustrates a symmetric 4WS vehicle that the front and rear 
wheels steer opposite to each other equally. The kinematic steering condition 
for a symmetric steering is simplified to 

w w 
cot do — cot 6; = an + a (7.125) 
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and c, and cz are reduced to 
1 
q = -l (7.126) 
2 
c@ = —-l. (7.127) 


Example 285  c/c;, ratio. 

Longitudinal distance of the turning center of a vehicle from the front 
axle is cy and from the rear ale is cz. We show the ratio of these distances 
by cs and call it the AWS factor. 


C2 
Cy 
Wr cot O fr — cot OF 


= a a oe 7.128 
wy cot dre — cot dp ( ) 


Cs — 


Cs is negative for a negative AWS vehicle and is positive for a positive 
4WS vehicle. When c, = 0, the car is FWS, and when cs = —oo, the car 
is RWS. A symmetric AWS system has cs = —4. 
Example 286 *% Steering length l.. 
For a4WS vehicle, we may define a steering length |, as 
Ci + C2 l 


l, = ——=—4+2, 
l C1 


ces ; ( ih + te ) (7.129) 


cot dr, — cotd¢, Cot dp, — cot dy 


Steering length 1, is 1 fora FWS car, zero for a symmetric car, and —1 
fora RWS car. When a car has a negative AWS system then, -1 <1, <1, 
and when the car has a positive AWS system then, 1 <I, orl, <—1. The 
case 1 <1, happens when the turning center is behind the car, and the case 
1; < —1 happens when the turning center is ahead of the car. 


Example 287 * FWS and Ackerman condition. 
When a car is FWS vehicle, then the Ackerman condition (7.1) can be 
written as the following equation. 


cot d fr — cot dy) = ; (7.130) 
Writing the Ackerman condition as this equation frees us from checking the 
inner and outer wheels. 


Example 288 * Turning radius. 
To find the vehicle’s turning radius R, we may define equivalent bicycle 
models as shown in Figure 7.87 and 7.38 for positive and negative 4WS 
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FIGURE 7.37. Bicycle model for a positive 4W'S' vehicle. 


vehicles. The radius of rotation R is perpendicular to the vehicle’s velocity 
vector v at the mass center C’. 

Let’s examine the positive 4W S' situation in Figure 7.87. Using the geom- 
etry shown in the bicycle model, we have 


R? = (a2+c)?+R? (7.131) 
cotds = = 
1 
ie (cot d;¢ + cot dof) (7.132) 
and therefore, 
R= (az + cx)” + 2 cot? 55. (7.133) 


Examining Figure 7.88 shows that the turning radius of a negative 4WS 
vehicle can be determined from the same equation (7.183). 


Example 289 * FWS and 4WS comparison. 

The turning center of a FWS car is always on the extension of the rear 
axel, and its steering length |, is always equal to 1. However, the turning 
center of a4WS car can be: 
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FIGURE 7.38. Bicycle model for a negative 4WS vehicle. 


1—- ahead of the front azle, if l, << —1 
2— fora FWS car, if -1<l, <1 or 
3— behind the rear azle, if 1 <I, 


A comparison among the different steering lengths is illustrated in Figure 
7.39. AFWS car is shown in Figure 7.89(a), while the AWS systems with 
I, < -1, -1 < l, < 1, and1 < 1, are shown in Figures 7.89(b)-(d) 
respectively. 


Example 290 *% Passive and active four-wheel steering. 

The negative AWS is not recommended at high speeds because of high yaw 
rates, and the positive steering is not recommended at low speeds because 
of increasing radius of turning. Therefore, to maximize the advantages of 
a 4WS system, we need a smart system to allow the wheels to change 
the mode of steering depending on the speed of the vehicle and adjust the 
steer angles for different purposes. A smart steering is also called active 
steering system. 

An active system may provide a negative steering at low speeds and a 
positive steering at high speeds. In a negative steering, the rear wheels are 
steered in the opposite direction as the front wheels to turn in a significantly 
smaller radius, while in positive steering, the rear wheels are steered in the 
same direction as the front wheels to increase the lateral force. 

When the 4W'S system is passive, there is a constant proportional ratio 
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FIGURE 7.39. A comparison among the different steering lengths. 


between the front and rear steer angles which is equivalent to have a constant 
Cs. 

A passive steering may be applied in vehicles to compensate some vehicle 
tendencies. As an example, ina FWS system, the rear wheels tend to steer 
slightly to the outside of a turn. Such tendency can reduce stability. 


Example 291 * Autodriver. 

Consider a car that is moving on a road, as shown in Figure 7.40. Point 
O indicates the center of curvature of the road at the car’s position. Center 
of curvature of the road is supposed to be the turning center of the car at 
the instant of consideration. 

There is a global coordinate frame G attached to the ground, and a vehicle 
coordinate frame B attached to the car at its mass center C. The z and Z 
axes are parallel and the angle w indicates the angle between X and x azes. 
If (Xo, Yo) are the coordinates of O in the global coordinate frame G then, 
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> X 


FIGURE 7.40. Illustration of a car that is moving on a road at the point that O 
is the center of curvature. 


the coordinates of O in B would be 


Bro = Rew Cro 
x cosw sinw O xX 
y a —sinw cosy 0 Y 
0 0 0 1 0 
X cosw+Y sin 
= Yeosw—Xsiny |. (7.134) 
0 


Having coordinates of O in the vehicle coordinate frame is enough to de- 
termine Ri, c,, and co. 


Ri = Yo 

= Ycos~—Xsinw (7.135) 
C2 = —a2—20 

= Xcos~+Ysinw — ag (7.136) 
cq = ctl 

= Xcosp+Ysiny+a, (7.137) 


Then, the required steer angles of the wheels can be uniquely determined by 
Equations (7.75)-(7.78). 
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It is possible to define a road by a mathematical function Y = f(X) 
in a global coordinate frame. At any point X of the road, the position of 
the vehicle and the position of the turning center in the vehicle coordinate 
frame can be determined. The required steer angles can accordingly be set 
to keep the vehicle on the road and run the vehicle in the correct direction. 
This principle may be used to design an autodriver. 


Example 292 % Curvature equation. 

Consider a vehicle that is moving on a path Y = f(X) with velocity v 
and acceleration a. The curvature & = 1/R of the path that the vehicle is 
moving on 1s 

1 a& 

YR wv 

where, Ap, is the normal component of the acceleration a. The normal com- 
ponent a, is toward the rotation center and is equal to 


(7.138) 


Vv 1 
a, = J x al =< |v x al 
v v 
1 VX oxy 
= —(ayvx — axvy) = = (7.139) 
U 4 /X2 + y2 
and therefore, 
YX XY. VX oxy 1 (7.140) 
SS ————— 88 aaa . 
3/2 x3 ~o\ 3/2 
2 2 2 
aa) (1+ 33) 
2 
However, 
ay  ¥ 
y= a=. 7.141 
x = (7.141) 
CY ae df{Y\1 Yx-XY 
yoo = -|= : - = : 142 
dX? dz () dt (3)3 x3 u ) 


and we find the following equation for the curvature of the path based on 
the equation of the path. 
y” 


= 


7.6 %% Steering Mechanism Optimization 


Optimization means steering mechanism is the design of a system that 
works as closely as possible to a desired function. Assume the Ackerman 
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kinematic condition is the desired function for a steering system. Com- 
paring the function of the designed steering mechanism to the Ackerman 
condition, we may define an error function e to compare the two functions. 
An example for the e function can be the difference between the outer steer 
angles of the designed mechanism 6p, and the Ackerman 6,4, for the same 
inner angle 6;. 

The error function may be the absolute value of the maximum difference, 


e = max |dp, — 6a,| (7.144) 


or the root mean square (RMS) of the difference between the two functions 


se i / (65,28) aa; (7.145) 


in a specific range of the inner steer angle 6. 

The error e, would be a function of a set of parameters. Minimization 
of the error function for a parameter, over the working range of the steer 
angle 6;, generates the optimized value of the parameter. 

The RMS function (7.145) is defined for continuous variables dp, and 
64,. However, depending on the designed mechanism, it is not always pos- 
sible to find a closed-form equation for e. In this case, the error function 
cannot be defined explicitly, and hence, the error function should be evalu- 
ated for n different values of the inner steer angle 6; numerically. The error 
function for a set of discrete values of e is define by 


e= 3 peal (7.146) 


i=l 


The error function (7.145) or (7.146) must be evaluated for different values 
of a parameter. Then a plot for e = e(parameter) can show the trend of 
variation of e as a function of the parameter. If there is a minimum for 
e, then the optimal value for the parameter can be found. Otherwise, the 
trend of the e function can show the direction for minimum searching. 


Example 293 * Optimized trapezoidal steering mechanism. 
The inner-outer angles relationship for a trapezoidal steering mechanism, 
shown in Figure 7.6, is 


sin (8 + 6;) + sin (8 — 60) 


= —+ (% —2sing) — (cas (B — 6.) — e0s (8 + 6%))?. (7.147) 


Comparing Equation (7.147) with the Ackerman condition, 


w 
cot 6, — cot d; = — 


(7.148) 
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we may define an error function 


n 


e= “57 (50, Zhi (7.149) 


i=1 
and search for its minimum to optimize the trapezoidal steering mechanism. 


Consider a vehicle with the dimensions 


w = 24m 
1 = 4.8m. (7.150) 


Let’s optimize a trapezoidal steering mechanism for 
d=0.4m (7.151) 


and use 3 as a parameter. 

A plot of comparison between such a mechanism and the Ackerman con- 
dition, for a set of different 3, is shown in Figure 7.9, and their difference 
Ab, = 6p, — Oa, ts shown in Figure 7.10. 

We may set a value for 8, say 8 = 6deg, and evaluate dp, and 64, at 
n = 100 different values of 6; for a working range such as —40 deg < 46; < 
40 deg. Then, we calculate the associated error function e 


1 100 
_ oe ee 2 
e= 100 X (dp, OA.) (7.152) 


for the specific 8. Now we conduct our calculation again for new values of 
B, such as 8 = 8deg,9deg,---. Figure 7.41 depicts the function e = e(2) 
with a minimum at 6 » 12 deg. 

The geometry of the optimal trapezoidal steering mechanism is shown 
in Figure 7.42(a). The two side arms intersect at point G on their exten- 
sions. For an optimal mechanism, the intersection of point G is at the outer 
side of the rear aale. However, it is recommended to put the intersection 
point at the center of the rear axle and design a near optimal trapezoidal 
steering mechanism. Using the recommendation, it is possible to eliminate 
the optimization process and get a good enough design. Such an estimated 
design is shown in Figure 7.42(b). The angle 8 for the optimal design is 
8B =12.6deg, and for the estimated design is 6 = 13.9 deg. 


Example 294 % There is no exact Ackerman mechanism. 

It is not possible to make a simple steering linkage to work exactly based 
on the Ackerman steering condition. However, it is possible to optimize var- 
ious steering linkages for a working range, to work closely to the Ackerman 
condition, and be exact at a few points. An isosceles trapezoidal linkage is 
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FIGURE 7.41. Error function e = e(@) for a specific trapezoidal steering mecha- 
nism, with a minimum at 8 & 12deg. 


not as exact as the Ackerman steering at every arbitrary turning radius, 
however, it 1s simple enough to be mass produced, and exact enough work 
in street cars. 


Example 295 * Optimization of a multi-link steering mechanism. 
Assume that we want to design a multi-link steering mechanism for a 
vehicle with the following dimensions. 


w = 24m 
1 = 48m (7.153) 
a2 = 0.451 


Due to space constraints, the position of some joints of the mechanism are 
determined as shown in Figure 7.43. However, we may vary the length x 
to design the best mechanism according to the Ackerman condition. 


cot dg — cot d1 = ; = (7.154) 


The steering wheel input 6, turns the triangle PBC which turns both the 
left and the right wheels. 
The vehicle must be able to turn in a circle with radius Ry. 


Rm = 10m (7.155) 
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12.6° 13.9° 
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FIGURE 7.42. The geometry of the optimal trapezoidal steering mechanism and 
the estimated design. 


The minimum turning radius determines the maximum steer angle 6 


Rm = 1fa2+l cot? dy 


10 = (0.45 x 4.8)" + 4.82 cot? dag 
Ou = 0.23713 rad ~ 13.587 deg (7.156) 


where 6 is the cot-average of the inner and outer steer angles. Having R 
and 6 is enough to determine bo and 6;. 


R, = Ilcotdy 
4.8 cot 0.23713 = 19.861 m (7.157) 
l 
é;. = stan? 7 = 0.25176 rad = 14.425deg (7.158) 
Ri - = 
2 
l 
Oe =: vt: ar = 0.22408 rad = 12.839deg — (7.159) 
Ri+— 


2 


Because the mechanism is symmetric, each wheel of the steering mechanism 
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54.6° 


FIGURE 7.43. A multi-link steering mechanism that must be optimized by vary- 
ing x. 


FIGURE 7.44. The multi-link steering is a 6-link mechanism that may be treeted 
as two combined 4-bar linkages. 


in Figure 7.43 must be able to turn at least 14.425deg. To be safe, we try 
to optimize the mechanism for 6 = +15 deg. 

The multi-link steering mechanism is a six-link Watt linkage. Let us di- 
vide the mechanism into two four-bar linkages. The linkage 1 is on the left 
and the linkage 2 is on the right, as shown in Figure 7.44. We may assume 
that MA is the input link of the left linkage and PB is its output link. 
Link PB is rigidly attached to PC, which is the input of the right linkage. 
The output of the right linkage is ND. To find the inner-outer steer angles 
relationship, we need to find the angle of ND as a function of the angle 
of MA. The steer angles can be calculated based on the angle of these two 
links. 


6, = 62—(90— 54.6) deg (7.160) 
62 = y4—(90+4+ 54.6) deg (7.161) 


Figure 7.44 illustrates the link numbers, and the input-output angles of 
the four-bar linkages. The length of the links for the mechanisms are col- 
lected in Table 7.1. 
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54.6° 


FIGURE 7.45. The input and output angles of the two 4-bar linkages. 


Table 7.1 - Link numbers, and the input-output angles 
for the multi-link steering mechanism 
Left linkage 


angle 
180 
z 
by = 1.2 — 0.22 tan 54.6 — 5 O3 
= 0.89043 — 5 
04 


dy, =1.2 


a, = 0.22? + 47/4 
b; = 0.89043 — $ 


C1 = 0.22/ cos 54.6 = 0.37978 


Equation (6.1) that is repeated below, provides the angle 64 as a function 
of Oo 3 


ee (= + JB? a) 


.162 
wi (7.162) 
A J3 = Ji + (1 — Jz) cos A (7.163) 
B = —2sin6, (7.164) 
C Ji + Jz — (1+ J2) cos @2 


(7.165) 


Jy 


J2 


J3 


J4 


Js 
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—bj+q +d; 


2 


24a1C1 


2 2 2 
cj — dt — ay — bj 


2a1b1 


431 
(7.166) 
(7.167) 
(7.168) 
(7.169) 


(7.170) 


The same equation (7.162) can be used to connect the input-output angles 
of the right four-bar linkage. 


_,/-B+tvVB?-4AC 
A = Js— J, +(1— Je) cos Yo 
B = —2sin gs 
C = JIy+J3 — (1+ Je) cos Yo 
i 2 
a2 
d 
Jy = = 
C2 
yp = Br Btar+e 
Be ES 2a2C2 
J, = by 


Js 


(7171) 


(7.172) 
(7.173) 
(7.174) 


(7.175) 
(7.176) 
(7.177) 
(7.178) 


(7.179) 


Starting with a guess value for x, we are able to calculate the length of the 
links. Using Equations (7.162) and (7.171), along with (7.160) and (7.161), 
we calculate 62 for a given value of 61. 

Let’s start with x = 0, then 


ay 


0.37978 m 
0.89043 m 
0.22 m 


0.22 m 
0.89043 m 
0.37978 m. 


(7.180) 


(7.181) 
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Muti-link -— 


57 =5 q [deg] 


FIGURE 7.46. Steer angles 62 and d4c¢ versus 61. 


Using Equations (7.160) and (7.162), we may calculate the output of the 
first four-bar linkage, 04, for a range of the left steer angle —15 deg < 61 < 
15 deg. The following constraint, provides the numerical values for py to be 
used as the input of the right four-bar linkage. 


1 


Po = 04 —2tan™ (7.182) 


x 
0.44 
Then, using Equations (7.171) and (7.162), we can calculate the steer angle 
62 for the right wheel. 

Figure 7.46 depicts the numerical values of the steer angles 62 and b Ac 
versus 61. The angle d4¢ is the steer angle of the right wheel based on the 
Ackerman equation (7.154). 

Having 62 and d4c, we calculate the difference A 


A = 52 -SaAe (7.183) 


for n different values of 6, in the working range angle —15deg < 6; < 
15 deg. Based on the n numbers for A, we may find the error e. 


e= gat (7.184) 


Changing the value of x and recalculating e, results an error function e = 
e(x). 

Figure 7.47 wllustrates the result of the calculation. It shows that the error 
is minimum for « = —0.824m, which is the best length for the base of the 
triangle PBC. 

The behavior of the multi-link steering mechanism for different values 
of x, is shown in Figure 7.48. The Ackerman condition is also plotted to 


e[deg] 
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FIGURE 7.47. Illustration of the error function e = e(z). 
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433 


FIGURE 7.48. The behavior of the multi-link steering mechanism for different 


values of x. 
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FIGURE 7.49. Illustration of the difference A = 62 — 6,4¢ for different values of 
x. 


FIGURE 7.50. The optimal multi-link steering mechanism along with the length 
of its links. 


compare with the optimal multi-link mechanism. The optimality of x = 
—0.824m may be more clear in Figure 7.49 that shows the difference A = 
62 — OAc for different values of x. 

The optimal multi-link steering mechanism along with the length of its 
links is shown in Figure 7.50. The mechanism and the meaning of negative 
value for x are shown in Figure 7.51 where the mechanism is in a positive 
turning position. 


7.7 > Trailer-Truck Kinematics 


Consider a car pulling a one-axle trailer, as shown in Figure 7.52. We 
may normalize the dimensions such that the length of the trailer is 1. The 
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FIGURE 7.51. The optimal multi-link steering mechanism in a positive turning 
position. 


y 


FIGURE 7.52. A car pulling a one-axle trailer. 


positions of the car at the hinge point and the trailer at the center of its 
axle are shown by vectors r and s. 


Assuming r is a given differentiable function of time t, we would like to 
examine the behavior of the trailer by calculating s, and predict jackknifing. 
When the car is moving forward, we say the car and trailer are jackknifed 
if 

r-z<0 (7.185) 
where 


Z=r-s. (7.186) 


A jackknifed configuration is shown in Figure 7.53, while Figure 7.52 is 
showing an unjackknifed configuration. 


Mathematically, we want to know if the truck-trailer will jackknife for a 
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y 


FIGURE 7.53. A jackknifed configuration of a car pulling a one-axle trailer. 


given path of motion r = r(t) and what conditions we must impose on r(t) 
to prevent jackknifing. 
The velocity of the trailer can be expressed by 
$=c(r-—s) (7.187) 
where 
c=f-Z (7.188) 


and the unjackknifing condition is 
c> 0. (7.189) 


Assume the twice continuously differentiable function r is the path of car 
motion. If |z] = 1, and r has a radius of curvature R(t) > 1, and 


r(0)-z(0) >0 (7.190) 
then 

r(t)- z(t) >0 (7.191) 
for all t > 0. 


Therefore, if the car is moving forward and the car-trailer combination 
is not originally jackknifed, then it will remain unjackknifed. 
Proof. The normalized trailer length is 1 and is constant, therefore, z is a 
unit vector 
\z| Ir—s| 
= 1 (7.192) 
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and 
(r—s)-(r—s)=1. (7.193) 


The nonslip wheels of the trailer constrain the vector s such that its velocity 
vector $§ must be directed along the trailer axis indicated by z. 


$ = c(r-s) 
= 2 (7.194) 
Differentiating (7.193) yields 
2(¢—8)-(r—s) = 0 (7.195) 
r-(r—s) = 8s-(r-s) (7.196) 
and therefore, 
t-(r—s) =c(r—s)-(r-s) (7.197) 
c = f-(r-s) 
= éez. (7.198) 


Having c enables us to write Equation (7.194) as 


$ = [F-(r—s)|(r-5) 
= (f-z)z. (7.199) 


There are three situations 


1. When c > 0, the velocity vector of the trailer $ is along the trailer 
axis z. The trailer follows the car and the system is stable. 


2. When c = 0, the velocity vector of the trailer $ is zero. In this case, 
the trailer spins about the center of its axle and the system is neutral- 


stable. 


3. When c < 0, the velocity vector of the trailer $ is along the trailer axis 
—z. The trailer does not follow the car and the system is unstable. 


Using a Cartesian coordinate expression, we may show the car and trailer 
position vectors by 


r= al (7.200) 


s = eal (7.201) 
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and therefore, 


8 = [Ft] =l@-s1@-5) 


Ut 
‘ 2 5 
a | te (te — 24)” + (Ge — Lt) (Ye — yt) Ye (7.202) 
Le (Le — Lt) (Ye — Yt) + (Ye — Yt) Ye 
C = (fe — £4) Le + (Yo — Yt) Ye 
= LeLe + YcYe = (feX4 + YeYt) 7 (7.203) 


Let’s define a function f(t) = r-z and assume that conclusion (7.191) 
is wrong while assumption (7.190) is correct. Then there exists a time 
t; > 0 such that f(t;) = 0 and f’(t1) < 0. Using |z| = 1 and t 4 0, we 
have r(t;) - z(t1) = 0 and therefore, r(t;) is perpendicular to z(t,). The 
derivative f’(t) would be 

f(t) = #a+h-@ 
= #-2+2%-(t-8) 
. 2/2 . 
= f-z24+ |r) -r-s 
= #-2+|e|? —£-((t-z)2) 
= #24 |e? —(-2)? 
= #-24+ |e? — f(t) (7.204) 


and therefore, 
f(t) =#-24 |e). (7.205) 


The acceleration ¥ in a normal-tangential coordinate frame (é,,, €;) is 


dé 


= yp eet ED en (7.206) 

1 
ee 7.207 
2 R ey) 


where €, and & are the unit normal and tangential vectors. €; is parallel 
to f(t), and é, is parallel to z(t,). Hence, 


#- z= +4x(ty) |#(t1)|? (7.208) 
and 
f(t) = (eH) +6) ee)? 
[1 + «(t1)] [#(t1)|?. (7.209) 


Because «(t1) = 1/R(t) > 0, we conclude that f’(t,) > 0, and it is not 
possible to have f’(t,) <0. m= 
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FIGURE 7.54. The initial position of a one-axle trailer pulled by a car moving 
forward in a straight line with a constant velocity is a circle about the hinge 
point. 


Example 296 *% Straight motion of the car with constant velocity. 
Consider a car moving forward in a straight line with a constant velocity. 

We may use a normalization and set the speed of the car as 1 moving in 

positive x direction starting from x = 0. Using a two-dimensional vector 


expression we have 
Lo} | t 
= [2 ]=[§]. 1.219 


Because of (7.192), we get 


= -s(0) (7.211) 


and therefore, the initial position of the trailer must lie on a unit circle as 
shown in Figure 7.54. 
Using two dimensional vectors, we may express z(0) as a function of 6 


2(0) = —s(0) 
7 | 300) | ~ | a | (7.212) 


[E]-L Se] om 
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Equation (7.213) is a set of two coupled first-order ordinary differential 
equations with the solution 


eee 
—2t 
s= | a | = ee (7.214) 
Yt Cre* 
e284 0, 
Applying the initial conditions (7.212) we find 
cos @ — 1 
Cy = —— 7.215 
cos@ + 1 ( ) 
2sin 0 
Co = —. 7.216 
: cos@ +1 ( ) 


If 0 # kr, then the solution depends on time, and when time goes to 
infinity, the solution leads to the following limits asymptotically: 


jim te = t-—1 
jimmy = 0 (7.217) 


When the car is moving with a constant velocity, this solution shows that 
the trailer will approach the position of straight forward moving, following 
the car. 

We may also consider that the car is backing up. In this situation, the 
solution shows that, except for the unstable initial condition 0 = 7, all 
solutions ultimately approach the jackknifed position. 


If 0 =0, then 
Cy, = 0 
Co = 0 
tt = t+ 1 
y% = 0 (7.218) 


and the trailer moves in an unstable configuration. Any deviation from 
0? = 0 ends up to change the situation and leads to the stable limiting 
solution (7.217). 


If 0 =n, then 
Cy = & 
Co = & 
tt = t-—1 
yY = O (7.219) 


and the trailer follows the car in an stable configuration. Any deviation 
from 6 =0 will disappear after a while. 
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Example 297 ¥* Straight car motion with different initial 0. 

Consider a car moving on an x-axis with constant speed. The car is 
pulling a trailer, which is initially at 0 such as shown in Figure 7.52. Using 
a normalized length, we assume the distance between the center of the trailer 


axle and the hinge is the length of trailer, and is equal to 1. 
If we show the absolute position of the car at hinge byr =[ te Ye i 


and the absolute position of the trailer by s = [ Le Yt iba then the position 
of the trailer is a function of the car’s motion. When the position of the 
car is given by a time-dependent vector function 


r= | ae | (7.220) 


the trailer position can be found by solving two coupled differential equation. 
Li = (ae = a4) Let (Le _ Lt) (Ye _ Yt) Ye (7.221) 
Ye = (_e-— Xt) (Ye — Yt) Fe + (Ye — yi)” Ye (7.222) 


For a constantly uniform car motionr =[ t 0 ie Equations (7.221) and 
(7.222) reduce to 


é = (t-—a) (7.223) 
Ut = —Yt (t = Lt) (7.224) 


The first equation (7.223) is independent of the second equation (7.224) 
and can be solved independently. 


Xt 
= t+——; (71225) 
e 1 


Substituting Equation (7.225) in (7.224) generates the following differential 
equation: 


e2t a, Ci 
pS 22 
Ut et +0, Ut (7.226) 
with the solution es 
2e— 
= ee 22 
a e+ C, e220) 


When the trailer starts froms = | cos@ sin@ (ae the constants of integral 
would be equal to Equations (7.215) and (7.216) and therefore, 


e #4 (cos + 1) —cosO4+1 
= ¢t 22 
= “ et (cos6 +1) +cos?—1 W228) 
2e~* sin 8 
vi — (7.229) 


e~** (cos6 + 1) + cos? — 1° 
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FIGURE 7.55. Trailer kinematics for a 9 = 45 deg starting position. 


Figures 7.55, 7.56, and 7.57 illustrate the behavior of the trailer starting 
from 6 = 45 deg, 0 = 90 deg, 0 = 135 deg. 


Example 298 *% Circular motion of the car with constant velocity. 

Consider a car pulling a trailer such as Figure 7.52 shows. The car is 
traveling along a circle of radius R > 1, based on a normalized length in 
which the length of the trailer is 1. In a circular motion with a normalized 
angular velocity w = 1 and period T = 27, the position of the car is given 
by the following time-dependent vector function: 


>= | to | 


| Sea . (7.230) 


The initial position of the trailer must lie on a unit circle with a center at 


r(0)=[ (0) ye(0) J. 


s(0) 


I 
| rs | 
ee 
SS 


a | sca | (7.231) 


The car-trailer combination approaches a steady-state configuration as shown 
in Figure 7.58. 
Substituting 


I 
a | 
eek 
ie} a 
AE, 


t= | Pe (7.232) 
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FIGURE 7.56. Trailer kinematics for a 9 = 90 deg starting position. 


Normalized displacement 
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FIGURE 7.57. Trailer kinematics for a 9 = 135 deg starting position. 


444 7. Steering Dynamics 


FIGURE 7.58. Steady state configuration of a car-trailer combination. 


and the initial conditions (7.231) in (7.202) will generate two differential 
equations for trailer position. 


& = R(Reost — 2;) (x,sint — y, cost) (7.233) 
Y% = R(Rsint — yz) (vz sint — y, cost) (7.234) 


Assuming r(0) = [ 0 0 )" the steady-state solutions of these equations 
are 


Xt 


ccos(t — a) (7.235) 
Yt = csin(t—a) (7.236) 


where c is the tratiler’s radius of rotation, and a is the angular position of 
the trailer behind the car. 


= Veal (7.237) 
1 
] — —- 2 
sina R (7.238) 
c 
S = = 2 
COs a R (7.239) 
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We may check the solution by employing two new variables, u and v, 
such that 


uw = 2#,sint—y,cost (7.240) 
= 2,cost+ysint (7.241) 
and 

=v. (7.242) 

Using the new variables we find 
t, = usint+vcost (7.243) 
Ye = —ucost+vsint (7.244) 
é, = Ru(Rcost— usint — vcost) (7.245) 
H% = Ru(Rsint + ucos(t) — vsint). (7.246) 


Direct differentiating from (7.240), (7.241), (7.248), and (7.244) shows 
that 


u& = a,cost+ ysint + 4; (sint) — % (cost) (7.247) 
= —2,sint+y,cost +z, cost + y,sint (7.248) 
gt, = wusint+vcost+ucost —vsint (7.249) 
H% = wcost—vsint — usint — vcost (7.250) 


and therefore, the problem can be expressed in a new set of equations. 


“a = v-Rv? (7.251) 
u(R? — Rv-1) (7.252) 
At the steady-state condition the time differentials must be zero, and 


therefore, the steady-state solutions would be the answers to the following 
algebraic equations: 


v—-Rw = (7.253) 
u(R?—Rv-1) = 0 (7.254) 
There are three sets of solutions. 
{u = 0,v=0} (7.255) 
{u = a = c} (7.256) 
{u = Fe = s) (7.257) 
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The first solution is associated with s = 0, 


oS hl (7.258) 
ye =D (7.259) 


which shows that the center of the trailer’s axle remains at the origin and 
the car is turning on a circle R=1. This is a stable motion. 
The second solution is associated with 


2 


Ly = 5 sint + 7 cos t (7.260) 
= =< cost+ Cine (7.261) 
see eS R ; 


which are equivalent to (7.235) and (7.286). 
To examine the stability of the second solution, we may substitute a per- 
turbed solution 


Cc 
ah 7.262 
u RTP ( ) 
es 7.263 
v= Rtd (7.263) 


in the linearized equations of motion (7.251) and (7.252) at the second set 
of solutions 


uw = v—2cu (7.264) 
= -cv (7.265) 


to get two equations for the perturbed functions p and q. 


q — 2cp (7.266) 
fo tet cd (7.267) 


The set of linear perturbed equations can be set in a matrix form 


p} | -2c¢ 1 Dp 
att Ji) es 
The stability of Equation (7.268) is determined by the eigenvalues d; of the 
coefficient matrix, which are 


Al = —-Cc 
r2 = —2c. 


Because both eigenvalues 1 and 2 are negative, the solution of the per- 
turbed equations symptomatically goes to zero. Therefore, the second set of 
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solutions (7.256) is stable and it absorbs any near path that starts close to 
at. 
The third solution is associated with 


2 


Ly = _ sint + a cost (7.269) 
as SO gnc aa (7.270) 
Ut => R R 7 : 


The linearized equations of motion at the third set of solutions (7.257) are 


u = v+2cu (7.271) 
= cv. (7.272) 


The perturbed equations would then be 


GIS] om 


with two positive eigenvalues 


Ay = ¢€ 
A2 = 226 


Positive eigenvalues show that the solution of the perturbed equations di- 
verges and goes to infinity. Therefore, the third set of solutions (7.257) is 
unstable and repels any near path that starts close to it. 


7.8 Summary 


Steering is required to guide a vehicle in a desired direction. When a ve- 
hicle turns, the wheels closer to the center of rotation are called the inner 
wheels, and the wheels further from the center of rotation are called the 
outer wheels. If the speed of a vehicle is very slow, there is a kinematic con- 
dition between the inner and outer steerable wheels, called the Ackerman 
condition. 

Street cars are four-wheel vehicles and usually have front-wheel-steering. 
The kinematic condition between the inner and outer steered wheels is 


cot 6g — cot d; = ; (7.274) 
where 6; is the steer angle of the inner wheel, 6, is the steer angle of the 
outer wheel, w is the track, and | is the wheelbase of the vehicle. Track 
w and wheel base / are considered the kinematic width and length of the 
vehicle. 
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The mass center of a steered vehicle will turn on a circle with radius R, 


R= 4/a34+l? cot? 6 (7.275) 


where 6 is the cot-average of the inner and outer steer angles. 


t do t 0; 
cot d = a (7.276) 
The angle 6 is the equivalent steer angle of a bicycle having the same 
wheelbase / and radius of rotation R. 
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7.9 Key Symbols 


4WS four-wheel-steering 

a,b,c, d lengths of the links of a four-bar linkage 

ay distance of the axle number 7 from the mass center 
A,B,C input angle parameters of a four-bar linkage 

AWS all-wheel-steering 

by distance of the hinge point from rear axle 

bg distance of trailer axle from the hinge point 

c stability index of a trailer motion 

Cc trailer’s radius of rotation 

Cy longitudinal distance of turn center and front axle of a 4W'S car 
C2 longitudinal distance of turn center and rear axle of a 4W'S car 
C mass center 

C1, Co,-°° constants of integration 

d arm length in trapezoidal steering mechanism 

€ error 

e€ length of the offset arm 

FWS front-wheel-steering 

g overhang distance 

J link parameters of a four-bar linkage 

l wheelbase 

n number of increments 

O center of rotation in a turn 

r yaw velocity of a turning vehicle 

r position vector of a car at the hinge 

R radius of rotation at mass center 

Ry radius of rotation at the center of the rear axle for FW S 
Ry horizontal distance of O and the center of axles 

Ri radius of rotation at the center of the trailer axle 
Rw radius of the rear wheel 

RWS rear wheel steering 

s position vector of a trailer at the axle center 

t time 

UR steering rack translation 

V=a,Vv vehicle velocity 

Uri speed of the inner rear wheel 

Vro speed of the outer rear wheel 

w track 

WF front track 

Wr rear track 

L,Y,%, Xx displacement 


Z=r-s position vector of a trailer relative to the car 
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arm angle in trapezoidal steering mechanism 
cot-average of the inner and outer steer angles 
front left wheel steer angle 

front right wheel steer angle 

steer angle based on Ackerman condition 
front left wheel steer angle 

front right wheel steer angle 

inner wheel 

rear left wheel steer angle 

rear right wheel steer angle 

outer wheel 

steer command 

steer angle difference 

angle between trailer and vehicle longitudinal axes 
angular velocity 

angular velocity of the rear inner wheel 
angular velocity of the rear outer wheel 
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Exercises 


1. Bicycle model and radius of rotation. 


Mercedes-Benz GL4507™ has the following dimensions. 


1 = 121.1in 
wr = 65.0in 
wr = 65.1lin 

R = 39.7 ft 


Assume a1 = a2 and use an average track to determine the maximum 
steer angle 6 for a bicycle model of the car. 


. Radius of rotation. 


Consider a two-axle truck that is offered in different wheelbases. 


1 = 109in 
1 = 132.5in 
1 = 150.0in 
1 = 176.0in 
If the front track of the vehicles is 
w = 70in 
and a, = ag, calculate the radius of rotations if 6 = 30 deg. 


. Required space. 


Consider a two-axle vehicle with the following dimensions. 


1 = 4m 
w = 13m 
g = 12m 


Determine Rmin, Rizax, and AR for 6 = 30deg. 


. Rear wheel steering lift truck. 


A battery powered lift truck has the following dimensions. 


l 55 in 


w = 30in 


Calculate the radius of rotations if 6 = 55 deg for a, = ag. 
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. Wheel angular velocity. 


Consider a two-axle vehicle with the following dimensions. 


1 = 2.7m 
w = 1.36m 


What is the angular velocity ratio of wo/w;? 


. A three-axle vehicle. 


A three-axle vehicle is shown in Figure 7.17. Find the relationship 
between 62 and 63, and also between 6; and dg. 


. A three-axle truck. 


Consider a three-axle truck that has only one steerable axle in front. 
The dimensions of the truck are 


a, = 5300mm 
a2 = 300mm 

ag = 1500mm 
w = 1800mm. 


Determine maximum steer angles of the front wheels if the truck is 
supposed to be able to turn with R = 11m. 


. A vehicle with a one-axle trailer. 


Determine the angle between the trailer and vehicle with the following 
dimensions. 


ay = 1000mm 
ag = 1300mm 
Wy = 1500mm 
b; = 1200mm 
bg = 1800mm 
w, = 1100mm 
g = 800mm 
6; = 12deg. 


What is the rotation radius of the trailer R;, and the vehicle R? 
Determine minimum radius Rpin, maximum Ryygz, and difference 
radius AR? 


10. 


11. 


12. 


13. 


14. 
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. *% Turning radius of a 4WS' vehicle. 


Consider a FW'S vehicle with the following dimensions. 


1 = 2300mm 
wr = 1457mm 
wr, = 1607mm 
ay 38 
a 62 


Determine the turning radius of the vehicle for 6; = 5 deg. 

What should be the steer angles of the front and rear wheels to de- 
crease 10% of the turning radius, if we make the vehicle 4W S? 

* Coordinates of the turning center. 

Determine the coordinates of the turning center for the vehicle in 
Exercise 9 if 67; = 5deg and c; = 1300 mm. 

* Different front and rear tracks. 


Lotus 2-Eleven?™ is a RWD sportscar with the following specifica- 
tions. 


= 2300mm 
wr = 1457mm 
wr = 1607mm 
Front tire = 195/50R16 
Rear tire = 225/45R17 
F, 38 
F., 62 


Determine the angular velocity ratio of wo/w;, R, 6;, and 6, for 6 = 
5 deg. 


* Coordinates of turning center. 


Determine the coordinates of turning center of a 4WS' vehicle in terms 
of outer steer angles do7 and dor. 


* Turning radius. 


Determine the turning radius of a 4W'S' vehicle in terms of 6,.. 


1 
cot 6p = 5 (cot dj, + cot dor) 


* A three-axle car. 
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Consider a three-axle off-road pick-up car. Assume 


a, = 1100mm 
ag = 1240mm 
az = 1500mm 
w = 1457mm 


and determine 6,, Ri, Ry, and R if 6; = 10 deg. 


15. ¥% Steering mechanism optimization. 


Find the optimum length «x for the multi-link steering mechanism 
shown in Figure 7.59 to operate as close as possible to the kinematic 
steering condition. The vehicle has a track w = 2.64m and a wheel- 
base | = 3.84m, and must be able to turn the front wheels within a 
working range equal to —22 deg < 6 < 22deg. 
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FIGURE 7.59. A multi-link steering mechanism tha must be optimized by varying 
x. 
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Suspension Mechanisms 


The suspension is what links the wheels to the vehicle body and allows rela- 
tive motion. This chapter covers the suspension mechanisms, and discusses 
the possible relative motions between the wheel and the vehicle body. The 
wheels, through the suspension linkage, must propel, steer, and stop the 
vehicle, and support the associated forces. 


8.1 Solid Axle Suspension 


The simplest way to attach a pair of wheels to a vehicle is to mount them 
at opposite ends of a solid azle, such as the one that is shown in Figure 
8.1. 


FIGURE 8.1. A solid axle with leaf spring suspension. 


The solid axle must be attached to the body such that an up and down 
motion in the z-direction, as well as a roll rotation about the x-axis, is 
possible. So, no forward and lateral translation, and also no rotation about 
the axle and the z-axis, is allowed. There are many combinations of links 
and springs that can provide the kinematic and dynamic requirements. The 
simplest design is to clamp the axle to the middle of two leaf springs with 
their ends tied or shackled to the vehicle frame as shown schematically in 
Figure 8.1. A side view of a multi-leaf spring and solid axle is shown in 
Figure 8.2. A suspension with a solid connection between the left and right 
wheels is called dependent suspension. 
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FIGURE 8.2. A side view of a multi-leaf spring and solid axle suspension. 


The performance of a solid axle with leaf springs suspension can be 
improved by adding a linkage to guide the axle kinematically and provide 
dynamic support to carry the non z-direction forces. 

The solid axle with leaf spring combination came to vehicle industry from 
horse-drawn vehicles. 


Example 299 Hotchkiss drive. 

When a live solid axle is connected to the body with nothing but two leaf 
springs, it is called the Hotchkiss drive, which is the name of the car that 
used it first. The main problems of a Hotchkiss drive, which is shown in 
Figure 8.2, are locating the axle under lateral and longitudinal forces, and 
having a low mass ratio € = ms/M,, where ms, is the sprung mass and my, 
is the unsprung mass. 

Sprung mass refers to all masses that are supported by the spring, such 
as vehicle body. Unsprung mass refers to all masses that are attached to 
and not supported by the spring, such as wheel, azle, or brakes. 


Example 300 Leaf spring suspension and flexibility problem. 

The solid azle suspension systems with longitudinal leaf springs have 
many drawbacks. The main problem lies in the fact that springs themselves 
act as locating members. Springs are supposed to flex under load, but their 
flexibility is needed in only one direction. However, it is the nature of leaf 
springs to twist and bend laterally and hence, flex also in planes other than 
the tireplane. Leaf springs are not suited for taking up the driving and brak- 
ing traction forces. These forces tend to push the springs into an S-shaped 
profile, as shown in Figure 8.8. The driving and braking flexibility of leaf 
springs, generates a negative caster and increases instability. 

Long springs provide better ride. However, long sprigs exaggerate their 
bending and twisting under different load conditions. 


Example 301 Leaf spring suspension and flexibility solution. 

To reduce the effect of a horizontal force and S-shaped profile appearance 
in a solid azle with leaf springs, the aale may be attached to the chassis by a 
longitudinal bar as Figure 8.4(a) shows. Such a bar is called an anti-tramp 
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(6) Braking 


FIGURE 8.3. A driving and braking trust, force leaf springs into an S shaped 
profile. 


bar, and the suspension is the simplest cure for longitudinal problems of a 
Hotchkiss drive. 

A solid azle with an anti-tramp bar may be kinematically approximated 
by a four-bar linkage, as shown in Figure 8.4(b). Although an anti-tramp 
bar may control the shape of the leaf spring, it introduces a twisting angle 
problem when the arle is moving up and down, as shown in Figure 8.9. 
Twisting the axle and the wheel about the ale is called caster. 

The solid axle is frequently used to help keeping the wheels perpendicular 
to the road. 


Example 302 Leaf spring location problem. 

The front wheels need room to steer left and right. Therefore, leaf springs 
cannot be attached close to the wheel hubs, and must be placed closer to 
the middle of the ale. That gives a narrow spring-base, which means that 
a small side force can sway or tilt the body relative to the aale through a 
considerable roll angle due to weight transfer. This is uncomfortable for the 
vehicle passengers, and may also produce unwanted steering. 

The solid axle positively prevents the camber change by body roll. The 
wheels remain upright and hence, do not roll on a side. However, a solid 
axle shifts laterally from its static plane and its center does not remain on 
the vehicle’s longitudinal axis under a lateral force. 
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FIGURE 8.4. (a) Adding an anti-tramp bar to guide a solid axle. (b) Equivalent 
kinematic model. 


(a) 


FIGURE 8.5. An anti-tramp bar introduces a twistng angle problem. (a) The 
wheel moves up and (b) The wheel moves down. 
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FIGURE 8.6. A solid axle suspension with a triangulated linkage. 


A solid azle produces bump-camber when single-wheel bump occurs. If 
the right wheel goes over a bump, the azle is raised at its right end, and 
that tilts the left wheel hub, putting the left wheel at a camber angle for the 
duration of deflection. 


Example 303 Triangular linkage. 
A triangulated linkage, as shown in Figure 8.6, may be attached to a solid 
axle to provide lateral and twist resistance during acceleration and braking. 


Example 304 Panhard arm. 

High spring rate is a problem of leaf springs. Reducing their stiffness 
by narrowing them and using fewer leaves, reduces the lateral stiffness and 
increases the directional stability of the suspension significantly. A Panhard 
arm is a bar that attaches a solid azle suspension to the chassis laterally. 
Figure 8.7 illustrates a solid axle and a Panhard arm to guide the acle. 
Figure 8.8 shows a triangular linkage and a Panhard arm combination for 
guiding a solid azle. 

A double triangle mechanism, as shown in Figure 8.9, is an alternative 
design to guide the axle and support it laterally. 


Example 305 Straight line linkages. 

There are many mechanisms that can provide a straight line motion. 
The simplest mechanisms are four-bar linkages with a coupler point moving 
straight. Some of the most applied and famous linkages are shown in Figure 
8.10. By having proper lengths, the Watt, Robert, Chebyshev, and Evance 
linkages can make the coupler point C move on a straight line vertically. 
Such a mechanism and straight motion may be used to guide a solid axle. 

Two Watt suspension mechanisms with a Panhard arm are shown in 
Figures 8.11 and 8.12. 
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FIGURE 8.7. A solid axle and a Panhard arm to guide the axle. 


FIGURE 8.8. A triangle mechanism and a Panhard arm to guide a solid axle. 


FIGURE 8.9. Double triangle suspension mechanism. 


8. Suspension Mechanisms 


C 
G 
(a) — Watt linkage (b) — Robert linkage 
C 
C 
(b) — Chebyshev linkage (d) — Evans linkage 


FIGURE 8.10. Some linkages with straight line motion. 
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FIGURE 8.11. A Watt suspension mechanisms with a Panhard arm. 


461 


462 8. Suspension Mechanisms 


LY 


FIGURE 8.13. A Robert suspension mechanism with a Panhard arm. 


Figures 8.18, 8.14, and 8.15 illustrate three combinations of Robert sus- 
pension linkages equipped with a Panhard arm. 


Example 306 Solid azle suspension and unsprung mass problem. 

A solid axle is counted as an unsprung member, and hence, the unsprung 
mass is increased where using solid axle suspension. A heavy unsprung mass 
ruins both, the ride and handling of a vehicle. Lightening the solid aale 
makes it weaker and increases the most dangerous problem in vehicles: axle 
breakage. The solid axle must be strong enough to make sure it will not 
break under any loading conditions at any age. As a rough estimate, 90% 
of the leaf spring mass may also be counted as unsprung mass, which makes 
the problem worse. 

The unsprung mass problem is worse in front, and it is the main reason 
that they are no longer used in street cars. However, front solid axles are 
still common on trucks and buses. These are heavy vehicles and solid axle 
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FIGURE 8.14. A Robert suspension mechanism with a Panhard arm. 
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FIGURE 8.15. A Robert suspension mechanism with a Panhard arm. 
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FIGURE 8.16. A solid axle suspension with coil springs. 


suspension does not reduce the mass ratio € = m,/My very much. 

When a vehicle is rear-wheel-drive and a solid ale suspension is used 
in the back, the suspension is called live aale. A live azle is a casing that 
contains a differential, and two drive shafts. The drive shafts are connected 
to the wheel hubs. A live aale can be three to four times heavier than a 
dead I-beam axle. It is called live axle because of rotating gears and shafts 
inside the azle. 


Example 307 Solid azle and coil spring. 

To decrease the unsprung mass and increase vertical flexibility of solid 
axle suspensions, it is possible to equip them with coil springs. A sample 
of a solid azle suspension with coil spring is shown in Figure 8.16. The 
suspension mechanism is made of four longitudinal bars between the azle 
and chassis. The springs may have some lateral or longitudinal angle to 
introduce some lateral or longitudinal compliance. 


Example 308 De Dion azle. 

When a solid aale is a dead azle with no driving wheels, the connecting 
beam between the left and right wheels may have different shapes to do 
different jobs, usually to give the wheels independent flexibility. We may 
also modify the shape of a live azle to attach the differential to the chassis 
and reduce the unsprung mass. 

De Dion design is a modification of a beam aale that may be used as 
a dead azle or to attach the differential to the chassis and transfer the 
driving power to the drive wheels by employing universal joints and split 
shafts. Figure 8.17 illustrates a De Dion suspension. 
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FIGURE 8.17. Illustration of a De Dion suspension. 


8.2 Independent Suspension 


Independent suspensions is introduced to let a wheel to move up and down 
without affecting the opposite wheel. There are many forms and designs 
of independent suspensions. However, double A-arm and McPherson strut 
suspensions are the simplest and the most common designs. Figure 8.18 
illustrates a sample of a double A-arm and Figure 8.19 shows a McPherson 
suspension. 

Kinematically, a double A-arm suspension mechanism is a four-bar link- 
age with the chassis as the ground link, and coupler as the wheel carrying 
link. A McPherson suspension is an inverted slider mechanism that has 
the chassis as the ground link and the coupler as the wheel carrying link. 
A double A-arm and a McPherson suspension mechanism on the left and 
right wheels are schematically shown in Figures 8.20 and 8.21 respectively. 

Double A-arm, is also called double wishbone, or short/long arm suspen- 
sion. McPherson also may be written as MacPherson. 


Example 309 Double A-arm suspension and spring position. 

Consider a double A-arm suspension mechanism. The coil spring may 
be between the lower arm and the chassis, as shown in Figure 8.18. It is 
also possible to install the spring between the upper arm and the chassis, or 
between the upper and lower arms. In either case, the lower or the upper 
arm, which supports the spring, is made stronger and the other arm acts 
as a connecting arm. 


Example 310 Multi-link suspension mechanism. 

When the two side bars of an A-arm are attached to each other with a 
joint, as shown in Figure 8.22, then the double A-arm is called a multi-link 
mechanism. A multi-link mechanism is a six-bar mechanism that may have 
a better coupler motion than a double A-arm mechanism. However, multi- 
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FIGURE 8.18. A double A-arm suspension. 


Kingpin 


Coil spring 
Shock absorber 


Strut 


Steer arm 


Kingpin 
Lower A-arm 


FIGURE 8.19. A McPherson suspension. 
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arm suspension mechanism on the left and right wheels 


FIGURE 8.20. A double A 


FIGURE 8.21. A McPherson suspension mechanism on the left and right wheels. 
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FIGURE 8.23. A swing arm suspension. 


link suspensions are more expensive, less reliable, and more complicated 
compare to a double A-arm four-bar linkage. There are vehicles with more 
than six-link suspension with possibly better kinematic performance. 


Example 311 Swing arm suspension. 

An independent suspension may be as simple as a triangle shown in Fig- 
ure 8.23. The base of the triangle is jointed to the chassis and the wheel 
to the tip point. The base of the triangle is aligned with the longitudinal 
axis of the vehicle. Such a suspension mechanism is called a swing aale 
or swing arm. 

The variation in camber angle for a swing arm suspension is maximum, 
compared to the other suspension mechanisms. 


Example 312 Trailing arm suspension. 
Figure 8.24 illustrates a trailing arm suspension that is a longitudinal 
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FIGURE 8.25. A semi-trailing arm suspension. 


arm with a lateral axis of rotation. The camber angle of the wheel, supported 
by a trailing arm, will not change during the up and down motion. 

Trailing arm suspension has been successfully using in a variety of front- 
wheel-drive vehicles, to suspend their rear wheels. 


Example 313 Semi-trailing arm 

Semi-trailing arm suspension, as shown in Figure 8.25, is a compro- 
mise between the swing arm and trailing arm suspensions. The joint axis 
may have any angle, however an angle not too far from 45deg is more 
applied. Such suspensions have acceptable camber angle change, while they 
can handle both, the lateral and longitudinal forces. Semi-trailing design has 
successfully applied to a series of rear-wheel-drive cars for several decades. 


Example 314 Antiroll bar and roll stiffness. 
Coil springs are used in vehicles because they are less stiff with better 


470 8. Suspension Mechanisms 


O 
a E 
O. a i) 
PE SL SoH 
ML IM ES \\\\ SR 
SS Bai SSS 
=| Ein oS 


FIGURE 8.26. An anti-roll bar attached to a solid axle with coil springs. 


ride comfort compared to leaf springs. Therefore, the roll stiffness of the 
vehicle with coil springs is usually less than in vehicles with leaf springs. 
To increase the roll stiffness of such suspensions, an antiroll bar must be 
used. Leaf springs with reduced layers, uni-leaf, trapezoidal, or nonuniform 
thickness may also need an antiroll bar to compensate for their reduced roll 
stiffness. The antiroll bar is also called a stabilizer. Figure 8.26 illustrates 
an anti-roll bare attached to a solid axle with coil springs. 


Example 315 Need for longitudinal compliance. 

A bump is an obstacle on the road that opposes the forward motion of 
a wheel. When a vehicle goes over a bump, the first action is a force that 
tends to push the wheel backward relative to the rest of the vehicle. So, 
the lifting force has a longitudinal component, which will be felt inside the 
vehicle unless the suspension system has horizontal compliance. 

There are situations in which the horizontal component of the force is 
even higher than the vertical component. Leaf springs can somewhat absorb 
this horizontal force by flattening out and stretching the distance from the 
forward spring anchor and the azle. Such a stretch is usually less than 
1/2in = 1cm. 


8.3 Roll Center and Roll Axis 


The roll axis is the instantaneous line about which the body of a vehicle 
rolls. Roll axis is found by connecting the roll center of the front and rear 
suspensions of the vehicle. Assume we cut a vehicle laterally to disconnect 
the front and rear half of the vehicle. Then, the roll center of the front or 
rear suspension is the instantaneous center of rotation of the body with 
respect to the ground. 
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FIGURE 8.27. An example of a double A-arm front suspensions. 


Wheel Wheel 


FIGURE 8.28. Kinematically equivalent mechanism for the front half of the dou- 
ble A-arm suspension shown in Figure 8.27. 
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Wheel Wheel 


FIGURE 8.29. The roll center [yg is at the intersection of lines [j2/og and Iy3I3g. 


Figure 8.27 illustrates a sample of the front suspensions of a car with a 
double A-arm mechanism. To find the roll center of the body with respect 
to the ground, we analyze the two-dimensional kinematically equivalent 
mechanism shown in Figure 8.28. The center of tireprint is the instant 
center of rotation of the wheel with respect to the ground, so the wheels 
are jointed links to the ground at their center of tireprints. 

The instant center [yg is the roll center of the body with respect to the 
ground. To find Ijg, we apply the Kennedy theorem and find the intersec- 
tion of the line [,9log and [13/33 as shown in Figure 8.29. 

The point Igg and Izg are the instant center of rotation for the wheels 
with respect to the body. The instant center of rotation of a wheel with 
respect to the body is called suspension roll center. So, to find the roll 
center of the front or rear half of a car, we should determine the suspension 
roll centers, and find the intersection of the lines connecting the suspension 
roll centers to the center of their associated tireprints. 

The Kennedy theorem states that the instant center of every three rela- 
tively moving objects are colinear. 


Example 316 McPherson suspension roll center. 

A McPherson suspension is an inverted slider crank mechanism. The 
instant centers of an example of inverted slider crank mechanism are shown 
in Figure 8.30. In this figure, the point Iy2 is the suspension roll center, 
which is the instant center of rotation for the wheel link number 2 with 
respect to the chassis link number 1. 

A car with a McPherson suspension system is shown in Figure 8.81. 
The kinematic equivalent mechanism is depicted in Figure 8.32. Suspension 
roll centers along with the body roll center are shown in Figure 8.33. To 
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FIGURE 8.30. Instant center or rotation for an example of inverted slider crank 
mechanism. 


FIGURE 8.31. A car with a McPherson suspension system. 


find the roll center of the front or rear half of a car, we determine each 
suspension roll center and then find the intersection of the lines connecting 
the suspension roll centers to the center of the associated tireprint. 


Example 317 Roll center of double A-arm suspension. 

The roll center of an independent suspension such as a double A-arm 
can be internal or external. The kinematic model of a double A-arm sus- 
pension for the front left wheel of a car is illustrated in Figure 8.84. The 
suspension roll center in Figure 8.34(a) is internal, and in Figure 8.34(b) 
is external. An internal suspension roll center is toward the vehicle body, 
while an external suspension roll center goes away from the vehicle body. 

A suspension roll center may be on, above, or below the road surface, as 
shown in Figure 8.35(a)-(c) for an external suspension roll center. When 
the suspension roll center is on the ground, above the ground, or below the 
ground, the vehicle roll center would be on the ground, below the ground, 
and above the ground, respectively. 


Example 318 * Camber variation of double A-arm suspension. 
When a wheel moves up and down with respect to the vehicle body, de- 
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FIGURE 8.33. Roll center of a car with a McPherson suspension system. 


(a) (b) 


FIGURE 8.34. The kinematic model of the suspension of a front left wheel: (a) 
an internal roll center, and (b) an external roll center. 
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(a) 


(5) 


(c) 


FIGURE 8.35. A suspension roll center at (a) on, (b) above, and (c) below the 
road surface. 


pending on the suspension mechanism, the wheel may camber. Figure 8.36 
illustrates the kinematic model for a double A-arm suspension mechanism. 


The mechanism is equivalent to a four-bar linkage with the ground link 
as the vehicle chasis. The wheel is always attached to a coupler point C' of 
the mechanism. We set a local suspension coordinate frame (x,y) with the 
x-axis indicating the ground link MN. The x-axis makes a constant angle 
09 with the vertical direction. The suspension machanism has a length a for 
the upper A-arm, b for the coupler link, cfor the lower A-arm, and d for 
the ground link. The configuration of the suspension is determined by the 
angles 02, 03, and 04, all measured from the positive direction of the x-axis. 
When the suspension is at its equilibrium position, the links of the double 
A-arm suspension make initial angles 029 039, and 049 with the x-azis. 

The equilibrium position of a suspension is called the rest position. 

To determine the camber angle during the fluctuation of the wheel, we 
should determine the variation of the coupler angle 63, as a function of 
vertical motion z of the coupler point C. 

Using 02 as a parameter, we can find the coordinates (xc,yc) of the 
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FIGURE 8.36. The kinematic model for a double A-arm suspension mechanism. 


coupler point C in the suspension coordinate frame (x,y) as 


tc = acosb:+ecos(p—q+a) 
yo = asind,+esin(p—qta) 
where, 
m asin 05 
= tan | ———-_ 
- d—acos 2 
sh / Ab? f2 = (DP Ff? 02)? 
p = tan roe age = Fae 


f = Va+d —2adcos6o. 
The position vector of the coupler point is ug 
uc = ct + Yycj 
and the unit vector in the z-direction is 
tz = — cos O97 — sin A). 


Therefore, the displacement z in terms of xc and yc is: 


i! Uc: Uz 


—2xc¢ C08 9 — yo sin Oo 
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The initial coordinates of the coupler point C and the initial value of z 
are: 


Loco = acos O29 + Ecos (po — go + @) (8.9) 
Yoo = asin O29 + esin (po — go + @) (8.10) 
20 = —XCo COS A — ¥co sin Ao 8.11) 


and hence, the vertical displacement of the wheel center can be calculated 
by 
h=z-% (8.12) 


The initial angle of the coupler link with the vertical direction is 09 — 030. 
Therefore, the camber angle of the wheel would be 


yY = (00 —43) — (80 — 430) 
= O55 By (8.13) 


The angle of the coupler link with the x-direction is equal to 


—EHtwVEh? —4DF 
63 = 2tan—* lek Rae (8.14) 
2D 
where, 
D = Js — J, + (1+ Js) cos 62 (8.15) 
E = —2sin0, (8.16) 
Fo = Jst+ Ji - (1 oa J4) cos 05 (8.17) 
and 

d 
J, = - 8.18 
,=§ (8.18) 
Jg = d (8.19) 

Cc 

heen eee 2 
ie. = ae (8.20) 
2ac 
J, = (8.21) 
C2 i d2 a az _ b2 

Jes = . 8.22 
5 Sab (8.22) 


Substituting (8.14) and (8.13), and then, eliminating 62 between (8.13) and 
(8.8) provides the relationship between the vertical motion of the wheel, z, 
and the camber angle y. 
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Example 319 * Camber angle and wheel fluctuations. 


Consider the double A-arm suspension that is shown in Figure 8.36. The 


dimensions of the equivalent kinematic model are: 


a = 22.4cm 

6b = 22.1cm 

c = 27.3cm 

d = 17.4cm 
09 = 24.3deg 

The coupler point C is at: 

e = 148cm 

a = 54.8deg 


If the angle 02 at the rest position is at 
820 = 121.5 deg 


then the initial angle of the other links are: 


430 18.36 deg 
049 = 107.32 deg 


At the rest position, the coupler point is at: 


Zco = —22.73cm 
yoo = 9.23cm 
Zo = 16.92cm 


(8.23) 


(8.24) 


(8.25) 


(8.26) 


(8.27) 


We may calculate h and y by varying the parameter 02. Figure 8.37 
illustrates h as a function of the camber angle y. For this suspension mech- 
anism, the wheel gains a positive camber when the wheel moves up, and 
gains a negative camber when the it moves down. The mechanism is shown 
in Figure 8.38, when the wheel is at the rest position and has a positive or 


a negative displacement. 


8.4 % Car Tire Relative Angles 


There are four major wheel alignment parameters that affect vehicle dy- 


namics: toe, camber, caster, and trust angle. 
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FIGURE 8.37. h as a function of the camber angle y. 


8.4.1 * Toe 


When a pair of wheels is set so that their leading edges are pointed toward 
each other, the wheel pair is said to have toe-in. If the leading edges point 
away from each other, the pair is said to have toe-out. Toe-in and toe-out 
front wheel configurations of a car are illustrated in Figure 8.39. 

The amount of toe can be expressed in degrees of the angle to which the 
wheels are not parallel. However, it is more common to express the toe- 
in and toe-out as the difference between the track widths as measured at 
the leading and trailing edges of the tires. Toe settings affect three major 
performances: tire wear, straight-line stability, and corner entry handling. 

For minimum tire wear and power loss, the wheels on a given axle of a 
car should point directly ahead when the car is running in a straight line. 
Excessive toe-in causes accelerated wear at the outboard edges of the tires, 
while too much toe-out causes wear at the inboard edges. 

Toe-in increases the directional stability of the vehicle, and toe-out in- 
creases the steering response. Hence, a toe-in setting makes the steering 
function lazy, while a toe-out makes the vehicle unstable. 

With four wheel independent suspensions, the toe may also be set at the 
rear of the car. Toe settings at the rear have the same effect on wear, direc- 
tional stability, and turn-in as they do on the front. However, we usually 
do not set up a rear-drive race car toed out in the rear, because of excessive 
instability. 

When driving torque is applied to the wheels, they pull themselves for- 
ward and try to create toe-in. Furthermore, when pushed down the road, 
a non-driven wheel or a braking wheel will tend to toe-out. 


Example 320 Toe-in and directional stability. 
Toe settings have an impact on directional stability. When the steering 


480 8. Suspension Mechanisms 


{FAT = ———s 


ff 


LF 


fF 


TF 


ia 
fama 


SS 


LE 


Z 


FIGURE 8.38. A double A-arm suspension mechanism when the wheel is at: (a) 
a positive displacement, (b) rest position, and (c) a negative displacement. 
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FIGURE 8.39. Toe-in and toe-out configuration on the front wheels of a car. 


wheel is centered, toe-in causes the wheels to tent to move along paths that 
intersect each other in front of the vehicle. However, the wheels are in 
balance and no turn results. Toe-in setup can increase the directional sta- 
bility caused by little steering fluctuations and keep the car moving straight. 
Steering fluctuations may be a result of road disturbances. 

If a car is set up with toe-out, the front wheels are aligned so that slight 
disturbances cause the wheel pair to assume rolling directions that approach 
a turn. Therefore, toe-out encourages the initiation of a turn, while toe-in 
discourages it. Toe-out makes the steering quicker. So, it may be used in 
vehicles for a faster response. The toe setting on a particular car becomes a 
trade-off between the straight-line stability afforded by toe-in and the quick 
steering response by toe-out. Toe-out is not desirable for street cars, how- 
ever, race car drivers are willing to drive a car with a little directional 
instability, for sharper turn-in to the corners. So street cars are generally 
set up with toe-in, while race cars are often set up with toe-out. 


Example 321 Toe-in and toe-out in the front and rear axles. 

Front toe-in: slower steering response, more straight-line stability, greater 
wear at the outboard edges of the tires. 

Front toe-zero: medium steering response, minimum power loss, mini- 
mum tire wear. 

Front toe-out: quicker steering response, less straight-line stability, greater 
wear at the inboard edges of the tires. 

Rear toe-in: straight-line stability, traction out of the corner, more steer- 
ability, higher top speed. 
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FIGURE 8.40. A positive and negative caster configuration on front wheel of a 
car. 


8.4.2. % Caster Angle 


Caster is the angle to which the steering pivot axis is tilted forward or rear- 
ward from vertical, as viewed from the side. Assume the wheel is straight 
to have the body frame and the wheel frame coincident. If the steering axis 
is turned about the wheel y-axis then the wheel has positive caster. If the 
steering axis is turned about the wheel —y,,-axis, then the wheel has neg- 
ative caster. Positive and negative caster configurations on the front wheel 
of a car are shown in Figure 8.40. 

Negative caster aids in centering the steering wheel after a turn and 
makes the front tires straighten quicker. Most street cars are made with 
4—6 deg negative caster. Negative caster tends to straighten the wheel when 
the vehicle is traveling forward, and thus is used to enhance straight-line 
stability. 


Example 322 Negative caster of shopping carts. 

The steering axis of a shopping cart wheel is set forward of where the 
wheel contacts the ground. As the cart is pushed forward, the steering axis 
pulls the wheel along, and because the wheel drags along the ground, it falls 
directly in line behind the steering axis. The force that causes the wheel to 
follow the steering axis is proportional to the distance between the steering 
axis and the wheel-to-ground contact point, if the caster is small. This dis- 
tance is referred to as trail. The cars’ steering axis intersects the ground 
at a point in front of the tireprint, and thus the same effect as seen in the 
shopping cart casters is achieved. 

While greater caster angles improves straight-line stability, they also cause 
an increase in steering effort. 


Example 323 Characteristics of caster in front azle. 
Zero castor provides: easy steering into the corner, low steering out of 
the corner, low straight-line stability. 
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Negative caster provides: low steering into the corner, easy steering out 
of the corner, more straight-line stability, high tireprint area during turn, 
good turn-in response, good directional stability, good steering feel. 

When a castered wheel rotates about the steering axis, the wheel gains 
camber. This camber is generally favorable for cornering. 


8.4.3 > Camber 


Camber is the angle of the wheel relative to vertical line to the road, as 
viewed from the front or the rear of the car. Figure 8.41 illustrates the 
wheel number 1 of a vehicle. If the wheel leans in toward the chassis, it is 
called negative camber and if it leans away from the car, it is called positive 
camber. 

The cornering force that a tire can develop is highly dependent on its 
angle relative to the road surface, and so wheel camber has a major effect 
on the road holding of a car. A tire develops its maximum lateral force at a 
small camber angle. This fact is due to the contribution of camber thrust, 
which is an additional lateral force generated by elastic deformation as the 
tread rubber pulls through the tire/road interface. 

To optimize a tire’s performance in a turn, the suspension should provide 
a slight camber angle in the direction of rotation. As the body rolls in 
a turn, the suspension deflects vertically. The wheel is connected to the 
chassis by suspension mechanism, which must rotate to allow for the wheel 
deflection. Therefore, the wheel can be subject to large camber changes as 
the suspension moves up and down. So, the more the wheel must deflect 
from its static position, the more difficult it is to maintain an ideal camber 
angle. Thus, the relatively large wheel travel and soft roll stiffness needed to 
provide a smooth ride in passenger cars presents a difficult design challenge, 
while the small wheel travel and high roll stiffness inherent in racing cars 
reduces the problem. 


Example 324 Castor versus camber. 

Camber doesn’t improve turn-in as the positive caster does. Camber is 
not generally good for tire wear. Camber in one wheel does not improve 
directional stability. Camber adversely affects braking and acceleration ef- 
forts. 


8.4.4. % Trust Angle 


The trust angle v is the angle between vehicle’s centerline and perpendic- 
ular to the rear axle. It compares the direction that the rear axle is aimed 
with the centerline of the vehicle. A nonzero angle configuration is shown 
in Figure 8.42. 

Zero angle confirms that the rear axle is parallel to the front axle, and the 
wheelbase on both sides of the vehicle are the same. A reason for nonzero 
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FIGURE 8.41. A positive and negative camber on the front wheel of a car. 
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FIGURE 8.42. Illustration of trust angle. 
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FIGURE 8.43. Sia degrees of freedom of a wheel with respect to a vehicle body. 


trust angle would have unequal toe-in or toe-out on both sides of the axle. 


Example 325 Torque reaction. 

There are two kinds of torque reactions in rear-whel-drive: 1— the re- 
action of the azle housing to rotate in the opposite direction of the crown 
wheel rotation, and 2— the reaction of arle housing to spin about its own 
center, opposite to the direction of pinion’s rotation. 

The first reaction leads to a lifting force in the differential causing a 
wind-up in springs. The second reaction leads to a lifting force on the right 
wheels. 


8.5 Suspension Requirements and Coordinate 
Frames 


The suspension mechanism should allow a relative motion between the 
wheel and the vehicle body. The relative motions are needed to pass the 
road irregularities and steering. To function properly, a suspension mecha- 
nism should have some kinematic and dynamics requirements. 


&.5.1 Kinematic Requirements 


To express the motions of a wheel, we attach a wheel coordinate system 
W (0¢wYw2Zw) to the center of the wheel. A wheel, as a rigid body, has six 
degrees-of-freedom with respect to the vehicle body: three translations and 
three rotations, as shown in Figure 8.43. 
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FIGURE 8.44. A non-steerable wheel must have two DOF. 


The axes Ly, Yw, and z, indicate the direction of forward, lateral, and 
vertical translations and rotations. In the position shown in the figure, the 
rotation about the 2,,-axis is the camber angle, about the y,,-axis is the 
spin, and about the z,,-axis is the steer angle. 

Consider a non-steerable wheel. Translation in z-direction and spin 
about the yy-axis are the only two DOF allowed for such a wheel. So, 
we need to take four DOF. If the wheel is steerable, then translation in the 
Zy-direction, spin about the y,,-axis, and steer rotation about the z,,-axis 
are the three DOF allowed. So, we must take three DOF of a steerable 
wheel. 

Kinematically, non-steerable and steerable wheels should be supported 
as shown in Figures 8.44 and 8.45 respectively. Providing the required free- 
dom, as well as eliminating the taken DOF, are the kinematic requirements 
of a suspension mechanism. 


6.5.2 Dynamic Requirements 


Wheels should be able to propel, steer, and stop the vehicle. So, the sus- 
pension system must transmit the driving traction and deceleration braking 
forces between the vehicle body and the ground. The suspension members 
must also resist lateral forces acting on the vehicle. Hence, the wheel sus- 
pension system must make the wheel rigid for the taken DOF. However, 
there must also be some compliance members to limit the untaken DOF. 
The most important compliant members are spring and dampers to provide 
returning and resistance forces in the z-direction. 
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FIGURE 8.45. A steerable wheel must have three DOF. 


8.5.38 Wheel, wheel-body, and tire Coordinate Frames 


Three coordinate frames are employed to express the orientation of a tire 
and wheel with respect to the vehicle: the wheel frame W, wheel-body 
frame C’, and tire frame T. A wheel coordinate frame W (ry, Yw, Zw) is 
attached to the center of a wheel. It follows every translation and rotation 
of the wheel except the spin. Hence, the zy and z, axes are always in 
the tire-plane, while the y,,-axis is always along the spin axis. A wheel 
coordinate frame is shown in Figure 8.43. 

When the wheel is straight and the W frame is parallel to the vehicle 
coordinate frame, we attach a wheel-body coordinate frame C (2, Ye, Zc) at 
the center of the wheel parallel to the vehicle coordinate axes. The wheel- 
body frame C is motionless with respect to the vehicle coordinate and does 
not follow any motion of the wheel. 

The tire coordinate frame T (2+, yz, 24) is set at the center of the tireprint. 
The z;-axis is always perpendicular to the ground. The 2;-axis is along the 
intersection line of the tire-plane and the ground. The tire frame does not 
follows the spin and camber rotations of the tire however, it follows the 
steer angle rotation about the z,-axis. 

Figure 8.46 illustrates a tire and a wheel coordinate frames. 


Example 326 Visualization of the wheel, tire, and wheel-body frames. 

Figure 8.47 illustrates the relative configuration of a wheel-body frame 
C, a tire frame T, and a wheel frame W. If the steering axis is along the 
z-axis then, the rotation of the wheel about the z.-axis is the steer angle 6. 
Rotation about the x,-axis is the camber angle y. 
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FIGURE 8.46. Illustration of tire and wheel coordinate frames. 


Generally speaking, the steering aris may have any angle and may go 
through any point of the ground plane. 


Example 327 Wheel to tire coordinate frame transformation. 

If "dw indicates the T-expression of the position vector of the wheel 
frame origin relative to the tire frame origin, then having the coordinates 
of a point P in the wheel frame, we can find its coordinates in the tire frame 
using the following equation. 


Trp = T Rw Wrp + Tdw (8.28) 


If“ rp indicates the position vector of a point P in the wheel frame, 


Ip 
Wrp=| yp (8.29) 
zp 
then the coordinates of the point P in the tire frame rp are 
Trp = Rw Wrp ane Td 
T Rw Wrp Br T Rw WV dw 
<P 
a yp cosy — Ry siny — zp siny (8.30) 


Ry cosy + zp cosy + yp siny 
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Vertical plane 


FIGURE 8.47. Illustration of tire, wheel, and body coordinate frames. 


where, W dig is the W-expression of the position vector of the wheel frame 
in the tire frame, Ry is the radius of the tire, and 7Rw is the rotation 
matrix to go from the wheel frame W to the tire frame T. 


i 0 0 
"Rw = 0 cosy —siny (8.31) 
O siny cosy 
0 
Wdw = 0 (8.32) 
Ry 


As an example, the center of the wheel “rp = “x, = 0 is the origin of 
the wheel frame W, that is at 


T T T Ww 
To = dw = Rw 7 dw 


0 
= —Ry siny (8.33) 
Ry cosy 


in the tire coordinate frame T. 
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Example 328 * Tire to wheel coordinate frame transformation. 
If rp indicates the position vector of a point P in the tire coordinate 
frame, 


Trp = YP (8.34) 


then the position vector “rp of the point P in the wheel coordinate frame 
18 
Wrp = WRrtrp— Wdw (8.35) 
rp 
yp COSy + zp siny 
zp cosy — Rw — ypsiny 


because 
1 0 0 
WRr = 0 cosy siny (8.36) 
0 —siny cosy 
0 
Wdr = 0 (8.37) 
Rw 
and we may multiply both sides of Equation (8.28) by * Ri, to get 
TRETrp = Wrp+7 Ri, dw (8.38) 
= Wrp + WV dw 
Wrp = WRrTrp— Wdy. (8.39) 


As an example, the center of tireprint in the wheel frame is at 
T 


1 0 0 0 0 0 
Wrp=| 0 cosy —siny o}—-| 0 |= 0 
0 siny cosy 0 Ry —Rwy 


40) 


Example 329 *% Wheel to tire homogeneous transformation matrices. 
The transformation from the wheel to tire coordinate frame may also be 
expressed by a 4 x 4 homogeneous transformation matrir Tw, 


Dc ee! pW 
"Rw dw | w 
| ; : rp (8.41) 


where 
0 0 0 


cosy —siny —R,siny 
siny cosy Rycosy 
0 0 1 


Tw = (8.42) 


ooorF 
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The corresponding homogeneous transformation matrix “Tr from the tire 
to wheel frame would be 


WT ae ie -, 
0 0 
_ cosy —siny 0 
7 a cosy —Ry |~ (8-44) 
0 1 
It can be checked that “Tp = Te , using the inverse of a homogeneous 
transformation matrix rule. 
rp . | TRw Taw] _[ TRE -TRETdw 
we. 0 1 = 0 1 
WRr — WRr Tdy 
= | 0 l (8.44) 
Example 330 * Tire to wheel-body frame transformation. 
The origin of the tire frame is at Cdp in the wheel-body frame. 
0 
Cdr = 0 (8.45) 
hy 


The tire frame can steer about the z-axis with respect to the wheel-body 
frame. The associated rotation matrix is 


cosé —sind 0 
CRr=| sind cosd 0 (8.46) 
0 0 1 


Therefore, the transformation between the tire and wheel-body frames can 
be expressed by 
Cy = CRrTr+ Cdr (8.47) 


or equivalently, by a homogeneous transformation matrix Tp. 


CRr Cd 
Cc ~ T T 
tee a a 
cosé —sind 0 0 
sind cosd 0 0 
= 0 0 1 -R, (8.48) 
0 0 0 1 


As an example, the wheel-body coordinates of the point P on the tread of a 
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FIGURE 8.48. The tire, wheel, and wheel body frames of a steered wheel. 


negatively steered tire at the position shown in Figure 8.48, are: 


Cr = OTe Trp 
cos—d —sin—d 0 0 Ry 
- sin—d cos—d 0 O 0 
- 0 0 1 —Ry Rw 
0 0 0 1 1 
Ry cos d 
= —R,y sind (8.49) 
0 
1 


The homogeneous transformation matrix for tire to wheel-body frame To 
18: 


C Cc -l Cpr _Cprc 
TT, = CTsl= | ri — 3 | itp Rr dr 
cosé sind O O 
CRE —Tad —sind cosd 0 O 
= Ts CVT = 
a | 0 1 = 0 G< «i.e (8.50) 
0 0 0 1 


Example 331 * Cycloid. 
Assume that the wheel in Figure 8.48 is turning with angular velocity w 
and has no slip on the ground. If the point P is at the center of the tireprint 
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when t = 0, 


0 
Mee = 0 (8.51) 
—Ry 


then we can find its position in the wheel frame at a time t by employing 
another coordinate frame M. The frame M is called the rim frame and is 
stuck to the wheel at its center. Because of spin, the M frame turns about 
the Yy-axis, and therefore, the rotation matrix to go from the rim frame to 
the wheel frame is: 


coswt 0. sinwt 
WR = 0 1 0 (8.52) 
—sinwt 0 coswt 


So the coordinates of P in the wheel frame are: 


Wrp = W Ry Mrp 
—R,y sin tw 

0 (8.53) 
—Ry cos tw 


The center of the wheel is moving with speed vz = Ryw and it is at Cr = 
[ vgt O Ry | in the global coordinate frame G on the ground. Hence, 
the coordinates of point P in the global frame G, would be 


Ugt Rw (wt — sintw) 
Crp = “rp+| 0 | = 0 ; (8.54) 
Rw Ry (1 — cos tw) 


The path of motion of point P in the (X,Z)-plane can be found by elim- 
inating t between X and Z coordinates. However, it is easier to expressed 
the path by using wt as a parameter. Such a path is called cycloid. 

In general case, point P can be at any distance from the center of the rim 
frame. If the point is at a distanced # R,,, then its path of motion is called 
the trochoid. A trochoid is called a curtate cycloid when d < Ry and 
a prolate cycloid when d > Ry. Figure 8.49(a)-(c) illustrate a cycloid, 
curtate cycloid, and prolate cycloid respectively. 


Example 332 % Wheel to wheel-body frame transformation. 
The homogeneous transformation matrix Ty to go from the wheel frame 


494 8. Suspension Mechanisms 


Zw 
Z Bi 
A 
(a) 
> Xx 
(d) 
xX 
(c) 
w) aaa ei > X 


FIGURE 8.49. A cycloid (a), curtate cycloid (b), and prolate cycloid (c). 


to the wheel-body frame can be found by combined transformation. 


CTy = °Tr Tw (8.55) 
céé -sd 0 0 1 0 0 0 
7 sd co 0 O 0 cy -sy —Rysiny 
— 0 O 1 —Ry 0 sy cy  Rycosy 
0 oOo oO 1 0 0 0 1 
cosé —cosysind  sinysind Ry siny sind 
- sind cosycosé -—cosdsiny —Rycosdsiny 
= 0 sin Y COs Ry cosy — Ry 
0 0 0 1 


If rp indicates the position vector of a point P in the wheel coordinate 
frame, 


Wrp=| yp (8.56) 


then the homogeneous position vector °rp of the point P in the wheel-body 
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coordinate frame is: 


Srp = OTy “ep 
zp cosd — ypcosysind + (Ry, + zp) sinysind 
xpsind + ypcosycosdé — (Ry + zp) cosdsiny 
—Ry + (Rw + zp) cosy + yp siny 
1 


(8.57) 


The position of the wheel center Wr = 0, for a cambered and steered 
wheel is at 


Cy = CTy,r 
Ry sinysind 
” —Ry cos dsiny 
- —Ry(1 — cos 7) (858) 
a 
The z. = Ry (cosy — 1) indicates how much the center of the wheel comes 
down when the wheel cambers. 
If the wheel is not steerable, then 6 = 0 and the transformation matrix 

CTw reduces to 


1 O 0 0 
C _ | O cosy —siny —Rysiny 

Ae 0 siny cosy Ry (cosy—1) (G00) 

0 60 0 1 

that shows 
Crp = Oras Wrp 
=P 

_ yp cosy — Ry siny — zp siny (8.60) 


zpcosy+ypsiny + Ry (cosy — 1) 
1 


Example 333 * Tire to vehicle coordinate frame transformation. 

Figure 8.50 illustrates the first and fourth tires of a 4-wheel vehicle. There 
is a body coordinate frame B(x,y,z) attached to the mass center C’ of 
the vehicle. There are also two tire coordinate frames T, (1,,Yt,,24,) and 
T4 (@t4; Ytq, Zt,) attached to the tires 1 and 4 at the center of their tireprints. 


The origin of the tire coordinate frame T, is at Pd, 


a1 
Badr, =| —bi (8.61) 
—h 
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FIGURE 8.50. The coordinate frames of the first and fourth tires of a 4-wheel 
vehicle with respect to the body frame. 


where, a, is the longitudinal distance between C and the front aale, by, is 
the lateral distance between C' and the tireprint of the tire 1, and h is the 
height of C from the ground level. If P is a point in the tire frame at “rp 


xp 
Tipyp= | yp |. (8.62) 
ZP 


then its coordinates in the body frame are 


Bes BRp Trp + Bd, 

a, + tp cosd, — yp sind, 

yp cosd; —bi + xpsind, |. (8.63) 
zZP — h 


The rotation matrix ? Rr, is a result of steering about the z-axis. 


cosé,; —sind; O 
BRr, =| sind; cosd, 0 (8.64) 
0 0 1 


Employing Equation (8.28), we may examine a wheel point P at “rp 


Wrp=| yp (8.65) 
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and find the body coordinates of the point 


Bro = BRr, Tipp + Badr, 

= PRr ("Rw rp+ “dw) + 7dr, 

= BRr, 1 Rw Wrp + BRr, Tidy + Badr, 

= FRyrpt ®Rp “dw + Pdr, (8.66) 
a, + wpcosd, — yp cosysind; + (Ry + zp) sinysin 61 


rp = | wxpsind; — b; + ypcosycos61 — (Rw + zp) cos 61 siny 
(Rw + zp) cosy + ypsiny —h 


(8.67) 
where, 
BRw = Rr, “Rw 

cosé; —cosysind;  sinysind; 
= sind; cosycosé; —cosd,siny (8.68) 

0 sin y cos Y 

0 
dy =| —Rysiny |. (8.69) 
Ry cosy 


Example 334 *% Wheel-body to vehicle transformation. 
The wheel-body coordinate frames are always parallel to the vehicle frame. 
The origin of the wheel-body coordinate frame of the wheel number 1 is at 


ay 
2 dw, = —b) ; (8.70) 
—h+ Ry 


Hence the transformation between the two frames is only a displacement. 


By = Fly, “r+ Pdw, (8.71) 


8.6 % Caster Theory 


The steer axis may have any angle and any location with respect to the 
wheel-body coordinate frame. The wheel-body frame C (ac, Yc, Zc) is a frame 
at the center of the wheel at its rest position, parallel to the vehicle coor- 
dinate frame. The frame C' does not follow any motion of the wheel. The 
steer axis is the kingpin axis of rotation. 

Figure 8.51 illustrates the front and side views of a wheel and its steering 
axis. The steering axis has angle y with (y.,z-) plane, and angle 6 with 
(ae, Zc) plane. The angles y and @ are measured about the y. and 2, axes, 
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FIGURE 8.51. The front and side views of a wheel and its steering axis. 


respectively. The angle y is the caster angle of the wheel, while the angle 
@ is the lean angle. The steering axis of the wheel, as shown in Figure 
8.51, is at a positive caster and lean angles. The steering axis intersect the 
ground plane at a point that has coordinates (sq, 5»),-Rw) in the wheel- 
body coordinate frame. 

If we indicate the steering axis by the unit vector %, then the components 
of a are functions of the caster and lean angles. 


Uy l cos 0 sin yp 
Ca=] w | = | — cosysind (8.72) 
us \/ cos? vy + cos? Osin* yp cos 8 cos p 


The position vector of the point that tm intersects the ground plane, is 
called the location vector s that in the wheel-body frame has the following 
coordinates: 
Sa 
Cs=] sy (8.73) 
aie 

We express the rotation of the wheel about the steering axis % by a zero 
pitch screw motion 58. 


OT = C3 (0, 6, ti, 8) 
CR Cc — CR Cc CR Cd 
= Ww s wes | _ Ww Ww 
= [Bw SRW 81 SRW Sd | gry 


Proof. The steering axis is at the intersection of the caster plane 7c and 
the lean plane 71, both expressed in the wheel-body coordinate frame. The 
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two planes can be indicated by their normal unit vectors 7%; and nz. 


0 

Ca, = | cosd (8.75) 
sin 0 
— cos y 

Chip = 0 (8.76) 
sin y 


The unit vector % on the intersection of the caster and lean planes can be 
found by 


ps 
Ge Oe (8.77) 
\fy x Ae| 
where, 
cos 6 sin y 
My xXhg = — cos ypsin@ (8.78) 
cos 8 cos p 
fy xX hel = \/ cos? y + cos? 6 sin” y (8.79) 
and therefore, 
cos @ sin p 
cos? y + cos? 6 sin? y 
a “1 — cosy sin 0 (8.80) 
a=] u a : 
i cos? y + cos? 6 sin? y 


cos 6 cos p 


cos? y + cos? @ sin? p 

Steering axis does not follow any motion of the wheel except the wheel 
hop in the z-direction. We assume that the steering axis is a fixed line with 
respect to the vehicle, and the steer angle 6 is the rotation angle about w. 

The intersection point of the steering axis and the ground plane defines 
the location vector s. 

Sa 
Cs=| sy (8.81) 
=P 
The components sq and sz are called the forward and lateral locations 
respectively. 

Using the axis-angle rotation (t,6), and the location vector s, we can 
define the steering process as a screw motion § with zero pitch. Employing 
Equations (5.473)-(5.477), we find the transformation screw for wheel frame 
W to wheel-body frame C. 


CTw = C5w(0,6,a,s) (8.82) 
_ C Rw OT ae ral 
S i ‘ = 
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CRw = Icosd+ aa? versd + & sind (8.83) 
Cdw = ((1- at”) versd — aisind) Cs. (8.84) 
0 —U3 U2 
Me U3 0 Ui (8.85) 
—U2 U1 0 
versd = 1-—cosd (8.86) 


Direct substitution shows that “Rw and Cdy are: 


uz vers 6 + cd U1 Ug versd — uUgsd Uy,U3 versd + U2Sd 
CRw = | uzug versd + u3sd ud vers 6 + cd Ugug vers 5 — U,sd 
U1 U3 Versd — U28d UgU3 vers d + U,s8d ug vers 6 + 66 
(8.87) 
(s1 — uy (533 + S9U2 + $1U1)) versd + (sgug — $3U2) sind 
Cdy = (sq — Ug (S33 + Sgue + $1U1)) versd + (s3u1 — $1 Ug) sind 
(s3 — ug (S33 + Sgue + $1U1)) versd + (s1U2 — Sgr) sind 
(8.88) 


The vector “dy indicates the position of the wheel center with respect to 
the wheel-body frame. 

The matrix CTy is the homogeneous transformation from wheel frame 
W to wheel-body frame C,, when the wheel is steered by the angle 6 about 
the steering axis u. 


Example 335 * Zero steer angle. 

To examine the screw transformation, we check the zero steering. Sub- 
stituting 6 = 0 simplifies the rotation matrix © Ry and the position vector 
Cdw tol andO 


10 0 
CRw=|0 1 0 (8.89) 
001 
0 
Cdw=| 0 (8.90) 
0 


indicating that at zero steering, the wheel frameW and wheel-body frame C 
are coincident. 


Example 336 *% Steer angle transformation for zero lean and caster. 

Consider a wheel with a steer axis coincident with z,,. Such a wheel has 
no lean or caster angle. When the wheel is steered by the angle 6, we can 
find the coordinates of a wheel point P in the wheel-body coordinate frame 
using transformation method. Figure 8.52 illustrates a 3D view, and Figure 
&.53 a top view of such a wheel. 
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Steer angle 


FIGURE 8.52. A 3D illustration of a steered wheel with a steer axis coincident 


with zy. 
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FIGURE 8.53. Top view of a steered whee 


with a steer axis coincident with z,. 
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Assume “rp = [tw, Yu; Bal is the position vector of a wheel point, then 


its position vector in the wheel-body coordinate frame C is 


Crp = CRW’ rp= Reg" rp 
cosé —sind 0 Dis 
= sind cosd 0 Yu 
0 0 1 Ziiy 
Ly COS) — Yy sind 
= Yw Cosd+2ysind |. (8.91) 
Zw 


We assumed that the wheel-body coordinate is installed at the center of 
the wheel and is parallel to the vehicle coordinate frame. Therefore, the 
transformation from the frame W to the frame C is a rotation 6 about the 
wheel-body z-axis. There would be no camber angle when the lean and caster 
angles are zero and steer axis is on the Z-axis. 


Example 337 * Zero lean, zero lateral location. 

The case of zero lean, 0 = 0, and zero lateral location, sy = 0, is impor- 
tant in caster dynamics of bicycle model. The screw transformation for this 
case will be simplified to 


U1 siny 
CaS) fie = |) 0 (8.92) 

U3 cos 

Sa 
Cs = 0 (8.93) 
ate: 
sin? yversd+cosd —cosysind  sinycosyversd 
CRw = cos y sind cos 6 —singysind 
sin y cos y vers 6 singsind cos? pvers6 + cosd 
(8.94) 
cos p(s, cosy + Ry sin y) vers 6 

Ca = —(s, cosy + Ry siny) sind (8.95) 


5 (Rw — Rw cos 2y + sq sin 2y) vers 6 


Example 338 * Position of the tireprint. 
The center of tireprint in the wheel coordinate frame is at rr 


0 
Wrr = 0 ; (8.96) 
—R,, 
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If we assume the width of the tire is zero and the wheel is steered, the center 
of tireprint would be at 


LT 
Crp = Tw rr =| yr (8.97) 

2r 

where 
ap = (1—ujz) (1—cosd) sq + (ug sind — uu (1—cosd)) s, (8.98) 
yr = —(ugsind + uyug (1 — cosd)) 8 + (1 — u5) (1 — cos6) 5, (8.99) 
zp = (ugsind — uyus (1 —cosd)) sq 

— (u, sind + ugug (1 — cosd)) s, — Ry (8.100) 


or 
cos 6 cos y sin 6 1 sin 20 sin 2y (1 — cos 6) 
gh =) 3) ee. ee eee 
: : \/cos2 Osin2 yp + cos2?y 4 cos? sin” y + cos? p 


26 +2 
+S8q (1 = ee) (1 — COs ) (8.101) 
cos? @ sin“ y + cos? 


cos 8 cos y sin 6 1 sin 20 sin 2y (1 — cos 6) 
Ue a fa Od eae bene 2 
cos? @sin? y+ cos? + cos? Asin“ y + cos? y 


42 “ 2¢9 
des (1 - we) es) (8.102) 
cos? @ sin“ y + cos? yp 


spcos@siny + sqacosysin#d , 
s 


ind 
/ cos? @ sin? y + cos? p 


1 sy cos? ysin 20 — s, cos? 6 sin 2p 


4T = Rw 


5 eT area ee (1 — cos 6) (8.103) 
Example 339 ¥% Wheel center drop. 

The zp coordinate in (8.100) or (8.103) indicates the amount that the 
center of the tireprint will move in the vertical direction with respect to 
the wheel-body frame when the wheel is steering. If the steer angle is zero, 
6 =0, then zr is at 


zp = —Ry. (8.104) 

Because the center of tireprint must be on the ground, H = —R,, — zr 
indicated the height that the center of the wheel will drop during steering. 
HS =f =o, (8.105) 


sp cos@sing + s,cosysing , 
———Ss 


nod 


\/cos? @ sin? y + cos? y 
1 sy cos? ysin 20 — sq cos? 6 sin 2p 


1—cosd 
2 cos? @ sin? y + cos? p ( ) 
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5[ deg] 


FIGURE 8.54. H/sa for the caster angle y = 5deg 0, —5 deg, —10 deg, —15 deg, 
—20 deg and the steer angle in the range —10 deg < 6 < 10deg. 


The zr coordinate of the tireprint may be simplifie for different designs: 
1— If the lean angle is zero, 0 =0, then zp is at 


1 
zp = —Ry - 352 sin 2y (1 — cos 6) — sysinysin 6d. (8.106) 
2— If the lean angle and lateral location are zero, 0 =0, sp =0, then zr 
as at ; 
zp = —Ry - 35a sin 2y (1 — cos). (8.107) 
In this case, the wheel center drop may be expressed by a dimensionless 
equation. 
HA 1 
—= 7 sin 2y (1 — cos 6) (8.108) 
ce 
Figure 8.54 illustrates H/sq for the caster angle p = 5deg, Odeg, —5 deg, 
—10deg, —15deg, —20deg, and the steer angle 6 in the range —10deg < 
6 < 10deg. In street cars, we set the steering axis with a positive longitudi- 
nal location 54 > 0, and a few degrees negative caster angle p < 0. In this 
case the wheel center drops as is shown in the figure. 
3— If the caster angle is zero, p =0, then zp is at 


1 
zp = —Ry + rh sin 20 (1 — cosd) — sa sin @sin 0d. (8.109) 
4— If the caster angle and lateral location are zero, yp = 0, s, = 0, then 


zp ws at 


zp = —Ry — 8a sin@sino. (8.110) 
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FIGURE 8.55. H/sa for the lean angle 6 = 5deg 0, —5deg, —10deg, —15 deg, 
—20 deg and the steer angle in the range —10deg < 6 < 10deg. 


In this case, the wheel center drop may be expressed by a dimensionless 
equation. 


Sa 


Figure 8.56 illustrates H/sq for the lean angle 0 = 5 deg, 0, —5 deg, —10 deg, 
—15deg, —20deg and the steer angle 6 in the range —10 deg < 6 < 10deg. 
The steering axis of street cars is usually set with a positive longitudinal 
location Sq > 0, and a few degrees positive lean angle @ > 0. In this case 
the wheel center lowers when the wheel number 1 turns to the right, and 
elevates when the wheel turns to the left. 

Comparison of Figures 8.54 and 8.55 shows that the lean angle has much 
more affect on the wheel center drop than the caster angle. 

5— If the lateral location is zero, 8, = 0, then zp is at 


=—sinésind (8.111) 


a 7 6 
ee ES SR es gens 
cos? 6 sin? y + cos? y 
1 2 @sin2 
hed) (8.112) 


ee A ee ee 
2°“ cos? 6 sin? y + cos? y 
and the wheel center drop, H, may be expressed by a dimensionless equation. 


H 1 cos? @sin? y (1 — cos6) cos gemnigsing (8.113) 


Sa 2 cos? Osin? » + cos? y cos? sin? y + cos? p 


Example 340 *% Position of the wheel center. 
As given in Equation (8.88), the wheel center is at “dy with respect to 
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the wheel-body frame. 
TW 
Cdw =| yw (8.114) 
ZW 
Substituting for i and s from (8.72) and (8.73) in (8.88) provides the co- 
ordinates of the wheel center in the wheel-body frame as 


tw = (sa—Ui(—Rwug + spu2 + Sau1)) (1 — cosd) 
+ (spug + Rwu2) sind (8.115) 
yw = (8p — Ug (—Ryug + 8,U2 + Sgt)) (1 — cosd) 
— (Ryu + S8qu3) sind (8.116) 
zw = (—Ry — uz (—Rwuz3 + spue + Sauii)) (1 — cos d) 
+ (SqU2 — shui) sind (8.117) 
or 
tw = Sa(1—cosd) 
1 ; 2 Ao 9 1, : 
zw sin 2y — Sq sin“ y | cos“ #+ 7% sin 20 sin 2y 
+ — (1 — cos 6) 
cos? y + cos? 6 sin* yp 
0— Ry sind ; 
ig Asneos t= easin) cos y sin 6 (8.118) 
cos? y + cos? O sin” » 
yw = 8) (1—cosd) 
1 : »- 2 2 1 . . 
5 (Rw sin 20 + sp sin 0) cos* p — 752 sin 20 sin 2y 
= 8 ee J 66865 
cos? —y + cos? 6 sin” y ( ) 
Ry si a COS ; 
pee Sea cos # sin 6 (8.119) 
cos? y + cos? @ sin” ~ 
zw = —R, (1-cosd) 
2 he 2 l 2a 
Ry cos? 8 + 380 sin 20 | cos“ yp — 78a cos* # sin 2y 
ee 008.0) 
cos? y + cos? @ sin* y 
Sa cospsind + scos@sing (8.120) 


cos? y + cos? 6 sin” y 


The zw coordinate indicates how the center of the wheel will move in the 
vertical direction with respect to the wheel-body frame, when the wheel is 
steering. It shows that zw =0, as long as 6 = 0. 
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The zw coordinate of the wheel center may be simplified for different 
designs: 
1— If the lean angle is zero, 0 = 0, then zw is at 


zw = —R,(1- cos” y) (1 — cos 6) — sp singsind 
1 
— 58a sin 2y (1 — cosé). (8.121) 


2— If the lean angle and lateral location are zero, 0 = 0, 8) = 0, then zw 
as at 


zw = —Ry (1 — cos? y) (1 — cos6) — 580 sin 2y (1 — cos6). (8.122) 
3— If the caster angle is zero, p = 0, then zw is at 
zw = —Ry (1 — cos? 0) (1 —cosd) — sgsin@ sind 
+59 sin 20 (1 — cos0). (8.123) 


4— If the caster angle and lateral location are zero, p = 0, s» = 0, then 
zw 1s at 


zw = —Ry (1— cos” 8) (1 — cosd) — sq sin @ sin 6. (8.124) 
5— If the lateral location is zero, s» = 0, then zp is at 


Sq cos yp sin @ 


zw = —R, (1—cosd) sind 


cos? y + cos? 6 sin? y 


1 
R,, cos” @ cos? y — 550 cos? 6 sin 2p 
+—______4=__.~__ (1 — cos6 8.125 
cos? y + cos? 0 sin? ~ ( ) ) 
In each case of the above designs, the height of the wheel center with 
respect to the ground level can be found by adding H to zw. The equations 
for calculating H are found in Example 340. 


Example 341 *% Camber theory. 

Having a non-zero lean and caster angles causes a camber angle y for 
a steered wheel. To find the camber angle of an steered wheel, we may de- 
termine the angle between the camber line and the vertical direction Z¢. 
The camber line is the line connecting the wheel center and the center of 
tireprint. 

The coordinates of the center of tireprint (xr, yr, zr) are given in Equa- 
tions (8.101)-(8.103), and the coordinates of the wheel center (cw, yw, 2zw) 
are given in Equations (8.118)-(8.120). The line connecting (xr, yr, zr) to 
(tw, yw, 2w) may be indicated by the unit vector i. 

i (ew — er) 1+ (yw — yr) J + (ew = 27) K (8.126) 
V(ew — xr)” + (yw — yr) + (zw - 27) 
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in which I, J, K, are the unit vectors of the wheel-body coordinate frame C. 
The camber angle is the angle between |. and K, which can be found by 
the inner vector product. 


J = cos’ (i. . k) 
einige 2s ee 
Vew — xr)” + (yw — yr)? + (zw - 27)? 


As an special case, let us determine the camber angle when the lean angle 
and lateral location are zero, 0 =0, sy = 0. In this case, we have 


tp = 8&q(1—sin? y) (cosd — 1) (8.128) 
Yr = —Sq_cosysind (8.129) 
1 
zp = zp =—Ry- ha sin 2y (1 — cos 6) (8.130) 
1 Any 
tw = [Sat 7 Rw sin 2p — sasin* vy | (1 — cos) (8.131) 
yw = 8 (1—cosd) — R, sing + sq cos ysind (8.132) 
1 
“aw = (#. (cos? y — 1) — 58a sin 2») (1—cos6). (8.133) 


8.7 Summary 


There are two general types of suspensions: dependent, in which the left and 
right wheels on an axle are rigidly connected, and independent, in which 
the left and right wheels are disconnected. Solid axle is the most common 
dependent suspension, while McPherson and double A-arm are the most 
common independent suspensions. 

The roll axis is the instantaneous line about which the body of a vehicle 
rolls. Roll axis is found by connecting the roll center of the front and rear 
suspensions of the vehicle. The instant center of rotation of a wheel with 
respect to the body is called suspension roll center. So, to find the roll 
center of the front or rear half of a car, we should determine the suspension 
roll centers, and find the intersection of the lines connecting the suspension 
roll centers to the center of their associated tireprints. 

Three coordinate frames are employed to express the orientation of a 
tire and wheel with respect to the vehicle: the wheel frame W, wheel-body 
frame C’, and tire frame T. A wheel coordinate frame W (tw, Yw, Zw) is 
attached to the center of a wheel. It follows every translation and rotation 
of the wheel except the spin. Hence, the x, and z, axes are always in the 
tire-plane, while the y,,-axis is always along the spin axis. When the wheel 
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is straight and the W frame is parallel to the vehicle coordinate frame, 
we attach a wheel-body coordinate frame C (%¢, Yc, 2-) at the center of the 
wheel parallel to the vehicle coordinate axes. The wheel-body frame C is 
motionless with respect to the vehicle coordinate and does not follow any 
motion of the wheel. The tire coordinate frame T (xz, yz, 2:) is set at the 
center of the tireprint. The z,-axis is always perpendicular to the ground. 
The x;-axis is along the intersection line of the tire-plane and the ground. 
The tire frame does not follows the spin and camber rotations of the tire 
however, it follows the steer angle rotation about the z,-axis. 

We define the orientation and position of a steering axis by the caster 
angle y, lean angle 0, and the intersection point of the axis with the ground 
surface at (Sa, 6,) with respect to the center of tireprint. Because of these 
parameters, a steered wheel will camber and generates a lateral force. This 
is called the caster theory. The camber angle + of a steered wheel for 6 = 0, 
and s, = 0 is: 


J, = cos! (i. . k) 
=f ew = 21) (8.134) 
View — xr) + (yw — yr)? + (aw — 27) 


where 
tp = 8q(1—sin* y) (cosd — 1) (8.135) 
Yr = —Sqcosysind (8.136) 
1 
zp = zp =—Ry- ha sin 2y (1 — cos 6) (8.137) 
1 : 2 
tw = [Sat zhu sin 2p — s,sin* vy } (1 — cos) (8.138) 
yw = 8 (1—cosd)— Ry sing + s_cosysind (8.139) 


Zw = @ (cos? p — 1) — si sin 20) (1 —cos6). (8.140) 
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8.8 Key Symbols 


ab. 
SS 
i 


ie} S 
= 


Sa 
Sb 
Sw (0, 6, %, s) 
LT (Xt, Yt, 2) 
7 


vy 
ZC,YC 
(er, yr, 27) 


lengths of the links of a four-bar linkage 

distance of the axle number 7 from the mass center 
coefficients in equation for calculating 03 

distance of left wheels from mass center 

vehicle coordinate frame 

mass center 

coupler point 

wheel-body coordinate frame 

C expression of the position of W with respect to T’ 
polar coordinates of a coupler point 

overhang 

vertical displacement of the wheel center 

wheel center drop 

instant center of rotation between link 7 and link j 
a line connecting [;; and Imn 

unit vectors of the wheel-body frame C 

identity matrix 

length function for calculating 63 

unit vector on the line (x7, yr, zr) to (tw, yw, zw) 
sprung mass 

unsprung mass 

normal unit vectors to mz 

normal unit vectors to 7c 

point 

parameters for calculating couple point coordinate 
position vector 

tire radius 

rotation matrix to go from W frame to T frame 
position vector of the steer axis 

forward location of the steer axis 

lateral location of the steer axis 

zero pitch screw about the steer axis 

tire coordinate system 

homogeneous transformation to go from W to T 
steer axis unit vector 

skew symmetrix matrix associated to & 

position vector of the coupler point 

unit vector in the z-direction 

forward speed 

suspension coordinate frame 

coordinate of a couple point 

wheel-body coordinates of the origin of T’ frame 


(cw, YW; zw) 
vers 6 

W (twYw Zw) 
Zz 

20 


8. Suspension Mechanisms 511 


wheel-body coordinates of the origin of W frame 
1—cosdé 

wheel coordinate system 

vertical position of the wheel center 

initial vertical position of the wheel center 


angle of a coupler point with upper A-arm 
camber angle 

steer angle 

sprung to unsprung mass ratio 

lean angle 

angle between the ground link and the z-direction 
angular position of link number 7 

angular position of the upper A-arm 
angular position of the coupler link 
angular position of link lower A-arm 
initial angular position of 0; 

caster plane 

lean plane 

trust angle 

caster angle 

angular velocity 
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Exercises 


1. Roll center. 


Determine the roll ceneter of the kinematic models of vehicles shown 
in Figures 8.56 to 8.59. 


FIGURE 8.56. 


FIGURE 8.57. 


2. Upper A-arm and roll center. 
Design the upper A-arm for the suspensions that are shown in Figures 
8.60 to 8.62, such that the roll center of the vehicle is at point P. 

3. Lower arm and roll center. 


Design the lower arm for the McPherson suspensions that are shown 
in Figures 8.63 to 8.65, such that the roll center of the vehicle is at 
point P. 


FIGURE 8.60. 


P 
° 


FIGURE 8.61. 
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f a 


FIGURE 8.62. 


FIGURE 8.63. 


FIGURE 8.64. 


P 
° 


FIGURE 8.65. 
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4. % Position of the roll center and mass ceneter. 


Figure 8.66 illustrates the wheels and mass center C’ of a vehicle. 
Design a double A-arm suspension such that the roll center of the 


A § £2 


FIGURE 8.66. 
vehicle is 


(a 
(b 
(c 
(d 


below C. 


Is it possible to make street cars with a roll center on or above 
C? 


(e) What would be the advantages or disadvantages of a roll center 
on or above C. 


) 
) 
) 
) 


5. %& Asymmetric position of the roll center. 


Design a double A-arm suspension for the vehicle shown in 8.67, such 
that the roll center of the vehicle is at point P. What would be the 
advantages or disadvantages of an asymmetric roll center? 


2 a 
\ J P \ i 


FIGURE 8.67. 


6. %& Camber angle variation. 


Consider a double A-arm suspension such that is shown in Figure 
8.68. Assume that the dimensions of the equivalent kinematic model 
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FIGURE 8.68. 
are: 
a = 22.57cm 
b = 18.88cm 
ec = 29.8cm 
d = 24.8cm 
A) = 23.5deg 


and the coupler point C is at: 


= 14.8cm 
a = 56.2deg 


Draw a graph to show the variation of the camber angle, when the 
wheel is moving up and down. 

7. % Steer axis unit vector. 
Determine the C' expression of the unit vector é@ on the steer axis, for 
a caster angle y = 15deg, and a lean angle 0 = 8 deg. 

8. % Location vector and steer axis. 


Determine the location vector s, if the steer axis is going through 
the wheel center. The caster and lean angles are y = 10deg and 
0 = Odeg. 


9. % Homogeneous transformation matrix Ty. 


10. 


11. 


12. 
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Determine CT for y = 8deg, 0 = 12deg, and the location vector 
C 
s 
3.8cm 
s=] 18cm 
=i 
(a) The vehicle uses a tire 235/35Z7R19. 
(b) The vehicle uses a tire P215/65R15 96H. 


%* Wheel drop. 


Find the coordinates of the tireprint for 


yp = 10deg 
06 = 10deg 
3.8cm 
Cg = 1.8cm 
38cm 


if 6 = 18deg. How much is the wheel drop H. 


%* Wheel drop and steer angle. 

Draw a plot to show the wheel drop H at different steer angle 6 for 
the given data in Exercise 10. 

% Camber and steering. 


Draw a plot to show the camber angle y at different steer angle 6 for 
the following characteristics: 


yp = 10deg 
0 = Odeg 
3.8cm 
Cg = Ocm 


38cm 


Part III 


Vehicle Dynamics 


9 


Applied Dynamics 


Dynamics of a rigid vehicle may be considered as the motion of a rigid 
body with respect to a fixed global coordinate frame. The principles of 
Newton and Euler equations of motion that describe the translational and 
rotational motion of the rigid body are reviewed in this chapter. 


9.1 Force and Moment 


In Newtonian dynamics, the forces acting on a system of connected rigid 
bodied can be divided into internal and external forces. Internal forces 
are acting between connected bodies, and external forces are acting from 
outside of the system. An external force can be a contact force, such as the 
traction force at the tireprint of a driving wheel, or a body force, such as 
the gravitational force on the vehicle’s body. 


FIGURE 9.1. The force system of a vehicle is the applied forces and moments at 
the tireprints. 


External forces and moments are called load, and a set of forces and 
moments acting on a rigid body, such as forces and moments on the vehicle 
shown in Figure 9.1, is called a force system. The resultant or total force F 
is the sum of all the external forces acting on a body, and the resultant or 
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total moment M is the sum of all the moments of the external forces. 
F = SOF; (9.1) 
M = SM; (9.2) 


Consider a force F acting on a point P at rp. The moment of the force 
about a directional line / passing through the origin is 


M, = lii- (rp x F) (9.3) 


where @ is a unit vector on J. The moment of the force F, about a point Q 
at rg is 
Mog = (rp = rg) x F (9.4) 


so, the moment of F about the origin is 
M=rpxF. (9.5) 


The moment of a force may also be called torque or moment. 

The effect of a force system is equivalent to the effect of the resultant 
force and resultant moment of the force system. Any two force systems 
are equivalent if their resultant forces and resultant moments are equal. If 
the resultant force of a force system is zero, the resultant moment of the 
force system is independent of the origin of the coordinate frame. Such a 
resultant moment is called couple. 

When a force system is reduced to a resultant Fp and Mp with respect 
to a reference point P, we may change the reference point to another point 
Q and find the new resultants as 


Fo = Fp (9.6) 
Mog Mp + (rp —rg) x Fp 


= Mp + Qrp X Fp. (9.7) 


The momentum of a moving rigid body is a vector quantity equal to the 
total mass of the body times the translational velocity of the mass center 
of the body. 


p=mv (9.8) 


The momentum p is also called translational momentum or linear momen- 
tum. 

Consider a rigid body with momentum p. The moment of momentum, 
L, about a directional line | passing through the origin is 


L; = li: (rc x p) (9.9) 
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where & is a unit vector indicating the direction of the line, and rc is the 
position vector of the mass center C. The moment of momentum about the 
origin is 

L=rc Xp. (9.10) 
The moment of momentum L is also called angular momentum. 

A bounded vector is a vector fixed at a point in space. A sliding or line 
vector is a vector free to slide on its line of action. A free vector is a vector 
that may move to any point as long as it keeps its direction. Force is a 
sliding vector and couple is a free vector. However, the moment of a force 
is dependent on the distance between the origin of the coordinate frame 
and the line of action. 

The application of a force system is emphasized by Newton’s second and 
third laws of motion. The second law of motion, also called the Newton’s 
equation of motion, states that the global rate of change of linear momen- 
tum is proportional to the global applied force. 


CP = a p= “a (mv) (9.11) 


The third law of motion states that the action and reaction forces acting 
between two bodies are equal and opposite. 

The second law of motion can be expanded to include rotational motions. 
Hence, the second law of motion also states that the global rate of change 
of angular momentum is proportional to the global applied moment. 


G Cd G 
M=—“"L 9.12 
Ti (9.12) 
Proof. Differentiating from angular momentum (9.10) shows that 
od CT, = Cd 
dt dt 


CM. (9.13) 


7 
Kinetic energy Kk of a moving body point P with mass m at a position 


Grp, and having a velocity “vp, is 
1 
K = =m¢v3 


2 
1 . 2 
= 5m (Cdp fot Bares ®rp) (9.14) 
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The work done by the applied force “F on m in moving from point 1 to 
point 2 on a path, indicated by a vector @r, is 


2 
Wa= | CF. dr. (9.15) 
1 
However, 


2 
jf oF-a% = m — Cy. Svdt 
1 


= K,-K, (9.16) 


that shows ,;W2 is equal to the difference of the kinetic energy between 
terminal and initial points. 


1Wo = Ko = ky (9.17) 
Equation (9.17) is called principle of work and energy. 


Example 342 Position of center of mass. 
The position of the mass center of a rigid body in a coordinate frame is 
indicated by ro and is usually measured in the body coordinate frame. 


1 
Bro = = | Brdm (9.18) 
mM JIB 
‘ +f, cdm 
C 
yo | = | +faydm (9.19) 
ae +f, zdm 


Applying the mass center integral on the symmetric and uniform L-section 
rigid body with p = 1 shown in Figure 9.2 provides the position of mass 
center C' of the section. The x position of C is 


1 
tc = — | xdm 
™ JB 
1 
= — dA 
A a 7 
b? + ab — a? 
~ dab + 2a? ey) 
and because of symmetry, we have 
b? + ab — a? 
yo = Zc = (9.21) 


4dab + 2a? 
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vs 


FIGURE 9.2. Principal coordinate frame for a symmetric L-section. 


When a = 0, the position of C reduces to 


1 
UG =-20 = 5 (9.22) 


Example 343 * Every force system is equivalent to a wrench. 

The Poinsot theorem states: Every force system is equivalent to a single 
force, plus a moment parallel to the force. Let F and M be the resultant force 
and moment of a force system. We decompose the moment into parallel and 
perpendicular components, Mi and M_, to the force aris. The force F and 
the perpendicular moment M, can be replaced by a single force F’ parallel 
to F. Therefore, the force system is reduced to a force F’ and a moment 
M), parallel to each other. A force and a moment about the force axis is 
called a wrench. 

The Poinsot theorem is similar to the Chasles theorem that states: Every 
rigid body motion is equivalent to a screw, which is a translation plus a 
rotation about the axis of translation. 


Example 344 * Motion of a moving point in a moving body frame. 
The velocity and acceleration of a moving point P as shown in Figure 
5.12 are found in Example 200. 


Cvp = Sdp + CRp (Pvp + Bwe x Brp) (9.23) 
Cap = Cdg+ CRg (Pap +22we x Pvp + Bwp x Brp) 
+ Rp (Gwe x (Gwe x Brp)) (9.24) 


Therefore, the equation of motion for the point mass P is 
CF = map 
= m (Cds + CRp (Pap +2Gwp x BvD + Bop x ®rp)) 


+m GRs (Gwe x (Gwp x Prp)) F (9.25) 
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Example 345 Newton’s equation in a rotating frame. 

Consider a spherical rigid body, such as Earth, with a fixed point that 
is rotating with a constant angular velocity. The equation of motion for a 
moving point vehicle P on the rigid body is found by setting Cdp= Bw p = 
0 in the equation of motion of a moving point in a moving body frame (9.25) 


PR = m?ap+méwp x (Bwp x Prp)+2mGwep x Pip (9.26) 
# m Pap 


which shows that the Newton’s equation of motion F = ma must be modified 
for rotating frames. 


Example 346 Coriolis force. 
The equation of motion of a moving vehicle point on the surface of the 
Earth is 


PF =mPap+méGwp x (Gwe x ?rp) +2mGwp x Pvp (9.27) 
which can be rearranged to 
BR —mBwep x (Gwp x Prp) —2mEwp x Pvp =mPap. (9.28) 


Equation (9.28) is the equation of motion for an observer in the rotating 
frame, which in this case is an observer on the Earth. The left-hand side 
of this equation is called the effective force Fer, 


Prp) - 2m Ewe x Pvp (9.29) 


Feyy = ‘al ae mMGwp x (Gwp x 

because it seems that the particle is moving under the influence of this force. 

The second term is negative of the centrifugal force and pointing outward. 
The maximum value of this force on the Earth is on the equator 


24 x 3600 365.25 
= 3.3917 x 107? m/s? (9.30) 


.25\? 
rw? = 6378.388 « 10° x ( 2 = 008 >) 


which is about 0.3% of the acceleration of gravity. If we add the varia- 
tion of the gravitational acceleration because of a change of radius from 
R = 6356912 m at the pole to R = 6378388 m on the equator, then the vari- 
ation of the acceleration of gravity becomes 0.53%. So, generally speaking, 
a sportsman such as a pole-vaulter who has practiced in the north pole can 
show a better record in a competition held on the equator. 

The third term is called the Coriolis force or Coriolis effect, Fo, 
which is perpendicular to both w and Pvp. For a mass m moving on the 
north hemisphere at a latitude 6 towards the equator, we should provide a 
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lateral eastward force equal to the Coriolis effect to force the mass, keeping 
its direction relative to the ground. 


Fo = 2m Bwep x Py, 
1.4584 x 10°-* ?p,, cos6 kg m/s?” (9.31) 
The Coriolis effect is the reason why the west side of railways, roads, and 


rivers wears. The lack of providing the Coriolis force is the reason for turn- 
ing the direction of winds, projectiles, flood, and falling objects westward. 


Example 347 Work, force, and kinetic energy in a unidirectional motion. 
A vehicle with mass m = 1200kg has an initial kinetic energy K = 


6000 J. The mass is under a constant force F = FI = 40001 and moves 
from X(0) =0 to X(t¢) = 1000m at a terminal time tr. The work done 


by the force during this motion is 
r(t) 
if F -dr 
r(0) 


1000 
= Vi 4000 dX 
0 


= 4x10°Nm 
4AMJ (9.32) 


Ww 


The kinetic energy at the terminal time is 
K(ts) =W + K(0) = 4006000 J (9.33) 
which shows that the terminal speed of the mass is 


v2 = ze) = 81.7m/s. (9.34) 
m 


Example 348 Direct dynamics. 
When the applied force is time varying and is a known function, then, 


F(t) =m. (9.35) 


The general solution for the equation of motion can be found by integration. 


H(t) = Ft) +— | F(t)at (9.36) 


ri = rio) FUME) +E ff R(OaLae (9.37) 


This kind of problem is called direct or forward dynamics. 
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FIGURE 9.3. A body point mass moving with velocity @vp and acted on by 
force df. 


9.2 Rigid Body Translational Dynamics 


Figure 9.3 depicts a moving body B in a global coordinate frame G. Assume 
that the body frame is attached at the mass center of the body. Point P 
indicates an infinitesimal sphere of the body, which has a very small mass 
dm. The point mass dm is acted on by an infinitesimal force df and has a 
global velocity Cvp. 

According to Newton’s law of motion we have 


df = “apdm. (9.38) 


However, the equation of motion for the whole body in a global coordinate 
frame is 
CR = mag (9.39) 


which can be expressed in the body coordinate frame as 


BR = mébap +m Bwe x Pvp (9.40) 
F, Mag +M (WyVz — WzVy) 
Fy = May —M(WyVz —W2zVx) | - (9.41) 
F, Ma, +M (Wey — Wye) 

G 


In these equations, “ag is the acceleration vector of the body mass center 
C in the global frame, m is the total mass of the body, and F is the resultant 
of the external forces acted on the body at C. 
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Proof. A body coordinate frame at the mass center is called a central 


frame. If frame B is a central frame, then the center of mass, C’, is defined 
such that 


| Bram dm = 0. (9.42) 
B 


The global position vector of dm is related to its local position vector by 
Sram = Cdp + CRp Bram (9.43) 


where “dg is the global position vector of the central body frame, and 


therefore, 
i Cram dm = if Gdp dm+ CRe / Prim dm 
B B m 


J Sanam 

B 

= San | dm 
B 


= mdz. (9.44) 


A time derivative of both sides shows that 
m?dp =m vz = i, CP im dm = | CV am dm (9.45) 
B B 
and another derivative is 
movp =m ag = | CY atm dm. (9.46) 
B 
However, we have df = “vp dm and therefore, 
map = | df. (9.47) 
B 


The integral on the right-hand side accounts for all the forces acting on the 
body. The internal forces cancel one another out, so the net result is the 
vector sum of all the externally applied forces, F, and therefore, 


G 


CR = m Sag =m Cz. (9.48) 


In the body coordinate frame we have 
BR = BRo GR 
= m?Ro “ap 
=> mM Bap 


= m Pap +m Bwep x Pun. (9.49) 
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The expanded form of the Newton’s equation in the body coordinate 
frame is then equal to 


BR = m Pap +m Bwp x Bupa 
Fy Ay We Ux 
Fy = mi ay |}+tm| wy | xX | vy 
F, Az Wy Uz 


Maz +M (Wyvz — WzVy) 
= May —M(WeVz —WzVz) | - (9.50) 
Maz + M (Wey — Wye) 


9.3 Rigid Body Rotational Dynamics 


The rigid body rotational equation of motion is the Fuler equation 

Gq é 

dt 

= By. Bwe x BL 

= PI Bop + Gwe x (PI Gwe) (9.51) 


BM = 


where L is the angular momentum 
BT, = FI Bwe (9.52) 
and I is the moment of inertia of the rigid body. 


Pe Tie Tay Tye (9.53) 


The elements of J are functions of the mass distribution of the rigid body 
and may be defined by 


Ij = ‘ (Fomine Sita) am 4° 1,5 = 12,3 (9.54) 
B 
where 6;; is Kronecker’s delta. 
_f l if ma=n 
inn ={ ae (9.55) 


The expanded form of the Euler equation (9.51) is 


Mes = Depa Te Oy dls aay Eg) yy 


Lele wy) We (Welny — Wylez) (9.56) 
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Tyz (w2 — wW2) — Wy (Welyz — Weoy) (9.57) 
MM, = dye FiagWy Pls — Uge = Lyy) Wey 
Tay (w? We) — Wz (Wylaz — Waelyz) - (9.58) 


which can be reduced to 


M, = a, — Ue — Ip) wows 
Mo = Inwe2 = (I3 = Ty) w3w4 (9.59) 
M3 = I3w3 —(f1 — Ig) wiwe 


in a special Cartesian coordinate frame called the principal coordinate 
frame. The principal coordinate frame is denoted by numbers 123 to in- 
dicate the first, second, and third principal axes. The parameters I;;, i 4 j 
are zero in the principal frame. The body and principal coordinate frame 
sit at the mass center C. 

Kinetic energy of a rotating rigid body is 


1 
K=35 (Leaws + Tyyw + T2207) 
—IpyWpWy — Ty,wyw, — TqWzWz (9.60) 
1 
1 
- xu lw (9.62) 


that in the principal coordinate frame reduces to 


K = = (Iwi + Inw5 + Iw) . (9.63) 


NlrR 


Proof. Let m; be the mass of the ith particle of a rigid body B, which is 
made of n particles and let 


(9.64) 
be the Cartesian position vector of m; in a central body fixed coordinate 
frame Oxyz. Assume that 

| T 


w= 2wp= [Wee Wy: ty (9.65) 


is the angular velocity of the rigid body with respect to the ground, ex- 
pressed in the body coordinate frame. 
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The angular momentum of m; is 
L; = rx mit; 


m, [ri x (w x r4)] 


= m[(ri-ri)w — (ti - w) ri] 
myiriw —m; (ri w) Tj. 


Hence, the angular momentum of the rigid body would be 


n n 
2 
L=w) mir? - > My, (Vi + W) Tj. 
i=l i=1 


Substitution for r; and w gives us 
n 
Lb = (wei + wyj + web) So mi (a7 + y7 + 2?) 
i=1 


nm 
- S> Mj (LiWe + Yiwy + ZiWz) - (za + yig+ zi) 


j=1 
and therefore, 
n 
L = Som (a? + yf + 27) wei 
j=1 
nm 
+> my; (af + uf + 27) wed 
j=1 
nm 
+ my (x7 + y? + 27) wrk 
1=1 
nm 
_ 3 Mj (LiWe + Yiwy + ZW) Lit 
1=1 
nm 
- ve M4 (LiWe + YsWy + ZWe) Yj 
j=1 
nm 
y M4 (LiWe T YiWy + ZW) zk 
j=1 
or 
n 
L = Simi [(a? + yf + 27) We — (tiWe + YiWy + 2iWz) vi] 
i=l 
n 
+ Som [(a? + yf + 27) wy — (@iWe + YiWy + 2iwz) yi] J 
j=1 
n 


ne Som [(2? Tr Vi + z) Wz — (We + Yilly + ZWz) zi k 


(9.66) 


(9.67) 


(9.68) 


(9.69) 


(9.70) 


which can be rearranged as 


im 


L = 


i= 


(yi + 27)] wet 


n 
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So [ms (2? + 02)] wek 


(MyxiYyi) Wy + [> (Mi Xi 2%) Wz 
i=l 


n 
(miyizs) wz + >- (miyixi) we 
i=l 


n 


Bs (>: (mzias) We + >> (Mazi) Wy 


i=l 


\t 


533 


(9.71) 


By introducing the moment of inertia matrix J with the following ele- 


ments, 


Lox 


Lex = 


Lyx = a (mixiyi) 
Ley ioe De (miyizi) 


Ip, = — - (m,2;%;) : 


we may write the angular momentum L in a concise form 


3 
| 


IpgWe “Te InyWy 


LyxWe + Lyywy 


a Ip zz 


Ws LyzWz 


LygWe + TyyWy + Iz2Wz 


(9.72) 


(9.73) 


(9.74) 


(9.75) 


(9.76) 


(9.77) 


(9.78) 


(9.79) 
(9.80) 
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or in a matrix form 


L= Iw (9.81) 
Rn ai es a ae AU Ns (9.82) 


For a rigid body that is a continuous solid, the summations must be re- 
placed by integrations over the volume of the body as in Equation (9.54). 
The Euler equation of motion for a rigid body is 


B Cd 5 
M = —*L 9.83 
a (9.83) 
where ?M is the resultant of the external moments applied on the rigid 
body. The angular momentum L is a vector defined in the body coordinate 
frame. Hence, its time derivative in the global coordinate frame is 


= = FE,4+ Bw, x BL. (9.84) 
Therefore, 
BM = “ =L+wxL 
= Iw+wx (Iw) (9.85) 
or in expanded form 
PM = (leas + Inywy + Inez) é 


+ (LynWe + LyyWy + TyzWz) 
+ (LeaWe + LyWy + Iz2Wz) 
pid ge Dye ys 
—Wy TpyWe + LyyWy + Lyzwz 
+z TpeWe + InyWy 4 
Ie2We + TyzWy + IzzWz 
L 


ayWa + LyyWy + yz 


moo > 


+Wy 


—Wy (Lrawe + Ipywy + Inzwz) k (9.86) 


and therefore, the most general form of the Euler equations of motion for 
a rigid body in a body frame attached to C are 


( 
( 
Swat 
( 
( 


Ma. = digte lag, Play = (yy = Tee). gt 

Lyz (w? ws) We (Welay — Wylez) (9.87) 
My =  Lyatg + Lyyy + Tyzwz — ez — Tez) wee 

Tyz (we — W2) — Wy (Welyz — Welzy) (9.88) 
Mi = eet Bi aT a 


Iny (w? we) — Wz (Wylaz — Walyz) - (9.89) 
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Assume that we are able to rotate the body frame about its origin to find 
an orientation that makes [;; = 0, for 7 4 j. In such a coordinate frame, 
which is called a principal frame, the Euler equations reduce to 


M, = Tw = (Io om Ip) W2W3 (9.90) 
Mo => TInwe2 = (13 = Ii) W3W 1 (9.91) 
M3 = T3003 = (1 = Ip) W1W9. (9.92) 


The kinetic energy of a rigid body may be found by the integral of the 
kinetic energy of a mass element dm, over the whole body. 


K 5 | Pam 
2JB 
1 
= 5 | (x2) (w xnam 
2JB 


2 2 2 
= 2 f W+e)am+S | (P+2%)dm+ f (+a) am 
B B B 


—watiy f cy dm — wWyW, ) yz dm — WzWy i) zxdm 
B B B 


= (Leatae + Tight + J gud) 


—IpyWaWy — TyzWyw, — [zqW2We (9.93) 


The kinetic energy can be rearranged to a matrix multiplication form 


| 

I 

€ 
| 

— 

€ 


K (9.94) 
= <-w-L. (9.95) 
When the body frame is principal, the kinetic energy will simplify to 


K = = (Iwi + Iow5 + I3w3) . (9.96) 


Nl eR 


Example 349 A tilted disc on a massless shaft. 

Figure 9.4 illustrates a disc with mass m and radius r, mounted on a 
massless shaft. The shaft is turning with a constant angular speed w. The 
disc is attached to the shaft at an angle 0. Because of 0, the bearings at A 
and B must support a rotating force. 

We attach a principal body coordinate frame at the disc center as shown 
in the figure. The angular velocity vector in the body frame is 


Bwe =wceosbi+wsind j (9.97) 
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FIGURE 9.4. A disc with mass m and radius r, mounted on a massless turning 
shaft. 


and the mass moment of inertia matrix is 


2 


= 0 0 
2 
Br=| g mm Gira I (9.98) 
2 
mr 
: 4 


Substituting (9.97) and (9.98) in (9.90)-(9.92), withl=a,2=y,3=z, 
provides that 


M, = 0 (9.99) 

M, = 0 (9.100) 
2: 

M, = Aw cos 8 sin 6. (9.101) 


Therefore, the bearing reaction forces F'4 and Fg are 


Fa = —Fpg 
M,z 
l 


2 


= Tw cos # sin 0. (9.102) 


Example 350 Steady rotation of a freely rotating rigid body. 
The Newton-Euler equations of motion for a rigid body are 


CF = my (9.103) 
PM = I @wp+ Gwe x PL. (9.104) 
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Consider a situation in which the resultant applied force and moment on 
the body are zero. 


CF = BF=0 (9.105) 
CM = ®M=0 (9.106) 
Based on the Newton’s equation, the velocity of the mass center will be 


constant in the global coordinate frame. However, the Euler equation reduces 
to 


te. a 7, SWaws (9.107) 
hs i: ST (9.108) 
In2 
ee 
wg = “F anne (9.109) 


that show the angular velocity can be constant if 
L=h=I3 (9.110) 


or if two principal moments of inertia, say I, and Iz, are zero and the third 
angular velocity, in this case ws, is initially zero, or if the angular velocity 
vector is initially parallel to a principal axis. 


Example 351 Angular momentum of a two-link manipulator. 

A two-link manipulator is shown in Figure 9.5. Link A rotates with an- 
gular velocity p about the z-axis of its local coordinate frame. Link B is 
attached to link A and has angular velocity w with respect to A about the 
za-aris. We assume that Aand G were coincident at py = 0, therefore, the 
rotation matrix between A and G is 


cosy(t) —siny(t) 0 
CR,=| sing(t) cosy(t) 0 |}. (9.111) 
0 0 1 


Frame B is related to frame A by Euler angles yp = 90 deg, 0 = 90 deg, and 
w, hence, 


crew — crsmsw —crsw—crcewsn  sTsT 


ARB cwsT +cncensy —sisw+encncw —crst 
sT7sy sTcw ct 
—cosw sinw 0 


sinw cosy 0 (9.112) 
0 0 -1 
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FIGURE 9.5. A two-link manipulator. 


and therefore, 


CRep = ©R,4Rzg (9.113) 
—cosycosyw —sinygsinyw cosysinw—cosvsiny 0 
= cosysinyw —coswsiny cosycosw+sinysinw 0 
0 0 -1 


The angular velocity of A in G, and B in A are 


Gwa = oK (9.114) 
AWB = Wia. (9.115) 
Moment of inertia matrices for the arms A and B can be defined as 
Iq, O 0 
AT, = 0 In. 0 (9.116) 
0 0 TLas 
Ip, 0 0 
Bip = 0 Ip. O |. (9.117) 
0 O Ips 


These moments of inertia must be transformed to the global frame 


ve Chie te (9.118) 
CIp = ©RpF® Ip CRE. (9.119) 


I 
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The total angular momentum of the manipulator is 


CL= °L,+ SLs (9.120) 
where 
CL, = Flaqwa (9.121) 
°Le = SlIpqws 
°Ip (Gwe t+ cwa). (9.122) 


Example 352 Poinsot’s construction. 

Consider a freely rotating rigid body with an attached principal coordinate 
frame. Having M = 0 provides a motion under constant angular momentum 
and constant kinetic energy 


L = Iw=cte (9.123) 
pS sor Iw = cte. (9.124) 
Because the length of the angular momentum L is constant, the equation 
| Boao Dare 
= ++ 
= Tutt Bw} + Bw (9.125) 


introduces an ellipsoid in the (w1,w2,w3) coordinate frame, called the mo- 
mentum. ellipsoid. The tip of all possible angular velocity vectors must lie 
on the surface of the momentum ellipsoid. The kinetic energy also defines 
an energy ellipsoid in the same coordinate frame so that the tip of the 
angular velocity vectors must also lie on its surface. 


1 
ke; (Twi + Inw3 + Isw3) (9.126) 


In other words, the dynamics of moment-free motion of a rigid body requires 
that the corresponding angular velocity w(t) satisfy both Equations (9.125) 
and (9.126) and therefore lie on the intersection of the momentum and 
energy ellipsoids. 

For clarity, we may define the ellipsoids in the (Ly, Ly, Lz) coordinate 
system as 


Le+le+Lt 
Ee ly AG 
2nK ° 2K | 21,K 


Equation (9.127) is a sphere and Equation (9.128) defines an ellipsoid with 
V21,K as semi-ares. To have a meaningful motion, these two shapes must 
intersect. The intersection may form a trajectory, as shown in Figure 9.6. 


Le (9.127) 


= 1. (9.128) 
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Li 


FIGURE 9.6. Intersection of the momentum and energy ellipsoids. 


It can be deduced that for a certain value of angular momentum there are 
maximum and minimum limit values for acceptable kinetic energy. Assum- 
ing 


I, > 13 > Is (9.129) 
the limits of possible kinetic energy are 
L? 
Knin = = 9.130 
oT, (9.130) 
L? 
Kn = <= 9.131 
os (9.131) 


and the corresponding motions are turning about the axes I, and Iz respec- 
tively. 


Example 353 * Alternative derivation of Euler equations of motion. 
Assume that the moment of the small force df is shown by dm and a 
mass element is shown by dm, then, 


dm = ram x df 
= Sram x “Yam dm. (9.132) 


The global angular momentum dl of dm is equal to 


dl = Sram X “vam dm (9.133) 
and according to (9.12) we have 
Cd 
dm = —dl 134 
m Ti (9.134) 
eg 
Cram Xx df = — (Sram X SVam dm) . (9.135) 


dt 
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Integrating over the body results in 


Gd 
| CF am xdf = | — (Pray, x iy ya dm) 
B B dt 


Gq 
= — | (tee reed): (9.136) 
dt Jig 
However, utilizing 
Cram = @de t+ ©Re Bram (9.137) 


where “dg is the global position vector of the central body frame, can sim- 
plify the left-hand side of the integral to 


| "raat = | (Cdp + °Rz Pram) x df 
B B 


| Sdn xat+ | Sram x df 
B B 


= dgx °F+ °Mo (9.138) 


where Mc is the resultant external moment about the body mass center C. 
The right-hand side of Equation (9.136) is 


Gq 
ae lage x SVE dm) 
G 
= — ((Cdp + CRy "Fin! x Pe dm) 
B 
= Cd (Cdp x Cva ame f ($e. x Svg )dm 
dt Js me a ial a 


Cd (a G Cds 
= —(Cd sah = 
di ( BX [ Vd m) + dt C 
. d 
a Sdn x | Gvamdm+ Cdp xf “Vamdm + Le. (9.139) 
B B 


We use Lo for angular momentum about the body mass center. Because 
the body frame is at the mass center, we have 


J Seaman = modg=m°ro (9.140) 

B 
J Svancim = m°dg=mve (9.141) 
B 
J Sanam = m°dg=m%ac (9.142) 
B 

and therefore, 

cae Cd 


— | (Sram x Svam dm) = Cdg x CF + — Le. (9.143) 
dt Jp dt 


542 9. Applied Dynamics 


Substituting (9.138) and (9.143) in (9.186) provides the Euler equation of 
motion in the global frame, indicating that the resultant of externally applied 
moments about C is equal to the global derivative of angular momentum 


about C. 
G 


CMo = a CLo. (9.144) 


The Euler equation in the body coordinate can be found by transforming 


(9.144) 
°Mc = SRE°Mc 


= Phot Bwe x Fle. (9.145) 


9.4 Mass Moment of Inertia Matrix 


In analyzing the motion of rigid bodies, two types of integrals arise that 
belong to the geometry of the body. The first type defines the center of mass 
and is important when the translation motion of the body is considered. 
The second is the moment of inertia that appears when the rotational 
motion of the body is considered. The moment of inertia is also called 
centrifugal moments, or deviation moments. Every rigid body has a 3 x 3 
moment of inertia matrix J, which is denoted by 


ja ee ean oe (9.146) 
ZX zy Zz 


The diagonal elements [;;, i = j are called polar moments of inertia 


Lai = | (y? + 27) dm (9.147) 
B 

iat =| (z? + 2*) dm (9.148) 
B 

ea | (a? + y*) dm (9.149) 
B 


and the off-diagonal elements [;;, i # j are called products of inertia 


Tey = Tye = — i ay dm (9.150) 
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Ly = Ly = - fv dm (9.151) 


Lea Ts3= -| zx dm. (9.152) 
B 


The elements of J for a rigid body, made of discrete point masses, are 
defined in Equation (9.54). 

The elements of I are calculated about a body coordinate frame attached 
to the mass center C’ of the body. Therefore, J is a frame-dependent quan- 
tity and must be written like PJ to show the frame it is computed in. 


yet+22 —ay —22 
Bl = i —sy z2+2% —yz dm (9.153) 
B 24 —yz «+y? 
= | (r°I—rr’) dm (9.154) 
B 
2 [ tram. (9.155) 
B 


Moments of inertia can be transformed from a coordinate frame B, to 
another coordinate frame B2, both installed at the mass center of the body, 
according to the rule of the rotated-ares theorem 


Pile Pig teehee (9.156) 


Transformation of the moment of inertia from a central frame B, located 
at ?2rc¢ to another frame Bo, which is parallel to By, is, according to the 
rule of parallel-axes theorem, 


Pot = Bilt mFoFs. (9.157) 


If the local coordinate frame Oxyz is located such that the products of 
inertia vanish, the local coordinate frame is called the principal coordinate 
frame and the associated moments of inertia are called principal moments 
of inertia. Principal axes and principal moments of inertia can be found by 
solving the following equation for I: 


Ie =: I Ixy Inez 
te Teak ~t = 0 (9.158) 
1 ee Ley L,, —I 
det ([(fi;] —I[6ij]) = 0. (9.159) 


Since Equation (9.159) is a cubic equation in I, we obtain three eigenvalues 


h=l bh=l b=lL (9.160) 
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FIGURE 9.7. Two coordinate frames with a common origin at the mass center 
of a rigid body. 


that are the principal moments of inertia. 


Proof. Two coordinate frames with a common origin at the mass center 
of a rigid body are shown in Figure 9.7. The angular velocity and angular 
momentum of a rigid body transform from the frame B, to the frame Bo 
by vector transformation rule 


€ 
I 


B2Rp Pw (9.161) 
Paty eS PRR Ty (9.162) 


However, L and w are related according to Equation (9.52) 


Fay, = iy Bigs (9.163) 
and therefore, 
Paty ee UE Re Al Be rae 
Bay B2G5 (9.164) 


which shows how to transfer the moment of inertia from the coordinate 
frame B, to a rotated frame Bo 


Poh ee or eR (9.165) 


Now consider a central frame B,, shown in Figure 9.8, at ?2r¢, which 
rotates about the origin of a fixed frame Bz such that their axes remain 
parallel. The angular velocity and angular momentum of the rigid body 
transform from frame B, to frame Bz by 


Bo By 


w (9.166) 
BT = BL4+ (rox mvc). (9.167) 


wo = 
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FIGURE 9.8. A central coordinate frame B; and a translated frame Bo. 


Therefore, 
AL = BL+im™rg x (?2wx Parc) 
= PL+(m io PFE) Pw 
(7 1+m PF Pre) Pw (9.168) 
which shows how to transfer the moment of inertia from frame B, to a 


parallel frame Bp 
Bap = Ata mroré. (9.169) 


The parallel-axes theorem is also called the Huygens-Steiner theorem. 

Referring to Equation (9.165) for transformation of the moment of inertia 
to a rotated frame, we can always find a frame in which ??/ is diagonal. In 
such a frame, we have 


ey ee es Meee ae (9.170) 
or 
T11 112 113 Lies Iny Iyz 
T21 122 123 Lyx Lyy Tyz 
T31 132 133 ie Ley Tez 
hh O O Tir 12 113 
= 0 Ip 0 TQ1 T22 123 (9.171) 
0 O Iz 731 732-133 


which shows that I,, Jz, and J3 are eigenvalues of ?!J. These eigenvalues 
can be found by solving the following equation for A: 


Le gem.) Tye. =O (9.172) 
Lex Ley Tez = A 
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The eigenvalues [,, Iz, and I3 are principal moments of inertia, and their 
associated eigenvectors are called principal directions. The coordinate frame 
made by the eigenvectors is the principal body coordinate frame. In the 
principal coordinate frame, the rigid body angular momentum is 


Ly I, 0 O Wy 
Ig |=] 0 Ip O We (9.173) 
Lz 0 0 Tz W3 
| 
Example 354 Principal moments of inertia. 
Consider the inertia matrix I 
20 -2 0O 
T=} -2 30 O |]. (9.174) 
0 O 40 
We set up the determinant (9.159) 
20 — A —2 0 
—2 30-A 0 =0 (9.175) 
0 0 40 — A 
which leads to the following characteristic equation. 
(20 — A) (30 — A) (40 — A) — 4(40 — A) = 0 (9.176) 
Three roots of Equation (9.176) are 
J, = 30.385, In = 19.615, I3 = 40 (9.177) 
and therefore, the principal moment of inertia matrix is 
30.385 0 0 
T= 0 19.615 O |. (9.178) 
0 0 40 
Example 355 Principal coordinate frame. 
Consider the inertia matrix I 
20 -2 O 
I=} -2 30 O (9.179) 
0 O 40 
the direction of a principal axis x; is established by solving 
Teg — L; Ipy Te, COS Qi; 0 
Lyx LIyy — Ti Lyz cosB, | = | 0 (9.180) 


Te Ley I,,—T; cos Y; 0 
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for direction cosines, which must also satisfy 
2 2 oes 
cos” a; + cos” 6; + cos* 7; = 1. (9.181) 


For the first principal moment of inertia I, = 30.385 we have 


20 — 30.385 —2 0 COS Oy 0 

—2 30 — 30.385 0 cosB, | =] 0 

0 0 40 — 30.385 cos Y; 0 
(9.182) 

or 

—10.385 cosa, —2cos8,+0 = 0 (9.183) 
—2cosa; — 0.385cos8,+0 = 0 (9.184) 
0+0+9.615cosy, = 0 (9.185) 


and we obtain 


a, = 79.1deg (9.186) 
6, = 169.1deg (9.187) 
7, = 90.0deg. (9.188) 


Using Iz = 19.615 for the second principal axis 


20 — 19.62 —2 0 COS 2 0 
—2 30 — 19.62 0 cos Bb, | =| 0 (9.189) 
0 0 40 — 19.62 COS Yo 0 
we obtain 
a2 = 10.9deg (9.190) 
By = 79.1deg (9.191) 
Yo = 90.0deg. (9.192) 
The third principal axis is for Iz = 40 
20 — 40 —2 0 COs Q3 0 
—2 30 — 40 0 cos3, | =| 0 (9.193) 
0 0 40 — 40 cos Y3 0 
which leads to 
az = 90.0deg (9.194) 
Bs; = 90.0deg (9.195) 


73; = 0.0deg. (9.196) 
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FIGURE 9.9. A homogeneous rectangular link. 


Example 356 Moment of inertia of a rigid rectangular bar. 

Consider a homogeneous rectangular link with mass m, length 1, width 
w, and height h, as shown in Figure 9.9. 

The local central coordinate frame is attached to the link at its mass 
center. The moments of inertia matrix of the link can be found by the 
integral method. We begin with calculating Ip 


Ion = | (y? +27) dm = / (y? + 27) pdv 
B v 


m 


= ion, Cv" + z”) dv 
oh/2 w/2 pl /2 
= / (y? + 27 ) da dy dz 
inh —h/2J—w/2 J—1/2 
m 2 
= 55 (w? +h ) (9.197) 


which shows Iy, and I,, can be calculated similarly 


ly = T+?) (9.198) 
—_ Mas 2 
leg el +w’). (9.199) 


Since the coordinate frame is central, the products of inertia must be zero. 
To show this, we examine Iny. 


Ipy = cae sydm = [evr 


h/2 pw/2 pl/2 
a i: / xy dx dy dz 
a —h/2 J—w/2 J-1/2 


- (9.200) 
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FIGURE 9.10. A rigid rectangular link in the principal and non principal frames. 


Therefore, the moment of inertia matrix for the rigid rectangular bar in 
its central frame is 


B(weth) 0 0 
f= 0 m (h? +1?) 0 (9.201) 
0 0 7 (1? + w?) 


Example 357 Translation of the inertia matriz. 

The moment of inertia matrix of the rigid body shown in Figure 9.10, 
in the principal frame B(oxyz) is given in Equation (9.201). The moment 
of inertia matriz in the non-principal frame B'(ox'y'z') can be found by 


applying the parallel-axes transformation formula (9.169). 


BT = BrimPig BFE (9.202) 
The mass center is at 
l 
/ 1 
Bro==| w (9.203) 
21h 
and therefore, 
1 0 -h w 
Big = 5 h oO -l (9.204) 
—w | 0 
that provides 
sh?m + mw? —Flmw —thlm 
BPrl= —qlmw sh?m + 3l’m —thmw . (9.205) 
—qhlm —thmw sl?m + mw? 
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Example 358 Principal rotation matrix. 
Consider a body inertia matrix as 


23) 7 2 
I=] -1/2 5/3 1/4 |. (9.206) 
SN Aja, was 


The eigenvalues and eigenvectors of I are 


2.351 
Ih = 0.2413 , 1 (9.207) 
1 
—0.851 
Ip = 1.8421 , 1 (9.208) 
1 

0 
Iz = 1.9167 , aa fs (9.209) 
1 


The normalized eigenvector matrix W is equal to the transpose of the re- 
quired transformation matrix to make the inertia matrix diagonal 


| 
Ww = wi w, w, | = ?RP 
| 


0.8569 0.5156 0.0 
0.60588 —0.70711 | . (9.210) 
0.36448 0.60588 0.70711 


lI 

= 
we 
aS 
PS 
ey 
0 


We may verify that 
oP) we ART RES we ew 


0.2413  -1x 10-4 0.0 
= | -1x10-4 1.8421 -1x10-!% |. (9.211) 
0.0 0.0 1.9167 


Example 359 * Relative diagonal moments of inertia. 
Using the definitions for moments of inertia (9.147), (9.148), and (9.149) 
it is seen that the inertia matriz is symmetric, and 


1 
B 
and also 
Bate & i: (9.213) 
Lyin & (9.214) 
1 es eae (9.215) 
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Noting that 
(y—2)° >0 


it is evident that 
(y? + Ze) > 2yz 


and therefore 


and similarly 
Iyy > Lee (9.217) 
dag 2 Deas (9.218) 


Example 360 * Coefficients of the characteristic equation. 
The determinant (9.172) 


Tye Tyy—A Tye =| = 0 (9.219) 
Lex Ley Ip ~~ r 


for calculating the principal moments of inertia, leads to a third-degree 
equation for A, called the characteristic equation. 


dF = ay? + a2A — a3 = 0 (9.220) 


The coefficients of the characteristic equation are called the principal in- 
variants of [I]. The coefficients of the characteristic equation can directly 
be found from the following equations: 


ay = Iga + Lyy + Lez 
Leet (9.221) 
ag = Lealyy + Lyylez + IezlIpe — ie ie ‘fe = ee 

= + + 

| Lyx Lyy zy Ls Len Lez 

1 
= 5 (ai-w[P")) (9.222) 

Gh. (0 Deed leg Tag he leet ibeg yale 


= deel gg lag + Uri lye lee — (leat, oF Tyga + eal) 
= det [J] (9.223) 
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Example 361 * The principal moments of inertia are coordinate invari- 
ants. 

The roots of the inertia characteristic equation are the principal moments 
of inertia. They are all real but not necessarily different. The principal 
moments of inertia are extreme. That is, the principal moments of inertia 
determine the smallest and the largest values of I;;. Since the smallest and 
largest values of I; do not depend on the choice of the body coordinate 
frame, the solution of the characteristic equation is not dependent of the 
coordinate frame. 

In other words, if I,, Iz, and I3 are the principal moments of inertia for 
Pil, the principal moments of inertia for ®2I are also I, Iz, and Iz when 


FeD = Og el PAR 


We conclude that I,, Iz, and Iz are coordinate invariants of the matria [I], 
and therefore any quantity that depends on I,, Iz, and Iz is also coordinate 
invariant. The matrix [I] has only three independent invariants and every 
other invariant can be expressed in terms of I,, Iz, and I3. 

Since I,, Iz, and Iz are the solutions of the characteristic equation of |I] 
given in (9.220), we may write the determinant (9.172) in the form 


(A-—h)(A-b)(A- 13) = 0. (9.224) 
The expanded form of this equation is 
M-(ht+bh+b)V?+(hh+bhbt+bh)ardA-LhIp=0. (9.225) 


By comparing (9.225) and (9.220) we conclude that 


a = Iptlytiz=h+ht+h (9.226) 
a2 = Tgelyy + Iyylez + Lezlew — [2 — 12, - 22, 

Be ip Tysh Dooly a2 a Th (9.227) 
a30 = Iga Lyylez a Weylyz tex _ (ia ae Lyles + I.zIzy) 

= Ig]. (9.228) 


Being able to express the coefficients a1, a2, and a3 as functions of I, Iz, 
and Iz; determines that the coefficients of the characteristic equation are 
coordinate-invariant. 


Example 362 * Short notation for the elements of inertia matrix. 
Taking advantage of the Kronecker’s delta (5.188) we may write the el- 
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ements of the moment of inertia matrix Ij; in short notation forms 


ly = J (G+ 28 +28) 64 — ase) dm (9.229) 
B 
iL = J (055 — ass) am (9.230) 
B 
3 
ly = J, (eds dm (9.231) 
B\K=1 


where we utilized the following notations: 
Ly =x t2=y L3 =z. (9.232) 


Example 363 * Moment of inertia with respect to a plane, a line, and a 
point. 

The moment of inertia of a system of particles may be defined with respect 
to a plane, a line, or a point as the sum of the products of the mass of the 
particles into the square of the perpendicular distance from the particle to 
the plane, line, or point. For a continuous body, the sum would be definite 
integral over the volume of the body. 

The moments of inertia with respect to the xy, yz, and zx-plane are 


I2 = | 2?dm (9.233) 
B 
Le, = ‘ y?dm (9.234) 
B 
1,20 = | x*dm. (9.235) 
B 
The moments of inertia with respect to the x, y, and z axes are 
in = | (y? + 27) dm (9.236) 
B 
Ly Ss if (2? + 2*) dm (9.237) 
B 
L = i (a* + y?) dm (9.238) 
B 
and therefore, 
I, = Ipttip (9.239) 
Iy = Intl,» (9.240) 


I, = I,2 + Tye. (9.241) 
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The moment of inertia with respect to the origin is 
Te 3 | (a? + y* + 27) dm 
= a +Iy+ 12 
= ; Ca we (9.242) 


Because the choice of the coordinate frame is arbitrary, we can say that 
the moment of inertia with respect to a line is the sum of the moments of 
inertia with respect to any two mutually orthogonal planes that pass through 
the line. The moment of inertia with respect to a point has similar meaning 
for three mutually orthogonal planes intersecting at the point. 


9.5 Lagrange’s Form of Newton’s Equations of 
Motion 


Newton’s equation of motion can be transformed to 


d (OK OK 
— _ = F5 =1,2,--- : 
( sr) Au: Tr n (9.243) 
where 
OG: Oh; 
F,= 3 Gen ~ + Fiy "Dap + F;, s) F (9.244) 


Equation (9.243) is rie the ee equation of motion, where K is the 
kinetic energy of the n degree-of-freedom (DOF) system, q,;, r= 1,2,--+ ,n 
are the generalized coordinates of the system, F = [ Pig Fiy Fiz )" is 
the external force acting on the ith particle of the system, and F;. is the 
generalized force associated to q,. 


Proof. Let m; be the mass of one of the particles of a system and let 
(x, Yi, 21) be its Cartesian coordinates in a globally fixed coordinate frame. 
Assume that the coordinates of every individual particle are functions of 


another set of coordinates qi, q2,q3,°-*: ;Qn, and possibly time t. 
= Fila, 92, 93,°°° £Qnist) (9.245) 
Yi = 9i(%1,92,93,°** , Ans t) (9.246) 
z = hilqi,92,93,°°* »Gnst) (9.247) 


If Fri, Fy, Fz, are components of the total force acting on the particle 
m,;, then the Newton equations of motion for the particle would be 


Fy, = malt; (9.248) 
Fy = mith (9.249) 
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We multiply both sides of these equations by 


Of; 
Oqr 
fo) Gi 
Oqr 
Oh; 
Oqr 


respectively, and add them up for all the particles to have 


. Ole. OOe., eOhe\ « < ” Of; Og: Oh; 


Oqr Or Oe Oqr Oar 
(9.251) 
where n is the total number of particles. 
Taking a time derivative of Equation (9.245), 
: Ofi. . Ofi. Of; . che Of; 
- biogas 9.252 
t= att 92+ ag8 tt ag, 8 + BE (9.252) 
we find 
OF» 30 POF.» » ORS Of; . Of; 
a Ot (sii Bg ag Oe 
Of; 
= : 9.253 
Bee (9.253) 
and therefore, 
. Ofi = 5p Ott 
Oar 0dr 
d (. Ox; _ d (0x; 
However, 
4 (0b) _ 54 (ah 
“a dg) “dt \Oar 
: OF, OPFe &, Of; 
== Ge Dee Bai eae san) 
i OOO. NOs Of; . Of; 
~ FBG. Ga + Bq? 7 Ban” Bt 
Ox; 
= ¢,— 9.255 
45S, (9.255) 
and we have A r Hi 24 
Xi . OX; x4 
Lj = ix i 9.256 
“Og, df (i a) Ogr 9228) 
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which is equal to 


. Lj d[ 0 /1.5 0 [1.s 
im = salar (527 }| - ati |: 2 
x ram EE (5) | Da, (52?) (9.257) 


Now substituting (9.254) and (9.257) in the left-hand side of (9.251) leads 
to 


Sms (i Bt 4 Gp 20 4 5,2 
4 "0dr YBa, “Odr 


= Sones SE ear eer ee 
ae kr a a 


i=1 
I iy (42 +92 +22). (9.258) 
2 i=1 OG ‘ ; 
where ‘ 
5 om (#2 +92 +2) = K (9.259) 


i=1 
is the kinetic energy of the system. Therefore, the Newton equations of 
motion (9.248), (9.249), and (9.250) are converted to 


d (OK Ok — Of; Oh; 
dt (=) Og, x (F OG, ey Oar : ma or 


i=l 


Because of (9.245), (9.246), and (9.247), the kinetic energy is a function 
of qi, 92,93,°°* Qn and time t. The left-hand side of Equation (9.260) in- 
cludes the kinetic energy of the whole system and the right-hand side is 
a generalized force and shows the effect of changing coordinates from x; 
to qj; on the external forces. Let us assume that the coordinate gq, alters 
to qr + 6q, while the other coordinates qi, q2,93,°°* }Qr—1; Ur+13°°' 5 Gn and 
time ¢ are unaltered. So, the coordinates of m; are changed to 


Of; 
t r 261 
Xi+ Ga! (9.261) 
OG: 
he eo 262 
y ora, (9.262) 
te + un 5dr (9.263) 
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Such a displacement is called virtual displacement. The work done in this 
virtual displacement by all forces acting on the particles of the system is 


Agi ah; 
6W = = (rag! aa Fy res F.; xt) 5qr- (9.264) 


Because the work done by internal forces appears in opposite pairs, only 
the work done by external forces remains in Equation (9.264). Let’s denote 
the virtual work by 


OW = F, (41,92; 93,°°° Qn, t) 0dr. (9.265) 
Then we have oo a 
— F, 2 
es ee (9.260 
where 
Og: Oh; 
f= F,; F,,— }. “2 
> (Rage oa v'5q, + a) (9.267) 


Equation (9.266) is the Lagrange form of equations of motion. This equation 
is true for all values of r from 1 to n. We thus have n second-order ordinary 
differential equations in which q,, qd2, 93, °-*; Gn are the dependent vari- 
ables and ¢ is the independent variable. The coordinates q1, q2,q3,°°* ;@n 
are called generalized coordinates and can be any measurable parameters 
to provide the configuration of the system. The number of equations and 
the number of dependent variables are equal, therefore, the equations are 
theoretically sufficient to determine the motion of all m;. m 


Example 364 Equation of motion for a simple pendulum. 
A pendulum is shown in Figure 9.11. Using x and y for the Cartesian 
position of m, and using 0 = q as the generalized coordinate, we have 


= f(0) =lsiné (9.268) 
y = g(0) =Ilcosé (9.269) 
Kos “m (#2? +9?) = sili (9.270) 
and therefore, 
a (=) a = <(ml?6) = ml’. (9.271) 


The external force components, acting on m, are 


Pte iG (9.272) 
Fy = mg (9.273) 
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pivot 


FIGURE 9.11. A simple pendulum. 


and therefore, 
of Og 
Fy = Fe 59 + Fy a6 = —mglsin 0. 
Hence, the equation of motion for the pendulum is 


ml?6 = —mgl sin 0. 


Example 365 A pendulum attached to an oscillating mass. 


(9.274) 


(9.275) 


Figure 9.12 illustrates a vibrating mass with a hanging pendulum. The 


pendulum can act as a vibration absorber if designed properly. 


Starting with coordinate relationships 


tm = fM=a% 
yu = gu=0 
Im = fm=xt+lsind 
Ym = GJm=lcosd 
we may find the kinetic energy in terms of the generalized coordinates x 
and 6. 
1 . 2; . 2 1 . 2 -2 
i = a (0 + Yar) + a (i, Fn) 
1 


2 
Then, the left-hand side of the Lagrange equations are 


dt \ 0% 


a (=) ae = ml?6+mlzécos6. 


dt \ 06 


1 . . 
= 5Mi*+5m (« +P? + 21%8 cos 6) 


= (Se) was = (M + m)# + mlb cos 6 — m6” sind 


(9.280) 


(9.281) 


(9.282) 


9. Applied Dynamics 559 


y 


FIGURE 9.12. A vibrating mass with a hanging pendulum. 


The external forces acting on M and m are 


Foy = —kax (9.283) 
Fyy = 0 (9.284) 
FF, = 0 (9.285) 
Fu, = NB: (9.286) 
Therefore, the generalized forces are 
_ Of Ogu Ofm O9m 
Be — Fou a + Pump, + Fem Ox + Ym Ox 
= —kz (9.287) 
Ofu Ogu Ofm O9m 
Fo = Fy,,— + Fy, — t+ fe, — + hy, 
i zu ag TS um ag T Sem og “um Ag 
= —mglsind (9.288) 
and finally the Lagrange equations of motion are 
(M + m)#+mlbcos@— mio’ sind = —kex (9.289) 
ml?6 + mlicos? = —mglsin@. — (9.290) 


Example 366 Kinetic energy of the Earth. 

Earth is approximately a rotating rigid body about a fixed axis. The two 
motions of the Earth are called revolution about the sun, and rotation 
about an axis approximately fixed in the Earth. The kinetic energy of the 
Earth due to its rotation is 

1 


ky = xii 
12 6356912 + 6378388 \” (27 366.25? 
= jal : 1 24 
pe ey ( 2 ) (5 x 3600 ae) 


= 2.5762 x 107°J 
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and the kinetic energy of the Earth due to its revolution is 


1 
Kg = gMr'ws 


i 2 Qn ie. \e 
= —(5.9742 x 1074) (1.494 | = 
3 | SOE LAGE 10") \ oa ae00 38555 


= 2.6457 x 10° J 


where r is the distance from the sun and wz is the angular speed about the 
sun. The total kinetic energy of the Earth is K = Kk, + Kg. However, the 
ratio of the revolutionary to rotational kinetic energies is 


Ky _ 2.6457 x 10°8 


= wl : 
ky 2.5762 x 1029 oe 


Example 367 * Explicit form of Lagrange equations. 

Assume the coordinates of every particle are functions of the coordinates 
G1; 92;93;°°' »Qn but not the time t. The kinetic energy of the system made 
of n massive particles can be written as 


1 n 
K = x) im(ei+ui +#) 

i=1 

1 n n ne 

= my aj445 Ik (9.291) 
j=l k= 
where the coefficients aj, are functions of q1, 92, 93, °°"; In and 

aAjk = Akj- (9.292) 


The Lagrange equations of motion 


é (=) ees = F, r=1,2,---n (9.293) 


Ogr 


are then equal to 


“ ys Amrdm — DPR dk = (9.294) 
m=1 j=l k=1 
or 


» Qinr dm + 5 S Vin dkdn = F, (9.295) 


k=1n=1 
where ia is called the Christoffel operator 


: 1 (0a;;  Oaj, Oax; 
i = “J La ate 2 
a 9 (Fe r Og; Odi ) ee) 
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9.6 Lagrangian Mechanics 
Assume for some forces F = [ Fiz Fiy Fiz ie there is a function V, 
called potential energy, such that the force is derivable from V 

F =—VV. (9.297) 


Such a force is called potential or conservative force. Then, the Lagrange 
equation of motion can be written as 


d (aL aL 
5 (Se) -3e 7% ce (9.298) 
where 
L=K-V (9.299) 


is the Lagrangean of the system and Q, is the nonpotential generalized 
force. 


Proof. Assume the external forces F= | Fri Fy Fi |’ acting on the 
system are conservative. 
F=-VV (9.300) 
The work done by these forces in an arbitrary virtual displacement dq, 
dq2, 0q3; ae 5dn is 
OV OV OV 


OW = —— dq, — ——dq2 — ++: ——ddn 9.301 
On 4 Oqe 2 n ‘ ( ) 


then the Lagrange equation becomes 
d (OK OK OV 
ae = eee =1,2,---n,. 9.302 
7A oie a 


Introducing the Lagrangean function £ = K — V converts the Lagrange 
equation to 


d (OL OL 
— — => = 1 2 pao at : 
; ( =) Fs 0 r 12,7097 (9.303) 


for a conservative system. The Lagrangean is also called kinetic potential. 
If a force is not conservative, then the virtual work done by the force is 


j=l O4r Or OGr 
= Qr 6% (9.304) 
and the equation of motion would be 
d (OL OL 
we feet =Q, =1,2,--- ‘ 
7 ($=) Da, Q r n (9.305) 


where Q, is the nonpotential generalized force doing work in a virtual 
displacement of the rth generalized coordinate q,. ™ 
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FIGURE 9.13. A spherical pendulum. 


Example 368 Spherical pendulum. 

A pendulum analogy is utilized in modeling of many dynamical problems. 
Figure 9.13 illustrates a spherical pendulum with mass m and length l. The 
angles p and 0 may be used as describing coordinates of the system. 

The Cartesian coordinates of the mass as a function of the generalized 
coordinates are 


xXx rcosysin@ 
Y | =] rsin@sing (9.306) 
Z —r cos 6 
and therefore, the kinetic and potential energies of the pendulum are 
1 : 
K = 5m (?6° + Py? sin? 6) (9.307) 
V = —mgicos6. (9.308) 


The kinetic potential function of this system is then equal to 
1 : 
L=5m (126° + Py? sin? 6) + mglcos 6 (9.309) 
which leads to the following equations of motion: 


bg? sinB cos + Fsind = 0 (9.310) 


l 


~sin? 6 + 276 sin 6 cos 0 (9.311) 
Example 369 Controlled compound pendulum. 

A massive arm is attached to a ceiling at a pin joint O as illustrated 
in Figure 9.14. Assume that there is viscous friction in the joint where an 
ideal motor can apply a torque Q to move the arm. The rotor of an ideal 
motor has no moment of inertia by assumption. 


9. Applied Dynamics 563 


FIGURE 9.14. A controlled compound pendulum. 


The kinetic and potential energies of the manipulator are 


1.2 
k= 31? 
1 a\ 72 
= 5 Uo +m )@ (9.312) 
V = —mgcos 6 (9.313) 


where m is the mass and I is the moment of inertia of the pendulum about 
O. The Lagrangean of the manipulator is 


L= K-V 
1... 
- 56 + mg cos 0 (9.314) 


and therefore, the equation of motion of the pendulum is 


d (AL\ aL 
u = 3(G)- 3 
= 10+4mglsin9. (9.315) 


The generalized force M is the contribution of the motor torque Q and 
the viscous friction torque —c0. Hence, the equation of motion of the ma- 
nipulator is 7 

Q=10+c0+mgalsiné. (9.316) 


Example 370 An ideal 2R planar manipulator dynamics. 

An ideal model of a 2R planar manipulator is illustrated in Figure 9.15. 
It is called ideal because we assume the links are massless and there is no 
friction. The masses m, and mz are the mass of the second motor to run 
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FIGURE 9.15. A model for a 2R planar manipulator. 


the second link and the load at the endpoint. We take the absolute angle 
6, and the relative angle 02 as the generalized coordinates to express the 
configuration of the manipulator. 

The global positions of my, and mg are 


Xi = 1, cos 6; 
Pa]. [bene ie 
Xo _ 1, cos 6; + ly cos (0; + O2) 
| Y | — | ly sin Cal + lo sin (O01 + 02) (9.318) 
and therefore, the global velocity of the masses are 
XG = 16; sin 0; 
; = : 9.31 
| Yi | 1,04 COs Oy | ( 2) 
| x | _ = 1464 sin A, — ls (6: + 62) sin (O04 + 02) (9 320) 
Y2 161 cos 9; + lo (61 +62) cos (O01 + 02) - 


The kinetic energy of this manipulator is made of kinetic energy of the 
masses and is equal to 


K ky + Ko 


1 : ; 1 . ; 
= don (8498) + ma (40408) 


1 22 
= aml; 


1 . _x2 a oer 
Tame (x + ic (6: + 62) + 21,1264 (6; + 62) cos on) : (9.321) 
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The potential energy of the manipulator is 
V = YV,+Ve 
migY1 + magY2 
= mygl, sind, + mag (i, sin) + lgsin(@1+42)). (9.322) 


The Lagrangean is then obtained from Equations (9.821) and (9.322) 


i= RSV (9.323) 
1 2 
— sil, 
{ se 5 hee a ee 
Tame (x2 + iB (6: + 62) + 21,1201 (6: + 62) cos. 


= (migh sin 6, + mag (11 sin 6, + Ig sin (04 + 62))) : 


which provides the required partial derivatives as follows: 


“ =— (m4 + m2) gl, cos 8, — mgglz cos (A1 + 02) (9.324) 
1 
ac . i 
30, (m4 +m) 64 + mals (41 +62) 
sensi lo (26, + 62) cos (9.325) 
d (OL\ _ ae ae 
ai (=) = (my + mz) 04 + Mol5 (6; + i.) 
+mMelyle (2 6; + b2) cos 05 
=glilobs (261 4: 62) sin 09 (9.326) 
OE a Fie: @ ms bs) sin 02 — mogla cos (8; + 2) (9.327) 
002 
dbo = Meals @ + 62) + mel11201 cos O2 (9.328) 
d (aL ree : vend 
dt (=) = mals (6; + bs) + mal 11201 COs 05 = Mol, 120102 sin Oo (9.329) 


Therefore, the equations of motion for the 2R manipulator are 


go, = 2(2%)\_ 2% 
+ dt \ a6) 80, 


— (m4 + mz) 126, + mals (6; + b2) 


+mMelyle (2 0, + 62) COs Oo — Moly loOo (26: + 62) sin A 
+ (m1 + m2) gli cos 4; + maglo cos (01 + 02) (9.330) 
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o. = £ (86) a 
2 dt \a6,) 292 
= mal5 (6; + 62) + MalyloO, cos A. = Mal,lo6105 sin Ao 
+malql264 (61 + 62) sin 05 + mogle cos (O01 + 02) : (9.331) 


The generalized forces Q, and Qs» are the required forces to drive the 
generalized coordinates. In this case, Q, is the torque at the base motor 
and Q» is the torque of the motor at m4. 

The equations of motion can be rearranged to have a more systematic 
form 


Qi = ((my =r mz) i FE Maly (Ip + 21, COs 92)) 6, 
+maly (lz + |, cos 02) 05 


—2mMol, Io sin Ao 6105 _ Maly lo sin Ao 6; 
+ (m1 + mz) gly cos 01 + magi cos (61 + 42) (9.332) 


Qo = Male (Ip + 1, cos 62) 0, + ml305 
+mealy le sin 62 i + magle COs (O04 + 62) ; (9.333) 


Example 371 Mechanical energy. 
If a system of masses m; are moving in a potential force field 


Fn, =—-ViV (9.334) 
their Newton equations of motion will be 
mF, = —ViV ¢=1,2,---n. (9.335) 


The inner product of equations of motion with t; and adding the equations 
n n 
So mith # =- Sn - ViV (9.336) 
i=l i=1 
and then, integrating over time 
1 n n 
5 So muti - ts = - / Sori ViV (9.337) 
i=1 i=1 


shows that 


= -V+E (9.338) 
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FIGURE 9.16. A wheel turning, without slip, over a cylindrical hill. 


where E is the constant of integration. E is called the mechanical energy 
of the system and is equal to kinetic plus potential energies. 


E=K+V (9.339) 


Example 372 Falling wheel. 

Figure 9.16 illustrates a wheel turning, without slip, over a cylindrical 
hill. We may use the conservation of mechanical energy to find the angle 
at which the wheel leaves the hill. 

At the initial instant of time, the wheel is at point A. We assume the 
inttial kinetic and potential, and hence, the mechanical energies are zero. 
When the wheel is turning over the hill, its angular velocity, w, is 


v 
w= a (9.340) 

r 
where v is the speed at the center of the wheel. At any other point B, the 
wheel achieves some kinetic energy and loses some potential energy. At a 
certain angle, where the normal component of the weight cannot provide 


more centripetal force, 


mv? 


R+r 
the wheel separates from the surface. Employing the conservation of energy, 
we have 


mg cos 6 = (9.341) 


E, = Ep (9.342) 
Ka+Va = Kpt+Vz. (9.343) 


The kinetic and potential energy at the separation point B are 


1 1 
Kp xm + slow" (9.344) 


Vp = —mg(R+r)(1—cos@) (9.345) 
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FIGURE 9.17. A turning wheel moving up a step. 


where Ig is the mass moment of inertia for the wheel about its center. 
Therefore, 


1 1 
x -- glow" =mg(R+r) (1 —cos8@) (9.346) 


and substituting (9.840) and (9.841) provides 
I 
(1 + =) (R+r1r)gcos@ = 2g(R+r) (1 —cos@) (9.347) 


and therefore, the separation angle is 


Qmr? 


-1 
=> Pe ee . 4, 
0 = cos Paae (9.348) 
Let’s examine the equation for a disc wheel with 
L ¥ 
Ig = gm. (9.349) 
and find the separation angle. 
14 
6 = cos 7 (9.350) 
= 0.96 rad 
= 55.15deg 


Example 373 Turning wheel over a step. 

Figure 9.17 illustrates a wheel of radius R turning with speed v to go over 
a step with height H < R. 

We may use the principle of energy conservation and find the speed of the 
wheel after getting across the step. Employing the conservation of energy, 


9. Applied Dynamics 569 


we have 
Ex, = Ep (9.351) 
Kat+Va = Kpt+Vep (9.352) 
1 1 1 1 
xvi + zlowi +0 = ai + 5 lows +mgH (9.353) 
I I 
(m + is) = (m + ia] vs + 2mgH (9.354) 


and therefore, 


(9.355) 


(9.356) 


The second speed (9.355) and the condition (9.856) for a solid disc are 


4 
v2 = uz - gig (9.357) 
4 
vw > gig (9.358) 
because we assumed that ; 
Io = ue (9.359) 


Example 374 Trebuchet. 

A trebuchet, shown schematically in Figure 9.18, is a shooting weapon of 
war powered by a falling massive counterweight m1. A beam AB is pivoted 
to the chassis with two unequal sections a and b. 

The figure shows a trebuchet at its initial configuration. The origin of 
a global coordinate frame is set at the pivot point. The counterweight m, 
is at (a1, y1) and is hinged at the shorter arm of the beam at a distance c 
from the end B. The mass of the projectile is mz and it is at the end of 
a massless sling with a length | attached to the end of the longer arm of 
the beam. The three independent variable angles a, 0, and y describe the 
motion of the device. We consider the parameters a, b, c, d, 1, m4, and m2 
constant, and determine the equations of motion by the Lagrange method. 

Figure 9.19 illustrates the trebuchet when it is in motion. The position 
coordinates of masses m, and mz are 


x, = bsiné—csin(6+7) (9.360) 
yi = —bcos?+ccos(6+7) (9.361) 
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FIGURE 9.18. A trebuchet at starting position. 


and 


£2 asin @ —Isin(—0+ a) (9.362) 
y2 = —acos@—Icos(—0+a). (9.363) 


Taking a time derivative provides the velocity components 


é, = DdOcosd—c @ + 7) cos (0 + 7) (9.364) 
i = bdsind—c (8 2 5) sin (0 +7) (9.365) 
é = I(e—d)cos(a— 9) —aécos (6) (9.366) 


jo = absind—I (4 - a) sin (a — 0). (9.367) 
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which shows that the kinetic energy of the system is 


1 1 iE ‘ : 1 ; : 
Kk = xml + ames = gt (a? oh yt) te gi" (a5 ong ey) 
1 . : 
= 5m ((? +c’) 442 4 20°67) 


—m,bc (0 + ¥) cosy 
1 2 . is 
+572 (a? +1) 0 +P? - 2176) 
—mgalé (0 = a) cos (20 — a). (9.368) 


The potential energy of the system can be calculated by y-position of the 
masses. 


V= migy1 + M2gy2 
= mig(—bcosé +ccos(6+74)) 
+mz2g (—acos @ — lcos(—6 + a)) (9.369) 
Having the energies K and V, we can set up the Lagrangean L. 
L=K-V (9.370) 
Using the Lagrangean, we are able to find the three equations of motion. 
d (OL OL 
lay pictaie) ea ace ee 371 
ai ( yi ) 0 0 (9.371) 
d (OL OL 
cased (eee) eee 372 
z(as)- aa = ° (372 
d (OL OL 
—|—])]-— = 0. 9.373 
a (35) ~ a rele 


The trebuchet appeared in 500 to 400 B.C. China and was developed by 
Persian armies around 300 B.C. It was used by the Arabs against the Ro- 
mans during 600 to 1200 A.D. The trebuchet is also called the manjaniq, 
catapults, or onager. The "Manjaniq" is the root of the words "machine" 
and "mechanic". 


9.7 Summary 


The translational and rotational equations of motion for a rigid body, ex- 
pressed in the global coordinate frame, are 


G Cdg 
rae (9.374) 
Gg 

CM = —“°L (9.375) 
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FIGURE 9.19. A trebuchet in motion. 


where °F and ©M indicate the resultant of the external forces and mo- 
ments applied on the rigid body, measured at the mass center C’. The vector 
@p is the momentum and CL is the moment of momentum for the rigid 
body at C 


p = mv (9.376) 
L ro X p. (9.377) 


The expression of the equations of motion in the body coordinate frame 
are 


°F = “pt Gwa x ¥p 
= m Bag tm wp x Bve (9.378) 
BM = ¥L4+8w, x FL 
IT Bop + Gwe x (PI Gwe) (9.379) 


where J is the moment of inertia for the rigid body. 


FSV dig. Dye, Le Ws (9.380) 
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The elements of J are functions of the mass distribution of the rigid body 
and are defined by 


i= | (7? Oman — Bintjn) dm , 4,7 =1,2,3 (9.381) 
B 
where 6;; is Kronecker’s delta. 


Every rigid body has a principal body coordinate frame in which the 
moment of inertia is in the form 


Te 0. 0 
Br=|0 bh O |. (9.382) 
0 0 - 


The rotational equation of motion in the principal coordinate frame sim- 
plifies to 


M, = Iya, — (le — Iz) wows 
Mo = IgW9 i (13 a I;) W3W1 (9.383) 
M3 = T3093 — (hh — Ig) wwe. 


The equations of motion for a mechanical system having n DOF can also 
be found by the Lagrange equation 


d (OL\ oa 
a (pea ee eecine a =o eee 384 
(=) 5. QO Tr n (9.384) 
L=K-V (9.385) 


where £ is the Lagrangean of the system, K is the kinetic energy, V is the 
potential energy, and Q,. is the nonpotential generalized force. 


n 


Ofi 
Ones. Ce oye AE begs oe ~) (9.386) 


i=l 


The parameters g,, r = 1,2,--- ,n are the generalized coordinates of the 
system, Q= [| Qic Qiy Qiz i is the external force acting on the ith 
particle of the system, and Q,. is the generalized force associated to q,. 
When (2;, yi, 2;) are Cartesian coordinates in a globally fixed coordinate 
frame for the particle m,, then its coordinates may be functions of another 


set of generalized coordinates q1, 42,93,°"* ; Gn and possibly time t. 
ti = fild,42,93,°°* + dnt) (9.387) 
Yi = 9i(91,92,93,°** » Any t) (9.388) 


j= hi(q1, 92, 935°° . +In+t) (9.389) 
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9.8 Key Symbols 


length 

acceleration 

mass center 

position vector of the body coordinate frame 
infinitesimal force 
infinitesimal mass 
infinitesimal moment 
mechanical energy 

force 

Coriolis force 
gravitational acceleration 
height 

moment of inertia matrix 
principal moment of inertia 
kinetic energy 

directional line 

moment of momentum 
Lagrangean 

mass 

moment 

momentum 

points in rigid body 
radius of disc 

position vector 

radius 

rotation matrix 

time 

unit vector to show the directional line 
velocity 

potential energy 
eigenvector 

work 

eigenvector matrix 
displacement 


Kronecker’s delta 
Christoffel operator 
eigenvalue 

Euler angles 
angular velocity 
parallel 

orthogonal 
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Exercises 


1. Kinetic energy of a rigid link. 


Consider a straight and uniform bar as a rigid bar. The bar has a 
mass m. Show that the kinetic energy of the bar can be expressed as 


1 
K = gm (vi- vi + v1 V2 + v2° v2) 


where v; and vz are the velocity vectors of the endpoints of the bar. 


2. Discrete particles. 


There are three particles m; = 10kg, mz = 20 kg, m3 = 30kg, at 


1 =i 2 
ry, = —1 Y= —3 Mi= —1 
1 2 —3 
Their velocities are 
2 =1 3 
Vi= 1 Vy= 0 V= —2 
i 2 —1 


Find the position and velocity of the system at C’. Calculate the sys- 
tem’s momentum and moment of momentum. Calculate the system’s 
kinetic energy and determine the rotational and translational parts 
of the kinetic energy. 


3. Newton’s equation of motion in the body frame. 


Show that Newton’s equation of motion in the body frame is 


F,, Ap 0 Wz Wy Un 
Fy | =m ay {+ Wy 0 —Wy Vy 
F, Az —Wy Wy 0 Uz 


4. Work on a curved path. 

A particle of mass m is moving on a circular path given by 

Crp =cosOI+sindJ +4K. 
Calculate the work done by a force “F when the particle moves from 
6=0tod=F. 
(a) 28 2 2 
Cie Sn te ig a 

(ety) = (@ty) (+2) 
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(b) 


a a ys 2,2 
Gna Zo y j x 
(a+ y) x+y (a +2) 


5. Principal moments of inertia. 


Find the principal moments of inertia and directions for the following 
inertia matrices: 


(a) 


3.2 2 
(P= | 2" 
20 4 
(b) 
32 4 
[=| 2 0 2 
4 2 8 
(c) 
100 20/3 0 
j=] 20V3 60 O 
0 0 10 


6. Rotated moment of inertia matrix. 


A principal moment of inertia matrix ?2J is given as 
3.0 0 
]J=] 0 5 0 
0 0 4 


The principal frame was achieved by rotating the initial body coor- 
dinate frame 30deg about the z-axis, followed by 45deg about the 
z-axis. Find the initial moment of inertia matrix ?* J. 


7. Rotation of moment of inertia matrix. 


Find the required rotation matrix that transforms the moment of 
inertia matrix [J] to an diagonal matrix. 


a ae 
j=|2 2 O14 
aR ae 


8. % Cubic equations. 


The solution of a cubic equation 


az® + ba? + cx +d =0 


9. Applied Dynamics 577 
where a # 0, can be found in a systematic way. 
Transform the equation to a new form with discriminant 4p* + q?, 
y? + 38py +q=0 


using the transformation 7 = y — x where, 


a? 


_ 38ac— 0b? 
a 9a 

_ 2b? — 9abe + 27a7d 
ao 27a 


The solutions are then 


y= Va- VB | 
Y= et Va — ef VB 
VB 


y3 = es Ya—es : 
where, 
ace. ade TAD: 
D 
g = —at V_¥ + 4p 
SS 


For real values of p and q, if the discriminant is positive, then one root 
is real, and two roots are complex conjugates. If the discriminant is 
zero, then there are three real roots, of which at least two are equal. If 
the discriminant is negative, then there are three unequal real roots. 


Apply this theory for the characteristic equation of the matrix [J] and 
show that the principal moments of inertia are real. 


. Kinematics of a moving car on the Earth. 


The location of a vehicle on the Earth is described by its longitude y 
from a fixed meridian, say, the Greenwich meridian, and its latitude 
@ from the equator, as shown in Figure 9.20. We attach a coordinate 
frame B at the center of the Earth with the x-axis on the equator’s 
plane and the y-axis pointing to the vehicle. There are also two co- 
ordinate frames £ and G where FE is attached to the Earth and G is 
the global coordinate frame. Show that the angular velocity of B and 
the velocity of the vehicle are 


Bwe = Oig+(we+)sindjg + (wet+)cosbk 
évp = —r (we +) cosdig +rOk. 


Calculate the acceleration of the vehicle. 
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FIGURE 9.20. The location on the Earth is defined by longitude y and latitude 


0. 


10. 


11. 


12. 


Global differential of angular momentum. 
Convert the moment of inertia? J and the angular velocity Bw B to 
the global coordinate frame and then find the differential of angular 
momentum. It is an alternative method to show that 

Ca Gq 

B By B 
—"L = — (1 
dt ap (7 ows) 
= *L+3w, x BL 


= [w+wx (Iw). 


Lagrange method and nonlinear vibrating system. 


Use the Lagrange method and find the equation of motion for the 
pendulum shown in Figure 9.21. The stiffness of the linear spring is 
k. 


Forced vibration of a pendulum. 


Figure 9.22 illustrates a simple pendulum having a length / and a bob 
with mass m. Find the equation of motion if 


(a) the pivot O has a dictated motion in X direction 
Xo = asinwt 
(b) the pivot O has a dictated motion in Y direction 


Yo = bsinwt 
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FIGURE 9.21. A compound pendulum attached with a linear spring at the tip 
point. 


ne 


A 


nan > 
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FIGURE 9.22. A pendulum with a vibrating pivot. 


(c) the pivot O has a uniform motion on a circle 
ro = Reoswt i+ Rsinwt J. 
13. Equations of motion from Lagrangean. 
Consider a physical system with a Lagrangean as 
L= :m (az + by)? — sh (aa + by)”. 


and find the equations of motion. The coefficients m, k, a, and 6 are 
constant. 


14. Lagrangean from equation of motion. 
Find the Lagrangean associated to the following equations of motions: 


(a) F 
mr?0 + k1l,0 + kgl20 + mgl = 0 
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FIGURE 9.23. A simplified models of a trebuchet. 


For 0 = 
r?26+4+2rrd = 0 
15. Trebuchet. 


Derive the equations of motion for the trebuchet shown in Figure 
9.18. 


16. Simplified trebuchet. 


Three simplified models of a trebuchet are shown in Figures 9.23 to 
9.25. Derive and compare their equations of motion. 
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FIGURE 9.24. A simplified models of a trebuchet. 


FIGURE 9.25. A simplified models of a trebuchet. 


10 


Vehicle Planar Dynamics 


In this chapter we develop a dynamic model for a rigid vehicle in a planar 
motion. When the forward, lateral and yaw velocities are important and are 
enough to examine the behavior of a vehicle, the planar model is applicable. 


10.1 Vehicle Coordinate Frame 


The equations of motion in vehicle dynamics are usually expressed in a set 
of vehicle coordinate frame B(Cxyz), attached to the vehicle at the mass 
center C’, as shown in Figure 10.1. The z-axis is a longitudinal axis passing 
through C' and directed forward. The y-axis goes laterally to the left from 
the driver’s viewpoint. The z-axis makes the coordinate system a right- 
hand triad. When the car is parked on a flat horizontal road, the z-axis is 
perpendicular to the ground, opposite to the gravitational acceleration g. 


FIGURE 10.1. Vehicle body coordinate frame B(Cayz). 


To show the vehicle orientation, we use three angles: roll angle y about 
the x-axis, pitch angle 0 about the y-axis, and yaw angle w about the z- 
axis. Because the rate of the orientation angles are important in vehicle 
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dynamics, we usually show them by a special character and call them roll 
rate, pitch rate, and yaw rate respectively. 


gp = p (10.1) 
6 = q (10.2) 
y=r (10.3) 


The resultant of external forces and moments, that the vehicle receives 
from the ground and environment, makes the vehicle force system (F,M). 
This force system will be expressed in the body coordinate frame. 


Bp — Fi+F,j+Fk (10.4) 
BM = M,i+M,j+ Mk (10.5) 


The individual components of the 3D vehicle force system are shown in 
Figure 10.2. These components have special names and importance. 


1. Longitudinal force F,. It is a force acting along the z-axis. The re- 
sultant F’, > 0 if the vehicle is accelerating, and F, < 0 if the vehicle 
is braking. Longitudinal force is also called forward force, or traction 
force. 


2. Lateral force Fy. It is an orthogonal force to both F,, and F,. The 
resultant Fy > 0 if it is leftward from the driver’s viewpoint. Lateral 
force is usually a result of steering and is the main reason to generate 
a yaw moment and turn a vehicle. 


3. Normal force F,. It is a vertical force, normal to the ground plane. 
The resultant F, > 0 if it is upward. Normal force is also called 
vertical force or vehicle load. 


4. Roll moment M,. It is a longitudinal moment about the z-axis. The 
resultant M, > 0 if the vehicle tends to turn about the z-axis. The roll 
moment is also called the bank moment, tilting torque, or overturning 
moment. 


5. Pitch moment M,. It is a lateral moment about the y-axis. The re- 
sultant M, > 0 if the vehicle tends to turn about the y-axis and move 
the head down. 


6. Yaw moment M,. It is an upward moment about the z-axis. The 
resultant M, > 0 if the tire tends to turn about the z-axis. The yaw 
moment is also called the aligning moment. 


The position and orientation of the vehicle coordinate frame B(Cxyz) is 
measured with respect to a grounded fixed coordinate frame G(OXY Z). 
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FIGURE 10.2. Illustration of a moving vehicle, indicated by its body coordinate 
frame B in a global coordinate frame G. 


The vehicle coordinate frame is called the body frame or vehicle frame, and 
the grounded frame is called the global coordinate frame. Analysis of the 
vehicle motion is equivalent to expressing the position and orientation of 
B(Cryz) in G(OXY Z). Figure 10.2 shows how a moving vehicle is indi- 
cated by a body frame B in a global frame G. 

The angle between the x and X axes is the yaw angle w and is called 
the heading angle. The velocity vector v of the vehicle makes an angle £ 
with the body x-axis which is called sideslip angle or attitude angle. The 
vehicle’s velocity vector v makes an angle 8 + w with the global X-axis 
that is called the cruise angle. These angles are shown in the top view of a 
moving vehicle in Figure 10.3. 

There are many situations in which we need to number the wheels of a 
vehicle. We start numbering from the front left wheel as number 1, and then 
the front right wheel would be number 2. Numbering increases sequentially 
on the right wheels going to the back of the vehicle up to the rear right 
wheel. Then, we go to the left of the vehicle and continue numbering the 
wheels from the rear left toward the front. Each wheel is indicated by a 
position vector r; 


expressed in the body coordinate frame B. Numbering of a four wheel 
vehicle is shown in Figure 10.3. 


Example 375 Wheel numbers and their position vectors. 

Figure 10.4 depicts a six-wheel passenger car. The wheel numbers are 
indicated besides each wheel. The front left wheel is wheel number 1, and 
the front right wheel is number 2. Moving to the back on the right side, 
we count the wheels numbered 3 and 4. The back left wheel gets number 5, 
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w+B Cruise angle 
w Yaw angle 


B — Sideslip (4) (fA p 
ae 


> X 


FIGURE 10.3. Top view of a moving vehicle to show the yaw angle w between 
the x and X axes, the sideslip angle @ between the velocity vector v and the 
x-axis, and the crouse angle 6 + ~ between with the velocity vector v and the 


X-axis. 


and then moving forward on the left side, the only unnumbered wheel is the 


wheel number 6. 


If the global position vector of the car’s mass center is given by 


and the body position vectors of the wheels are 


"=| wr] 


rea | i | 


(10.7) 


(10.8) 


(10.9) 


(10.10) 


(10.11) 


(10.12) 
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B,. _ | —@2 
rg = | iif (10.13) 
then the global position of the wheels are 
Cry = Gd + CRE Br 
1 
Xo- qusiny +a, cosy 
= ; (10.14) 
Yor zw cosy + a,siny 
Cry = Gd + Rs Bry 
1 
Xot+ qusiny + a, cosy 
= , (10.15) 
Yo- zw cos p + a, sinw 
Cre = Gd + CRp Bre 
1 
Xot+ qusiny —agcosw 
= (10.16) 


1 
Yo- gw cos p — agsinw 
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Crs = Gd + Che Br, 
1 
Xot+ qwsiny — a3 cos 
= i (10.17) 
Yo - gw cos p —a3sinw 
Cr. = Gq + CRs ry 
1 
Xo- gusiny — az cosw 
= i (10.18) 
Yor zw cos p — ag sin wy 
Cre = Cd + Rp Bye 
iL 
Xo- gwsiny — a2 cos w 
= ; (10.19) 


1 
Yo+ 7 w cos p —agsinw 
The rotation matrix between the global G and body coordinate B is 


_ | cosw —sinw 
CRp = | sve, es ; (10.20) 


Example 376 Crouse angle, attitude angle, and heading angle. 
Figure 10.5 illustrates a car moving on a road with the angles 


wy = 1b5ddeg (10.21) 
B = l6deg. (10.22) 
The heading angle of the car is 
Heading angle = w 
= 15deg (10.23) 


which is the angle between the car’s longitudinal x-axis and a reference 
X-axis on the road. The attitude angle of the car is 


Attitude angle = £B 
16 deg (10.24) 
which is the angle between the direction of the car’s motion and its longi- 
tudinal axis. The cruise angle of the car is 
Heading angle = 8B+W 
31 deg (10.25) 


which is the angle between the car’s direction of motion and the reference 
X-axis on the road. 
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FIGURE 10.5. A car moving on a road with sideslip angle 6 and heading angle 
w. 


10.2. Rigid Vehicle Newton-Euler Dynamics 


A rigid vehicle is assumed to act similar to a flat box moving on a horizontal 
surface. A rigid vehicle has a planar motion with three degrees of freedom 
that are: translation in the x and y directions, and a rotation about the 
z-axis. The Newton-Euler equations of motion for a rigid vehicle in the 
body coordinate frame B, attached to the vehicle at its mass center C' are: 


F, = mbyz— mw, vy (10.26) 
Fy = mby + mw, vz (10.27) 
Me Ste ly, (10.28) 


Proof. Figure 10.6 illustrates a rigid vehicle in a planar motion. A global 
coordinate frame G is attached to the ground and a local coordinate frame 
B is attached to the vehicle at the mass center C. The Z and z axes are 
parallel, and the orientation of the frame B is indicated by the heading 
angle w between the x and X axes. The global position vector of the mass 
center is denoted by @d. 
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> X 


FIGURE 10.6. A rigid vehicle in a planar motion. 


The velocity vector of the vehicle, expressed in the body frame, is 


Vz 
Be) ie (10.29) 
0 


where vz is the forward component and v, is the lateral component of v. 
The rigid body equations of motion in the body coordinate frame are: 


BF = ®ROCF 
= BRo (m Cap) 
=> m Bap 


m ?vp +m Gwe x Pvp. (10.30) 


BM = —?L 


= FL+ Bu, x FL 
= PI €opt+ wp x (FI Bw). (10.31) 


The force, moment, and kinematic vectors for the rigid vehicle are: 


F, 
SR GS" |. ay, (10.32) 
0 
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BMc=| 0 (10.33) 


0 (10.35) 


Byo= | : (10.34) 


Bwp=| 0 |. (10.36) 


We may assume that the body coordinate is the principal coordinate frame 
of the vehicle to have a diagonal moment of inertia matrix. 


iG O.-0 
Br=|0 hh O (10.37) 
002k 


Substituting the above vectors and matrices in the equations of motion 
(10.30)-(10.31) provides the following equations: 


PR = m Pvp +m Bwp x Bvp 
De 0 Ve 
= m| vy | +m} 0 x | vy 
0 We 0 
MU_z — MW zVy 
= Moby + MW ,Vz (10.38) 
0 
PM = PI Gwp+ Gwe x (PI Bwp) 
I 0 0 0 
— 0 Ih O 0 
0 O fg Wy 
0 I, 0 O 0 
+] 0 x 0 Ip O 0 
Wy 0 O Tz Ws 
0 
= 0 (10.39) 
I3 Wy 


The first two Newton equations (10.38) and the third Euler equation 
(10.39) are the only nonzero equations that make up the set of equations 
of motion (10.26)-(10.28) for the planar rigid vehicle. m 
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Example 377 Rigid vehicle and Lagrange method. 
The kinetic energy of a rigid vehicle in a planar motion is, 


1 1 
k= 5 YB mova t+ 5 CWB CT gwp 
1 UX _ UX 1 0 a 0 
= Bs vy mi) vy J+ 3 0 GT. 0 
0 0 WZ WZ 
1 1 1 
= 5x + snvy + 3 3W, 
1 2. 2 1. .2 
= 5m (74+?) 4514 (10.40) 
where, 
GT = Re By oR 
cosw —sinw 0 I, 0 0 cosw —sinw 0 ‘3 
= sinw cosw 0 0 Ing O sinw cosy 0 
0 0 1 0 0 Iz 0 0 1 
I,cos?y+Igsin*w (I,—I2)sinycosp 0 
7 (I, —Ig)sindcos Incos?y+Isin?y 0 (10.41) 
0 0 Tz 
and 
UX X 
Cvp=| vw | =| ¥ (10.42) 
0 
0 0 0 
CWp= 0 =| 0]/=]| 0 (10.43) 
Wz r w 
The resultant external force system are: 
Fx 
Cho = | (10.44) 
0 
0 
CMco = 0 (10.45) 
Mz 
Applying the Lagrange method 
d (OK OK 
= F; j= 1,2,--- 10.46 
dt (= ) Odi ; i ( ) 
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and using the coordinates X,Y, and w for q;, generates the following equa- 
tions of motion in the global coordinate frame: 


as 
i eS 10.47 
ar ze aed) 
d. 
ay =. 10.48 
"ot ( ) 
d.- 
L—) = M 10.49 
ae Zz ( ) 


Example 378 Transforming to the body coordinate frame. 

We may find the rigid vehicle’s equations of motion in the body coordinate 
frame by expressing the global equations of motion (10.47)-(10.49) in the 
vehicle’s body coordinate B, using the transformation matriz “Rp. 


cosy —sinw 0 
CRe=| sind cosy 0 (10.50) 
0 0 1 


The velocity vector is equal to 


Cvg = CRBFP VG (10.51) 
Ux cosw —sinw 0 Uy 
vy = sinw cosy 0 Vy 
0 0 0 1 0 
Vz COSY — Vy sin W 
= Vy COSY + Vz sin W (10.52) 
0 


and therefore, the global acceleration components are 

; (2 — bry) cos wy — (sy + bre) sin wy 

UX 

im (iy + ber) cos + (i. ad vy) sinw |- (10.53) 
The global Newton’s equation of motion is 

CFo =m Ve 
and the force vector transformation is 
CRo = “Rg PFo (10.54) 

therefore, the body coordinate expression for the equations of motion is 


BFo = CRE CFo 
= m&RE Sve. (10.55) 
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Substituting the associated vectors generates the Newton equations of mo- 
tion in the body coordinate frame. 


(i. - bey) cos wy — (iy + bus) sin w 


Fy 
FE = m?RE ; / ne ; 
- B (iy + hve) cos w + (0 vy) sin wy 
0 
Uz — bry 
= m] by +e (10.56) 
0 


Applying the same procedure for moment transformation, 


CMo = SRE®Mo 
0 cosy —sinw 0 0 
0 = sinw  cosw 0 0 
Mz 0 0 1 M, 
0 
= 0 (10.57) 
M, 


we find the Euler equation in the body coordinate frame. 
M,=w,T1, (10.58) 


Example 379 Vehicle path. 
When we find the translational and rotational velocities of a rigid vehicle, 
Uz, Vy, T, we may find the path of motion for the vehicle by integration. 


yp = % + frat (10.59) 
Ge = / (vz cosy — vy sin w) dt (10.60) 
y = i. (vz sin + vy cos w) dt (10.61) 


Example 380 *% Equations of motion using principal method. 

The equations of motion for a rigid vehicle in a planar motion may also 
be found by principle of differential calculus. Consider a vehicle at time 
t = 0 that has a lateral velocity vy, a yaw rate r, and a forward velocity 
vz. The longitudinal x-axis makes angle w with a fixed X-axis as shown 
in Figure 10.7. Point P(x,y) indicates a general point of the vehicle. The 
velocity components of point P are 


UPp,y = Ug —YT (10.62) 
Upy = Vytar (10.63) 
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FIGURE 10.7. A vehicle at time t = 0 and t = dt moving with a lateral velocity 
Vy, a yaw rate r, and a forward velocity vz at a heading angle w. 


because 
BvD = Byot Bw x Bry 
Ux 0 x 
= Vy | +] 0] x y (10.64) 
0 Tr 0 


After an increment of time, at t = dt, the vehicle has moved to a new 
position. The velocity components of point P at the second position are 


Up, = (ve +dvz) — y(r +dr) (10.65) 
Upy = (vy tduy)+2(r+dr). (10.66) 
However, 
Up, tdupy = vp, cosdy—vp,sindy (10.67) 
Upy+dupy = Vp, sind + vp, cos dy. (10.68) 
and therefore, 
dup, = |(vz+dvz) —y(r+dr)| cos dw 


— [(vy + dv,y) + x(r+dr)|sindy—(vz—yr) (10.69) 
[(ve + dv,) — y(n + dr)] sin dep 
+ [(vy + duy) + «(r+ dr)| cosdy — (vy + ar). (10.70) 


dupy 
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We simplify Equations (10.69) and (10.70) and divide them by dt. 


dupe ! 
a = | ([dex — ydr] cos dy) 
= ([(vy + dvy) + a (r + dr)] sin dip) (Osa) 
d 1 
= = 5 ([dvy + x dr] cos dy) 


+ ([(ve + dvx) — y(r + dr)] sin dw) . (10.72) 


When dt — 0, then sindw — w and cosdw — 1, and we may substitute 


w =r to get the acceleration components of point P. 


Up, = Ap, = 0, —Vyr—yrtar? (10.73) 
Opy = Apy=by+Uer+ar—yr? (10.74) 
Let’s assume point P has a small mass dm. Multiplying dm by the accel- 


eration components of point P and integrating over the whole rigid vehicle 
must be equal to the applied external force system. 


Hie | arvdm (10.75) 
fy = | arcam (10.76) 
Mz = | (wary yare) dm (10.77) 


Substituting for accelerations and assuming the body coordinate frame is 
the principal frame at the mass center C, we find 


FEF, = [ Ge-wr-urtor) dm 

= m(ie— vr) f yam? f xdm 

= m(t,—vyr) (10.78) 
fy = [ Geter tat—yr) dm 


= mMm(by +uer) +e f vam —r? f ydm 
(by + Uz 1) (10.79) 
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(iy +uer t+ ar yr?) y (de Vy yt +ar’)) dm 


jaf 
rh! 


x+y") dm+ (by + cr nf xdm 


m 


— (Ug — vy? 1) f vdm— 2r? [ eam 


= Lf (10.80) 


because for a principal coordinate frame we have 


[ eam = 9 (10.81) 
[vam = 0 (10.82) 
| eudm = 0. (10.83) 


10.3 Force System Acting on a Rigid Vehicle 


To determine the force system on a rigid vehicle, first we define the force 
system at the tireprint of a wheel. The lateral force at the tireprint depends 
on the sideslip angle. Then, we transform and apply the tire force system 
on the body of the vehicle. 


10.8.1 Tire Force and Body Force Systems 


Figure 10.8 depicts wheel number 1 of a vehicle. The components of the 
force system in the xy-plane applied on a rigid vehicle, because of the 
generated forces at the tireprint of the wheel number 3, are 


F,, = Fy,, cosd; — Fy,,, sind; (10.84) 
Fy, = Fy, cosdi+ Fy,,, sind; (10.85) 
M,, = Mz, +2iFy, Sei. (10.86) 


Therefore, the total planar force system on the rigid vehicle in the body 
coordinate frame is 


Pip = Re 
= S” Fy, 0086; — )_ F,,, sind; (10.87) 
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FIGURE 10.8. The force system at the tireprint of tire number 1. 


= SOR, cosdi+ > Fy, sind; (10.88) 


Proof. The coordinate frame of the wheel is a local coordinate called the 
wheel frame shown by T (tw, Yw; Zw) OY By. For simplicity, we ignore the 
difference between the tire frame at the center of tireprint and wheel frame 
at the wheel center. The force system generated at the tireprint in the 
wheel frame is 


BoP, = Fy +Fy ih (10.90) 

BuM,, = Mz, ky (10.91) 
where 

Fy = Fe, — Fr, cosa (10.92) 

Fy, = Fy,, — Fr, sine (10.93) 


The wheel force in the z,,-direction, F,,,,, is a combination of the longitu- 
dinal force F,,,,, defined by (3.96) or (4.59), and the tire roll resistance F;,, 
defined in (3.64). The wheel force in the y-direction, Fy, is a combina- 
tion of the lateral force Fy, defined by (3.130) and (3.153), and the tire 
roll resistance F, defined in (3.64). The wheel moment in the z,,-direction, 
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M.,,, is a combination of the aligning moment M,,,, defined by (3.133) and 
(3.160). 

The rotation matrix between the wheel frame B, and the wheel-body 
coordinate frame By, parallel to the vehicle coordinate frame B, is 


(10.95) 


Bp, = cosé,; —sind, 
Bw ~ | sind; cos, 


and therefore, the force system at the tireprint of the wheel, parallel to the 
vehicle coordinate frame, is 


By F,, = BR Bw F., 


F,, = cosé; —sind, F,, 

F, "= sind;  cosd Fy, 
- Fy, co8 61 — Fy,, sind; 
F 


Ye COSO, + Fy, sind, (10.96) 


ot My = sa Re, Bu M,, 
M., = M,,. (10.97) 


Transforming the force system of each tire to the body coordinate frame 
B, located at the body mass center C, generates the total force system 
applied on the vehicle 


BP = SOF,I+> > Fyi (10.98) 
BM = 5°M,,h+>_ ®r x FEY, (10.99) 


B 


where, “r; is the position vector of the wheel number 7. 


Br, = ait ygt ak (10.100) 


Expanding Equations (10.98) and (10.99) provides the total planar force 
system. 


BP, = °F, 0os6;—)_ Fy, sind; (10.101) 
BP. = S> F,,, cos 6; + ye F,,,, sin 6; (10.102) 
PM. = 
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(a) (b) 


FIGURE 10.9. Angular orientation of a moving tire along the velocity vector v 
at a sideslip angle a and a steer angle 6. 


10.3.2 Tire Lateral Force 


Figure 10.9(a) illustrates a tire, moving along the velocity vector v at a 
sideslip angle a. The tire is steered by the steer angle 6. If the angle between 
the velocity vector v and the vehicle z-axis is shown by (, then 


a=B-6. (10.104) 


The lateral force, generated by a tire, is dependent on sideslip angle a that 
is proportional to the sideslip for small a. 


Fy = -Coa 
= S025) (10.105) 


Proof. A tire coordinate frame B,,(tw,Yw) is attached to the tire at the 
center of tireprint as shown in Figure 10.9(a). The orientation of the tire 
frame is measured with respect to another coordinate frame, parallel to 
the vehicle frame B(x, y). The angle between the x and xy axes is the tire 
steer angle 6, measured about the z-axis. The tire is moving along the tire 
velocity vector v. The angle between the x-axis and v is the sideslip angle 
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a, and the angle between the body z-axis is the global sideslip angle 3. The 
angles a, 3, and 6 in Figure 10.9(a) are positive. The Figure shows that 


a=B-6. (10.106) 


Practically, when a steered tire is moving forward, the relationship be- 
tween the angles a, 3, and 6 are such that the velocity vector sits between 
the x and x, axes. A practical situation is shown in Figure 10.9(b). A steer 
angle will turn the heading of the tire by a 6 angle. However, because of 
tire flexibility, the velocity vector of the tire is lazier than the heading and 
turns by a (6 angle, where 8 < 6. So, a positive steer angle generates a 
negative sideslip angle. Analysis of Figure 10.9(b) and using the definition 
for positive direction of the angles, shows that under a practical situation 
we have the same relation (10.104). 

According to (3.131), the existence of a sideslip angle is sufficient to 
generate a lateral force F,, which is proportional to a when the angle is 


small. 
Fy=-Cya (10.107) 


10.8.8 Two-wheel Model and Body Force Components 


Figure 10.10 illustrates the forces in the xy-plane acting at the tireprints of 
a front-wheel-steering four-wheel vehicle. When we ignore the roll motion 
of the vehicle, the xy-plane remains parallel to the road’s X Y-plane, and 
we may use a two-wheel model for the vehicle. Figure 10.11 illustrates a 
two-wheel model for a vehicle with no roll motion. The two-wheel model 
is also called a bicycle model, although a two-wheel model does not act 
similar to a bicycle. 

The force system applied on a two-wheel vehicle, in which only the front 
wheel is steerable, is 


F, = Fy, cosd+ Fy, — Fy, sind (10.108) 
Fy = F,,cosé+ Fy, + F,, sind (10.109) 
M, _ a, Fy, po ao F, = (10.110) 


where, (Pete) and (Pays Eye) are the planar forces on the tireprint of 
the front and rear wheels. The force system may be approximated by the 
following equations, if the steer angle 6 is assumed small: 


Pe Pe (10.111) 
Bag Hywr, (10.112) 
M, = a F,, —a2F,, (10.113) 
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FIGURE 10.10. A front-wheel-steering four-wheel vehicle and the forces in the 
xy-plane acting at the trireprints. 


The vehicle lateral force F, and moment M, depend on only the front and 
rear wheels’ lateral forces Fy, and Fy,, which are functions of the wheels 
sideslip angles ay and a,. They can be approximated by the following 
equations: 


Fy = (-2 of + 2 Can) r= (Cap + Car) 8+ Cah (10.114) 


x 


M;z 


2 2 
( = Cir= 204.) P= laiCye =a 6 Pays (10115) 
where Caf = Caf, +Cafp and Car = Car, +Carpg are equal to the sideslip 
coefficients of the left and right wheels in front and rear, respectively. 


Caf = Caf, + Corfe (10.116) 
Cope: = Coe. Corn (10.117) 


Proof. For the two-wheel vehicle, we use the cot-average (7.3) of the outer 
and inner steer angles as the only steer angle 6. 
Cot do + cot d; 


cot § = —* 7 —+ (10.118) 
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FIGURE 10.11. A two-wheel model for a vehicle moving with no roll. 


Furthermore, we define a single sideslip coefficient Ca and Cor as (10.116) 
and (10.117) for the front and rear wheels. The coefficient C. and Car are 
equal to the sum of the left and right wheels’ sideslip coefficients. 

Employing Equations (10.87)-(10.89) and ignoring the aligning moments 
M,,, the applied forces on the two-wheel vehicle are: 


F, = Fy, cosd, + Fy, cos dg — Fy, sind, — Fy, sin dg 

= F,,cosd+ Fy, — Fy, sind (10.119) 
Fy = Fy, cos6; + Fy, cos dg + Fy, sind, + Fy, sin de 

= Fy, cosé+ Fy, + Fy, sind (10.120) 
M, = aFy, — a2Fy, (10.121) 


The force equations can be approximated by the following equations, if we 
assume 6 small. 


F, © Fy, +F,, (10.122) 
By i. Pe, (10.123) 
M, ~) ai Fy, _ a2 Fry, (10.124) 


Assume the wheel number i of a rigid vehicle is located at (;, y;) in the 
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body coordinate frame. The velocity of the wheel number 7 is 


By, = By + Bay x Br; (10.125) 
in which Pr; is the position vector of the wheel number 2, ®y is the velocity 
vector of the vehicle at its mass center C, and ?a = rk is the yaw rate of 
the vehicle. Expanding Equation (10.125) provides the following velocity 
vector for the wheel number 7 expressed in the vehicle coordinate frame at 


C. 


Un; Ux 0 Lis 

Vy; = Wy) | Abe) De |S oe 

0 0 wy 0 
0 


The global sideslip 6, for the wheel i, is the angle between the wheel velocity 
vector v; and the vehicle body z-axis. 


B, = tana} (2) (10.127) 
Ue: 
Se pe ma (10.128) 
Ve — Yi 


If the wheel number 7 has a steer angle 6; then, its local sideslip angle a;, 
that generates a lateral force Fi, on the tire, is 


Qj = B, — 65 
= tan! (2+=9) 5, (10.129) 


The global sideslip angles 6, for the front and rear wheels of a two-wheel 
vehicle, 8» and 6,., are 


By = tan! 


ae (10.130) 


wer) (10.131) 


10. Vehicle Planar Dynamics 605 


and the vehicle sideslip angle 6 is 
Va 


6 =tan7! (2) (10.132) 


Assuming small angles for global sideslips 8 ¢, 8, and 8,., the local sideslip 
angles for the front and rear wheels, af and a,, may be approximated as 


= —(v,+ar)—46 
- B+ 5 (10.133) 
1 
ar = en oe) 
= p- =. (10.134) 


When the sideslip angles are small, the associated lateral forces are 


Fy = “Caf Af (10.135) 
Pyr = —Cor ar (10.136) 


and therefore, the second and third equations of motion (10.112) and 
(10.113) can be written as 


Fy = Fyg + Fyr 
= ‘ef AF — Cor Or 
1 
= —Vaf (+ (vy + air) 5) <a Car (5 an) (10.137) 
M, — ai Fy, — aoFy, 
= > af af — Car Or 


= —Caf Af (— (Vy + air) = 5) _ Cay Ar (3 = on (10.138) 


which reduce to the force system 


ee (-2 ver Cun) + — (Cag + Car) B-+ Cop (10.139) 
ay a3 
M, = (-: Caf — 2C) r— (a1Caf — a2Car) B + a1Cazd. (10.140) 


The parameters Car, Car are the sideslip stiffness for the front and rear 
wheels, r is the yaw rate, 6 is the steer angle, and 3 is the sideslip angle of 
the vehicle. 
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These equations are dependent on three parameters, r, 3, 6, and may be 
written as 


Fy = Fy(r,8,6) 
- a Paces 
= + 3B a+9 
= ee ee (10.141) 
M, af M, (r, B, ) 
_ OM, OMe OMe, 
dr (OB a6 
= D,r+Dg8+D56 (10.142) 
where the force system coefficients are 
OF, ay 
ae Eee By ie 10.143 
C, Or ie f += me ( 0 ) 
OF, 
= —=-(Co Ce 10.144 
Cy = GE=~ Cas + Con) (10.144) 
af Ep 
OM, _ aj a3 
Di a Cap Ca (10.146) 
a — = — (a\Cof — a2Cor) (10.147) 
OM, 
Ds = 35 =arCof. (10.148) 


The coefficients C,., Cg, Cs, D,, Dg, and Dg are slopes of the curves for lat- 
eral force Fy and yaw moment M, as a function of r, 8, and 6 respectively. 
| 


Example 381 Physical significance of the coefficients C,, Cg, Cs, Dy, 
Dg, and Ds. 

Assuming a steady-state condition and constant values for r, 8, 5, Caf, 
and Car, the lateral force Fy and the yaw moment M, can be written as a 
superposition of three independent forces proportional to r, B, and 6. 


Fy = Crr+CgB+C56 (10.149) 
M, = D,r+Dg8+D56 (10.150) 
C, indicates the proportionality between the lateral force Fy and the yaw 


rate r. The value of C, decreases by increasing the forward velocity of the 
vehicle, v,. The sign of C, is the same as the sign of Dg. 
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C'g indicates the proportionality between the lateral force Fy and the ve- 
hicle sideslip angle 8. It is the lateral stiffness for the whole vehicle and 
acts similarly to the lateral stiffness of tires Cy. Cg is always negative. 

Cs indicates the proportionality between the lateral force F, and the steer 
angle 6. Cs is always negative and generates greater lateral force by increas- 
ing the steer angle. 

D, indicates the proportionality between the yaw moment M, and the yaw 
rate r. Ds is a negative number and is called the yaw damping coefficient 
because it always tries to reduce the yaw moment. The value of Ds increases 
with a?Co¢ and azCu, and decreases with the forward velocity of the vehicle, 
Uz. When Caf = Cor, it is maximum if a, = ag. 

Dg indicates the proportionality between the yaw moment M, and the ve- 
hicle sideslip angle 8. Dg indicates the under/oversteer behavior and hence, 
indicates the directional stability of a vehicle. If the rear wheel produces 
greater moment than the front wheel, the vehicle is stable and tries to re- 
duce the effect of 8. A negative Dg tries to align the vehicle with the velocity 
vector. 

Ds indicates the proportionality between the yaw moment M, and the 
steer angle 6. Because 6 is the input command to control the maneuvering 
of a vehicle, Ds is called the control moment coefficient. Ds is a positive 
number and increases with a, and Cas. 


Example 382 ¥ Load transfer effect and rigid vehicle assumption. 

If a vehicle has more than three wheels, the normal forces acting on 
the wheels, F,,, are indeterminate. The normal force on each tire of a 
symmetric vehicle is 


FEF, = 5a t AF: (10.151) 
FE. = 5p — AF: (10.152) 
FE. = aF. — AF, (10.153) 
Fi = sF., + AF, (10.154) 


where AF, is a change in wheel load due to an asymmetric reason such as 
the engine torque T. 

The rigid vehicle assumption must be linked with the compliance suspen- 
sions to keep road contact through road irregularities and any asymmetric 
load transfer. 

Load transfer also occurs because of acceleration, however, assuming a 
linear relationship between the wheel load F, and the cornering stiffness Ca 
makes the two-wheel model valid, because any increase in cornering stiffness 
for the more loaded wheel compensates for the decrease in the cornering 
stiffness of the unloaded wheel. However, when the acceleration is high, 


608 10. Vehicle Planar Dynamics 


5 
Vv a] 
cy 
i 
r 
Center of R a2 
rotation 5 f a 
yY Vv 
O 


al 


FIGURE 10.12. A two-wheel model for a vehicle moving with no roll. 


the load transfer is higher than the linear limit and Cy is a descending 
nonlinear function of F,. Hence, at high acceleration, the load transfer 
causes a decrease in cornering stiffness. 


Example 383 Kinematic steering of a two-wheel vehicle. 
For the two-wheel vehicle shown in Figure 10.12, we use the cot-average 
(7.3) of the outer and inner steer angles as the input steer angle, 


_ Cot do + cot d; 


cot 6 = —— = (10.155) 
where, 
Ry - = 
tan Oo = ira (10.157) 
Ry + > 


The radius of rotation R for the two-wheel vehicle is given by (7.2) 


R= 4/a2 + I? cot? 6. (10.158) 


and is measured at the mass center of the steered vehicle. 
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10.4 Two-wheel Rigid Vehicle Dynamics 


We can approximate the planar equations of motion (10.26)-(10.28) along 
with (10.111)-(10.113) for a two-wheel rigid vehicle with no roll motion, 
and express its motion by the following set of equations: 


1 
be = —F,+rvy (10.159) 
m 


Cg Cr uh Cs 
Vy = MVUz m Vy m 
PP hee oe ee ee 
Tie Ty dy 
Cat + Car —a Cos + agC or 
= 7 MUy MUy TO | Vy 
7 a1Coat — d2C or aut + a2Car r 
Lvz Tuy 
Caf 
m 
mC ) (10.160) 
I, 


These sets of equations are good enough to analyze a vehicle that is 
moving at a constant forward speed. Having 0, = 0, the first equation 
(10.159) becomes independent, and the lateral velocity v, and yaw rate r 
of the vehicle will change according to the two coupled equations (10.160). 

Assuming the steer angle 6 is the input command, the lateral velocity vy 
and the yaw rate r may be assumed as the output. Hence, we may consider 
Equation (10.160) as a linear control system, and write them as 


q=[Alqt+u (10.161) 


in which [A] is a coefficient matrix, q is the vector of control variables, and 
u is the vector of inputs. 


_ Caf + Cay —aiCof + a2C or 
amar 4 
My MUz 
i4)= ane 
a1Cap — a2C or aiCap + a3Car 


Ivy Lv 
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q = Ba (10.162) 
Cat 
m 

ee eee (10.163) 
I, 


Proof. The Newton-Euler equations of motion for a rigid vehicle in the 
local coordinate frame B, attached to the vehicle at its mass center C, are 
given in Equations (10.26)—(10.28) as 


Fy = mby—mrv, (10.164) 
ky = mty+mrv, (10.165) 
M, = ¢h. (10.166) 


The approximate force system applied on a two-wheel rigid vehicle is found 
in Equations (10.111)—(10.113) 


ade x Fy TT Fy, (10.167) 
F, = Fy, +F,, (10.168) 
M, y ay Fy, = a2F, i (10.169) 


and in terms of tire characteristics, in (10.114) and (10.115). 


Tw 
ae 10.1 
F, R, (10.170) 
i= = ‘af + Can) = (Cap Ce, ) Bb Gago (10.171) 
ay a5 
M, = (-—Cop — Cor |r — (a1Caz — a2Car) B +a1Coz6 (10.172) 
Un Ug 


Substituting (10.170)—(10.172) in (10.164)—(10.166) produces the follow- 
ing equations of motion: 


mb, —mrvy = Fy (10.173) 
Mby +mMrvy, = (-2 af + Can) r 
— (Caf Lepsius (10.174) 


él, 


ar az 
( “Cor _ 2Con) r 
Un Ver 


— (a1Coz — a2Cor) B+ a1Cof6 (10.175) 


These equations can be transformed to a set of differential equations for 
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Uz, Vy, and r. 


F, 
ee Se SS 10.1 
Fi = ry (10.176) 
1 ay 
Vy = es (-2 af + Car) r 
SOO et Os = (10.177) 
m af ar Ga af Tl Ug . 
1 at a3 
f= E ( oot moe r 
1 1 
ae a (aiCof _ aC ar) B + Fulasd: (10.178) 


The vehicle sideslip angle can be substituted by vehicle velocity compo- 
nents 


p= 8 (10.179) 


Vz 


and we can find a new form for the equations. 


F, 
Ve = —4T1by (10.180) 
m 
1 
vy = me (—a1 Cor + d2Car) 
1 
= (Caf + Car) Vy + —Casd — 7 Ux (10.181) 
x m 
1 
r= Le (—ajCos = ae Con) r 
1 1 
“F (aiCaf — A2C ur) Vy + FuCaso (10.182) 
Ug Zz 


The first equation (10.180) depends on the yaw rate r and the lateral 
velocity vy, which are the output of the second and third equations, (10.181) 
and (10.182). However, if we assume the vehicle is moving with a constant 
forward speed, 


Uz = cte. (10.183) 


then Equation (10.180) becomes an algebraic equation and then Equations 
(10.181) and (10.182) become independent with (10.180). So, the second 
and third equations may be treated independently of the first one. 
Equations (10.181) and (10.182) may be considered as two coupled differ- 
ential equations describing the behavior of a dynamic system. The dynamic 
system receives the steering angle 6 as the input, and uses vz as a parameter 
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to generate two outputs, v, and r. 


Cat + Cay —a1Cof + aC or 
| y | = MUz MUz 7 | Vy | 
r a, Caf — A2Cor aiCas + a3Coy r 
L,vz T,vy 

Caf 

m 
10.184 
oul (10.184) 

I, 


Equation (10.184) may be rearranged in the following form to show the 
input-output relationship: 


q=[A]q+u (10.185) 


The vector q is called the control variables vector, and u is called the inputs 
vector. The matrix [A] is the control variable coefficients matrix. 

Employing the force system coefficients C;., Cg, Cs, Dy, Dg, and Ds for 
a front-wheel steering vehicle, we may write the set of Equations (10.184) 
as 


Ce Cs 
Dy =" MvVz m = Vy m 
ee |i + é. 10.186 
dle ae eerste 
Lz I, I, 


Example 384 Equations of motion based on kinematic angles. 

The equations of motion (10.160) can be expressed based on only the 
angles 3, r, and 6, by employing (10.179). 

Taking a time derivative from Equation (10.179) for constant vz 


B= (10.187) 


and substituting it in Equations (10.177) shows that we can transform the 
equation for 8 to: 


: = i} at ag 
Ug8 = =( C45 + 2Cor) 1 
SE Cuneo ee. (10.188) 
Fe af ar ae af Tr Uz. . 


Therefore, the set of equations of motion can be expressed in terms of the 


10. Vehicle Planar Dynamics 613 
vehicle’s angular variables 8, r, and 6. 
Cat =F Cor —a1Cof + a2Cor =a 
[* = susan | L* | 
Fe ta Cay Ga Con atCas + a8Car r 
I, L,Uy 
Caf 
mv 
aan fe (10.189) 
aC 


I, 


Employing the force system coefficients C,, Cg, Cs, Dr, Dg, and Ds for a 
front-wheel steering vehicle, we may write the set of Equations (10.189) as 


Cg C, = Cs 
B MUz MUVy B Ms | 
Ales 10.190 
lal Neel oe 
I, I, I, 


Example 385 Four-wheel-steering vehicles. 

Consider a vehicle with steerable wheels in both the front and rear. Let’s 
indicate the steer angle in the front and rear by d¢ and 6, respectively. To 
find the planar equations of motion we start from Equation (10.104) for 
the relationship between a, 3, and 6 


a=B-6 (10.191) 
and apply the equation to the front and rear wheels. 
af = By — Of = — (vy + air) — of 
= p+ 4, (10.192) 
1 
ar = By Or === (vy = aor) a= Or 
= pH 8, (10.193) 
Va 


When the sideslip angles are small, the associated lateral forces are 


Fyp = 
Lye, = 


(10.194) 
(10.195) 


—Car OF 


—Car ar 
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Substituting these equations in the second and third equations of motion 
(10.112) and (10.118) results in the force system 


Fy = Pyg t+ Fyr 
= (-2 opt 2Cun)r 
Ve Ux 
— (Cag + Car) B+ Cad + Corde (10.196) 
M, = ayy == a2 Fy. 


2 2 
= (-2 Cape 2C.) r 
Ur Ur 
_ (aiCof _ azC ar) B + ayCo of — aC ar br. (10.197) 


The Newton-Euler equations of motion for a rigid vehicle are given in 
Equations (10.26)-(10.28) as 


F, = mbz—mrvy (10.198) 
Fy = mby+mr vz (10.199) 
M, = #I. (10.200) 


and therefore, the equations of motion for a four-wheel-steering vehicle are 
Mbz—Mrvy = Fy (10.201) 
(-2 ‘af + 2G) r 
Ug Ux 
2 2 
Ug Ve 


_ (aiCof = aC ur) B + aiCof of — aC arbr. (10.203) 


MVy + MP Vy 


rT, 


These equations can be transformed to a set of differential equations for vz, 
Vy, andr. 


F, 
de 10.204 
v +17 Vy ( ) 
: 1 ay ag 
= Co Car 
°y = Ug Bae )r 
LC pO CAE Cui (10.205) 
Cara a ar on —Car0r — T Uz . 
m f m fey m 
. 1 on a3 
— z( woot io r 


1 1 
; (aiCof - azC ar) B + ZuCas ds - 7 02Cardr (10.206) 


z 
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Using the vehicle sideslip angle 


j= (10.207) 


Vz 


we may transform the equations to the following set of three coupled first 
order ordinary differential equations: 


ree + (10.208) 
Ug => i Tr Uy ; 
1 
} = =: Ca Car 
Uy are ayCap + a2Car) 7 
1 1 1 
= : (Caf + Car) Vy + 7 Cos Of + aro — TT Ve (10.209) 
, 1 
r= Ta (—aiCas = Cs) r 
1 


1 oy 
an (aiCaf = azC ar) Vy + Flas ds = 7 12Car dr (10.210) 


The second and third equations may be cast in the following matriz form 


for | vy r]° 


_ Cat + CG —a1Cor + a2C or = 
s}=| cote ara (7 
r a1 Caf — a2C ar atCot + a3Car r 
Tvy L,vy 


1 1 
mort | ater ea 


+] 4 en ae : (10.211) 
is a1Caf L a2Var 
or to the following form for [ Br |*: 
Caf + Coy —a1Cof + aC or 1 
| B MVy mv2 | B 
r — Cos — aC or 7 OCs + a2Car iB 
I, L,Vz 
1 1 
aot Pn 5 
m xr x 
ot | F (10.212) 


1 1 
poe ~ F2Cor 


For computerization of the equations of motion, it is better to write them 


616 10. Vehicle Planar Dynamics 


as 
Ca Cr O55 Co, 
| °y | Sa ie | °y | + 5 (10.213) 
r Dz Dy r Dé Ds, 
[Vz [, ie 
or 
Co Oy C5, Cb, 
: — MvVyz MUyz 
el al Cee ne E | 4: 5 (10.214) 
is De Dy i Ds; Ds,. 
i. 0: y & 
where 
_ OFy a ag 
C;- = or = Up af + moe (10.215) 
Cy. = D5, ~ Cos (10.217) 
C5, = D6, = Car (10.218) 
OM, ay as 
De 5 Cat 5 Car (10.219) 
Des — = — (aiCaf — a2Car) (10.220) 
OM, 
Ds, = = a,Car 10.221 
OM. | 
Ds, = 5, = —a2Cor. (10.222) 


Equation (10.211) may be rearranged in the following form to show the 
input-output relationship: 


g=[Alq+ [Blu (10.223) 
The vector q is called the control variables vector, 
q= | ne | (10.224) 


and u is called the inputs vector. 


u- | Of (10.225) 
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The matrix [A] is the control variable coefficients matriz and the matriz 
[B] is the input coefficient matric. 

To double check, we may substitute 6, = 0, and df = 6 to reduce Equa- 
tions (10.211) to (10.184) for a front-wheel-steering vehicle. 


Example 386 Rear-wheel-steering vehicle. 

Rear wheel steering is frequently employed in lift trucks and construction 
vehicles. The equations of motion for rear steering vehicles are similar to 
those in front steering. To find the equations of motion, we substitute d¢ = 0 
in Equations (10.211) to find these equations 


_ Cas + Cor —a1Cof + aC or = 
bal 7 Mz Mz ~ ee 
r a1Caf — a2C ar aiCot + a3Car r 
[vz [vz 
1 
—Car 
wel, ae Sp. (10.226) 

ie 2Var 


These equations are valid as long as the angles are very small. However, 
most of the rear steering construction vehicles work at a big steer angle. 
Therefore, these equations cannot predict the behavior of the construction 
vehicles very well. 


Example 387 * Better model for two-wheel vehicles. 

Because of the steer angle, a reaction moment appears at the tireprints 
of the front and rear wheels, which act as external moments M, and Mz 
on the wheels. So the total steering reaction moment on the front and rear 
wheels are 


M, & 2D5,M,z (10.227) 
My ® 2Ds5,M: (10.228) 
where 
dM, 
D = 10.229 
OF dof ( ) 
dM, 
D = , 10.230 
5, Ds, ( ) 


Figure 10.18 illustrates a two-wheel vehicle model. The force system on the 
vehicle is 


Kk, & Pry + Fy, (10.231) 
Fy ~ Pays + Bis (10.232) 
M, & ay Fy, _ a2Fyy,, + M,+ Mo. (10.233) 
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FIGURE 10.13. A two-wheel vehicle and its force system, including the steer 
moment reactions. 


Example 388 * The race care 180 deg quick turn from reverse. 

You have seen that race car drivers can turn a 180 deg quickly when 
the car is moving backward. Here is how they do this. The driver moves 
backward when the car is in reverse gear. To make a fast 180deg turn 
without stopping, the driver may follow these steps: 1— The driver should 
push the gas pedal to gain enough speed, 2— free the gas pedal and put the 
gear in neutral, 3— cut the steering wheel sharply around 90 deg, 4— change 
the gear to drive, and 5— push the gas pedal and return the steering wheel 
to Odeg after the car has completed the 180 deg turn. 

The backward speed before step 2 may be around 20m/s ~ 70km/h & 
45 mi/h. Steps 2 to 4 should be done fast and almost simultaneously. Figure 
10.14(a) illustrates the 180 deg fast turning maneuver from reverse. 

This example should never be performed by the reader of this book. 


Example 389 * The race care 180 deg quick turn from forward. 

You have seen that race car drivers can turn a 180 deg quickly when the 
car is moving forward. Here is how they do this. The driver moves forward 
when the car is in drive or a forward gear. To make a fast 180deg turn 
without stopping, the driver may follow these steps: 1— The driver should 
push the gas pedal to gain enough speed, 2— free the gas pedal and put 
the gear in neutral, 3— cut the steering wheel sharply around 90 deg while 
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(b) 


A 180deg, fast turning maneuver from revers 


FIGURE 10.14. (a)- 


180 deg, fast turning maneuver from forward. 
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you pull hard the hand brake, 4— while the rear swings around, return 
the steering wheel to Odeg and put the gear into drive, and 5— push the 
gas pedal after the car has completed the 180deg turn. Figure 10.14(b) 
illustrates this maneuver. 

The forward speed before step 2 may be around 20m/s * 70km/h & 
45 mi/h. Steps 2 to 4 should be done fast and almost simultaneously. The 
180 deg fast turning from forward is more difficult than backward and can 
be done because the hand brakes are connected to the rear wheels. It can be 
done better when the rear of a car is lighter than the front to slides easier. 
Road condition, nonuniform friction, slippery surface can cause flipping the 
car and spinning out of control. 

This example should never be performed by the reader of this book. 


10.5 Steady-State Turning 


The turning of a front-wheel-steering, two-wheel rigid vehicle at its steady- 
state condition is governed by the following equations: 


Fy, = —mr vy (10.234) 
Crr+CgB+C5d = mrvz (10.235) 
D,r+Dg8+Ds6 = 0 (10.236) 


or equivalently, by the following equations: 


FE, = — Fe by (10.237) 
Cg B+ (Cr ve mz) 5 = -—C56 (10.238) 
Dp 8+ Deve = —Ds56. (10.239) 


The first equation determines the required forward force to keep vz con- 
stant. The second and third equations show the steady-state values of the 
output variables, vehicle slip angle 6, and path curvature x, 


(10.240) 


(10.241) 


salle ee as 


for a constant steering input 6 at a constant forward speed v,. The output- 
input relationships are defined by the following responses: 
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1— Curvature response, S\, 


K 
Sy. = 5 
é6 
J? ua 
Rb 
C5Dg — CeDs 
= 10.242 
Ug (D,Cg _ C,,Dg + mvz De) ( ) 
2— Sideslip response, Sig 
a 
Sg = 5 
= Ds (C,. — mvz) — DpCs (10.243) 
DC's = C,Dg + MvzDz , 
3— Yaw rate response, S;, 
r 
Sp = 5 
=. 
— 5 
= 9,Ug 
C5Dg — CeDs 
_ Oe 0 10.244 
D,Cg — C,Dg + mvzDzg ( ) 
4— Lateral acceleration response, Sq 
v2/R 
‘Sa. a 
) 
a 502 
= 67 
— —(C5Dp = CpDs) vs (10.245) 


D,Cg _ C,Dg + mvz De 


Proof. In steady-state conditions, all the variables are constant, and hence, 
their derivatives are zero. Therefore, the equations of motion (10.173)- 
(10.175) reduce to 


F, = -—mrvy (10.246) 
Fy = mrv, (10.247) 
Mz = 0 (10.248) 
where the lateral force F,, and yaw moment M, from (10.141) and (10.142) 


are 


el 
| 


Crr+CgB+C56 (10.249) 
M, = D,r+Dg8+Ds56. (10.250) 
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Therefore, the equations describing the steady-state turning of a two-wheel 
rigid vehicle are equal to 


Fy, = —mr vy (10.251) 
Crr+CgB+C5d = mrvyz (10.252) 
D,pr+Dg8+D5s6 = 0. (10.253) 


At steady-state turning, the vehicle will move on a circle with radius R at 
a speed v, and angular velocity r, so 


vz = Rr. (10.254) 


Substituting (10.254) in Equations (10.251)-(10.253) shows that we may 
write the equations as (10.237)-(10.239). Equation (10.237) may be used to 
calculate the required traction force to keep the motion steady. However, 
Equations (10.238) and (10.239) can be used to determine the steady-state 
responses of the vehicle. We use the curvature definition (10.240) and write 
the equations in matrix form 


| Ce Crt, — mv? | é = | a Jo (10.255) 


Solving the equations for 6 and « shows that 


| 7 Cg Cry —mv? | | ZC; Js 
K De D,. Vz —Ds 
Ds (C, — mvz) — D,Cs 
D,Cg > C,Dp + mv,zDg 
= é. (10.256) 
C5Dg — CgDs 
Ug (D,-Cg _ C,Dg + mvz Dz) 


Using the solutions in (10.256) and Equation (10.254), we are able to define 
different output-input relationships as (10.242)-(10.245). 


Example 390 Force system coefficients for a car. 
Consider a front-wheel-steering, four-wheel-car with the following char- 


acteristics. 
Caf, = Cafg = 500N/deg 
= 112.41b/ deg 


= 28648 N/ rad ween) 
~ 6440 Ib/ rad 

Car, = Carr = 460 N/ deg 
~ 103.41b/ deg (10.258) 


~ 26356 N/ rad 
= 5924.4 ]b/ rad 


10. Vehicle Pla: 


mg = 9000N % 2023 1b 
m = 917kg = 62.8slug 
I, = 1128kgm? = 832slug ft? 
a, = 9leoms 2.98 ft 
a. = 164cm + 5.38 ft 


The sideslip coefficient of an equivalent bicycle model 


Cat = Caf, + Cafg = 57296N/r 
Car — Car, + Carr = 52712 N/r 
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are 


ad (10.264) 
ad. (10.265) 


The force system coefficients C,., Ce, Cs, Dr, Dg, and Ds are then equal 


to the following if vz is measured in [m/s]. 


34308 
C= =. af + Car = Ns/rad (10.266) 
Ce = —(Caf+Car) = —1.1001 x 10° N/rad (10.267) 
Cs = Cos =57296N/rad (10.268) 
z 1.8922 x 10° 
DS eG Be gs ea i000) 
40 Ux Ug 
Dg = —(aiCaf — a2Cor) = 34308 N m/ rad (10.270) 
Ds = aiCaf = 52139 Nm/ rad. (10.271) 


The coefficients C, and D, are functions of the forward speed vz. As an 


example C,. and D, at 


vz = 10m/s=36km/h 
32.81 ft/s & 22.37 mi/h 


2 


are 


C, = 3430.8Ns/rad 
D, = —18922Nms/rad 
and at 
vz = 30m/s= 108km/h 


= 98.43 ft/s 67.11 mi/h 
are 


C, = 1143.6Ns/rad 
D, = —6307.3Nms/ rad. 


(10.272) 


(10.273) 
(10.274) 


(10.275) 


(10.276) 
(10.277) 
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Example 391 Steady state responses and forward velocity. 

The steady-state responses are function of the forward velocity of a vehi- 
cle. To visualize how these steady-state parameters vary when the speed of 
a vehicle increases, we calculate S,,, Sg, Sp, and S, for a vehicle with the 
following values. 


Caf, = Cafy © 3000N/rad (10.278) 
Casts Carp © 3000N/ rad (10.279) 
m = 1000kg (10.280) 
I, = 1650kgm? (10.281) 
a = 10m (10.282) 
ag = 15m (10.283) 
‘ 1 10 
Se. aaa (10.284) 
+3x 107 vz) 
10 
135x100 6 107, 
a (10.285) 
2:95 x10? 
Beeb ID de eta 
Uz 
: 1 10 
Sr = Sno = 555 a : (10.286) 
———— +3 x 107v,) 
Vz 
: 1 10 be 
So = $202 = 55 ~—s vy (10.287) 
aa +3x 107 vz) 


Figures 10.15-10.18 illustrates how the steady-states vary by increasing the 
forward velocity. 


Example 392 Under steering, over steering, neutral steering. 
Curvature response S,, indicates how the radius of turning will change 
with a change in steer angle. Si, can be expressed as 


A 


St 5. 6 JI1+Kv2 aes) 
m [{ ag ay 
ey pe 10.2 
K 2 ( om a) (10.289) 


where K is called the stability factor. It determine that the vehicle is 


1—Understeer if K>0 
2— Neutral if kK=0 (10.290) 
3-—Oversteer if K <0. 
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FIGURE 10.15. Curvature response, S,,, as a function of forward velocity vz. 
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FIGURE 10.16. Sideslip response, Sg, as a function of forward velocity vz. 


626 10. Vehicle Planar Dynamics 


v, [m/s] 


FIGURE 10.17. Yaw rate response, S,, as a function of forward velocity vz. 


250 


v, [m/s] 


FIGURE 10.18. Lateral acceleration response, S,, as a function of forward veloc- 
ity Uz. 
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To find K we may rewrite S, as 


S ae 1/R | CsDg — CeDs 
rn in ir (D,-Cg — C,Dg + mvzDz) 
1 
7 ‘ DC's az C, Deg a mv, Dz 
*\CsDg—CgDs  CsDg — CgDs 
7 1 aa 1 
— m2 Dg  F,,m De 4 
pee ee a 1+ ———__ v? 
‘TGs = CaDi i OfDa— Ces 
1 1 
= = 10.291 
11+ Kv2 toe") 
Therefore, 
m Dz 
Kk = —- 10.292 
1 CsDg — CeDs5 ( ) 
which, after substituting the force system coefficients, K will be equal to 
m a2 ay 
K=—(—-—}). 10.293 
Baya) (40.208) 


The sign of stability factor K determines if S,, is an increasing or decreasing 
a2 


function of velocity vz. The sign of K depends on the weight of , and 


a, which are dependent on the position of mass center ay, a2, and sideslip 


coefficients of the front and rear wheels Cas, Car- 


If kK >0 and 
az ay 
ao 10.294 
Cof Car ( ) 
then S,, = = is a decreasing function of vz and hence, the curvature of 


the path « = 1/R decreases for a constant 6. Decreasing & indicates that 
the radius of the steady-state circle, R, increases by increasing speed vz. A 
positive stability factor is desirable and a vehicle with K > 0 is stable and 
is called understeer. We need to increase the steering angle if we increase 
the speed of the vehicle, to keep the same turning circle if the vehicle is 
understeer. 


If K <0 and 
ag ay 
ci 10.295 
Caf Cor ( ) 
then S,, = 5 is an increasing function of vy and hence, the curvature 
of the path « = 1/R increases for a constant 6. Increasing K indicates 


that the radius of the steady-state circle, R, decreases by increasing speed 
Uz. A negative stability factor is undesirable and a vehicle with K < 0 is 
unstable and is called oversteer. We need to decrease the steering angle if 
we increase the speed of the vehicle, to keep the same turning circle of an 
oversteer vehicle. 
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If K =0 and r ‘ 
2 1 
Ca Cs (10.296) 
then S,, = & is not a function of vz and hence, the curvature of the path, 
& =1/R remains constant for a constant 6. Having a constant « indicates 
that the radius of the steady-state circle, R, will not change by changing the 
speed V,. A zero stability factor is neutral and a vehicle with K = 0 is on 
the border of stability and is called a neutral steer. When driving a neutral 
steer vehicle, we do not need to change the steering angle if we increase or 
decrease the speed of the vehicle, to keep the same turning circle. 
As an example, consider a car with the following characteristics: 


Cat = 57296N/rad (10.297) 
Car = 52712N/rad (10.298) 
m = 917kg = 62.8slug (10.299) 
a, = 9lcom® 2.98 ft (10.300) 
ag = 164cm * 5.38 ft (10.301) 


This car has a stability factor K and a curvature response S,, equal to 


m ag at 3 

kK = ={(— - = 1.602 x 1 10.302 
3 G a) 602 x 10 (10.302) 
oi 1 .392 1 

S, = eee (10.303) 


114+ Kv2— 141.602 x 10-32" 


Now assume we fill the trunk and change the car’s characteristics to a new 
set. 


m = 1400kg ~ 95.9slug (10.304) 
a = 125cmx4.1ft (10.305) 
ag = 130cm* 4.26ft (10.306) 


The new stability factor K and curvature response S,, are 


K = —2.21x 107+ (10.307) 


0.392 16 
K = . 1 . 
i 2.21 x 10-4v2 —1 BO) 


Figure 10.19 compares the curvature response S, for two situations of a 
neutral steering. We assumed that increasing weight did not change the tire 
characteristics, and we kept same sideslip coefficients. 


Example 393 Critical speed v¢. 
If Kk <0 then S, = % = TIRE increases with increasing v,. The 
steering angle must be decreased to maintain a constant radius path. When 
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FIGURE 10.19. Comarison of the curvature response S, for a car with 
K = 1.602 x 10-°, K = —2.21 x 107+, and K =0. 


the speed vz is equal to the following critical value 


ve =4/-= (10.309) 


then 
Sx CO (10.310) 


and any decrease in steering angle cannot keep the path. When vz = Ue, the 
curvature « is not a function of steering angle 6, and any radius of rotation 
is possible for a constant 6. The critical speed makes the system unstable. 
Controlling an oversteer vehicle gets harder by vy — Ue and becomes un- 
controllable when vy = Ve. 

The critical speed of an oversteer car with the characteristics 


Caf = 57296N/rad (10.311) 
Cor = 52712N/rad (10.312) 
m = 1400kg ~ 95.9slug (10.313) 
a, = 125cme4.1ft (10.314) 
a. = 130cm* 4.26 ft (10.315) 


Ue = |-= = 67.33 m/s (10.316) 


m a2 ay 4 
K= s.(|(>—- = —2.2059 x 10°“. 10.317 
(se =) . 


because 
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Example 394 Neutral steer point. 

The neutral steer point of a bicycle vehicle is the point along the lon- 
gitudinal axis at which the mass center allows neutral steering. To find the 
neutral steer point Px we defined a distance ay from the front azle to have 


kK=0 
l—an an 


Gag ae =0 (10.318) 
therefore, 
Car 
an = CHEGe” (10.319) 
The neutral distance dy 
dn =ayn —Q1 (10.320) 


indicates how much the mass center can move to have neutral steering. 
For example, the neutral steer point Py for a car with the characteristics 


Caf = 57296N/rad (10.321) 
Con = 52712N/rad (10.322) 
a, = Ilcm ®& 2.98 ft (10.323) 
ay = 164em~5.38ft (10.324) 


as at 


an = 1.2219 m. 


(10.325) 


Therefore, the mass center can move a distance dy forward and still have 


an understeer car. 


dn 


2 


an — a1 
31.2cm 


(10.326) 


Example 395 * Constant lateral force and steady-state response. 
Consider a situation in which there is a constant lateral force Fy on 
a vehicle and there is no steering angle. At steady-state conditions, the 


following equations describe the motion of the vehicle. 


Fy = mrvgz (10.327) 
M, = 0 (10.328) 
Fy = C,r+CgB (10.329) 
M, = Dpr+Dp8 (10.330) 


Equation (10.829) and (10.330) may be used to define these steady-state 


reSPONSeS 


&  I/R Dz 


Fy 


Fy 


Uz (C,Dg — CgD,) 


(10.331) 
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Tip Dz 

F,  C,Dg —CgD, 
A constant lateral force can be a result of driving straight on a banked road, 
or having a side wind. A nonzero lateral rotation response Sy, indicates that 
the vehicle will turn with 6 = 0 and Fy #0. The lateral rotation response 


Sy, may be transformed to the following equation to be a function of the 
stability factor K: 


Sy. = (10.332) 


S = 1 —_ aC = a2Cor 
yu 0 D — 2 
w(G-GBE) Care 
Dg 
i a2 ay 1 
= —-— | ——- ——]=- K 10.333 
Vx l? ( a. MUy ( ) 


To drain the rain and water from roads, we build the roads on flat ground, 
a little banked from the center to the shoulder. Consider a moving car on 
a straight banked road. There is a lateral gravitational force for the bank 
angle @ 


Fy = —mgsin@ 
—mg@ (10.334) 


2 


to pull the car downhill. If the car is an understeer and K > 0 then the car 
will turn downhill, while an oversteer car with K <0 will turn uphill. 


Example 396 * SAE steering definition. 
SAE steer definitions for under and oversteer behaviors are as follows: 
US— A vehicle is understeer if the ratio of the steering wheel angle gradi- 
ent to the overall steering ratio is greater than the Ackerman steer gradient. 
OS— A vehicle is oversteer if the ratio of the steering wheel angle gradient 
to the overall steering ratio is less than the Ackerman steer gradient. 
AS— Ackerman steering gradient is 
l d(l/R) 


=a aaa) (10.335) 


10.6  ¥ Linearized Model for a Two-Wheel Vehicle 


When the sideslip angle § is very small, the equations of motion of bicycle 
reduce to the following set of equations: 


F, = mb—mrvp (10.336) 
F, mv (r ae B) +m (10.337) 
M, = Li (10.338) 
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1 
Fy oT (—Cor ~ Car) B+ = (a2Car — a1Cas)? 


+6 Cap + OrCar 


1 
Mz = (a2Car — a1Cap) B- : (aiCas + a3Car) Pr 


+a1Cos df _ a2C Q7 Op. 


(10.339) 


(10.340) 


Although these equations are not linear, because of assumption 8 < 1, 


they are called linearized equations of motion. 


When the speed of the vehicle is constant, then the equations are 


EF, = -—mrv8 
Fy = mv (r + 8) 
M, = If. 


Proof. For a small sideslip, 8, we may assume that, 


Ve = veosBRvu 


Vy 


vsin B & vf. 


(10.341) 
(10.342) 
(10.343) 


(10.344) 
(10.345) 


Therefore, the equations of motion (10.164)—(10.166) will be simplified to 


F, = mbyz—mrvy 


mo — mrvB 


Fy = mby+mrvz 


= m (ss + vB) +mrv 


M, = fy. 


(10.346) 


(10.347) 
(10.348) 


Substitute / = 0 for a constant velocity, and these equations will be equal 


to (10.341)-(10.343). 


The sideslip angle ay and a, can also be linearized to 


ar = Byp—dy 


= —-9 
Be a f 
a = B,. ra Op. 
~ (vy — ar) — 6 
a — der) — 6p 
Ur YY 7 
Lop gia Al 
v 
The front and rear lateral forces are 
Fyp = Cas af 


Pyr _ —Car ar 


(10.349) 


(10.350) 


(10.351) 
(10.352) 
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Substituting these equations in (10.346)-(10.348) and using the definitions 


Fy, x Fes TT Fon (10.353) 
Fy & Fy, + Fy, (10.354) 
M, ® Fy, —a2Fy, (10.355) 
results in the force system 
Fy = Fy + Fyr 
1 
= (—Cof a Car) B ae - (aC oar = aC af) r 
+6 Cor + 6,Coar (10.356) 
M, = ay Fy¢ = a2 Fy. 
1 
= (agCor — aiCaf) B - Fr (ai Cas + eC ar) r 
+a1Capd¢ — A2C yr Op (10.357) 


Factorization can transform the force system to (10.339)-(10.340). 


Example 397 * Front-wheel-steering and constant velocity. 

In most cases, the front wheel is the only steerable wheel, hence df = 6 
and 6, = 0. This simplifies the equations of motion for a front steering 
vehicle at constant velocity to 


F, = —mrvG (10.358) 
mvB a (—Car = Car) B 


+ (-+ (a1Cos _ a2Car) -_ me) r+ Ca (10.359) 
Lr — (a2Car = aiCof) B 
1 
+ (-; (Capa? + Cont) ) r+(aCar)d. (10.360) 


The second and third equations may be written in a matrix form for simpler 
calculation. 


zr (Caf + Car) agCor * aC 


1 
Ql a mv mv? B 
| r | = agCor = a Cos = (Capa? os Cora) | is | 
I, vl, 
Caf 
mv 
wick” (10.361) 


[, 
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Example 398 * Steady state conditions and a linearized system. 

The equations of motion for a front steering, two-wheel model of four- 
wheel vehicles are given in equation (10.861) for linearized angle 8. At a 
steady-state condition we have 


| i | =0 (10.362) 
and therefore, 
7; ey aoe Opt agCor — a1Cof 1 es Cat 5 
Bol) 2 mou mv? mu 
v - a2Cor _ a1Cof = ‘af 4 = Capae mCat 5 
I, vt, I, 


_ (asCox + aja2Cur — mv?ay) Cod 
Co Car ae — 2 Co ~ Car 
= a Ree aa a Ee) 
— (a1 + dg) UC a fCard 


CapCar (a1 + a2)* — mv? (a1Car — a2Car) 


Using Equation (10.863) we can define the following steady-state re- 
sponses: 
2— Sideslip response, Sig 
Bo o- (a3Cor + ayagCor — mv?ay) Caf 


2B Nea Can 11a Con mi a1) Corp 10.364 
5p 56 CapfCarl? — mv? (a1Caz — a2Car) oi 


3— Yaw rate response, S; 
r —CosCarlv 


eas 10. 
S; 6 CatCarl? — mv2 (aiCof _ a2Cor) ( 0 365) 


At steady-state conditions we have 
=— 10.366 
r=5 (10.366) 
where R is the radius of the circular path of the vehicle. Employing Equation 
(10.366) we are able to define two more steady-state responses as follows: 
1— Curvature response, S,, 


K 1 r 1 


Sr 6 Rd vd rd 
—lCapCor 
= 10.367 
Cag Gael? = mv? (a Caz = a2C az) ( ) 
4— Lateral acceleration response, Sq 
2 
Se = ks in a 5 = Sv? 
a 2 

1Cap Car (10.368) 


CapCarl? — mv? (a1Cat — a2Car) 
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The above steady-state responses are comparable to the steady-states num- 
bered 1 to 4 given in Equations (10.242)-(10.245) for a more general case. 


Example 399 * Understeer and oversteer for a linearized model. 
Employing the curvature response S,, in Equation (10.367) we may define 


g — 1/R = Ca ¢Car 
nn er CapCarl? — mv? (a1Ca¢ — a2Car) 
_ 1 
at mv? (a1Caf — a2Car) 
—ICas Cor 
1 1 1 1 
SS ee =r 10.369 
l ‘ian mv? (a,Cauf — a2Car) 11+ Kv? ( ) 
—l?CapCar 
where 
m ag ay 
eae ile (pial a ea ce 10. 
K=5 ( a <) (10.370) 


This K is the same as the stability factor given in Equation (10.298). 
Therefore, the stability factor remains the same if we use the linearized 
equations. 


Example 400 * Source of nonlinearities. 

There are three main reasons for nonlinearity in rigid vehicle equations of 
motion: product of variables, trigonometric functions, and nonlinear nature 
of forces. When the steer angle 6 and sideslip angles a; and GB are very 
small, it is reasonable to ignore all kinds of nonlinearities. This is called 
low angles condition driving, and is correct for low turn and normal 
speed driving. 


10.7 ¥ Time Response 


To analyze the time response of a vehicle and examine how the vehicle will 
respond to a steering input, the following set of coupled ordinary differential 
equations must be solved. 


1 
ey es 10.371 
v I Uy ( ) 
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Cat + Cor —a1Cof + aC or - 
| Uy | _ MUq, MUz : | Vy 
rv Cos = a2Cor _ aiCas + Ua ee r 
Lvzy L,Uy 
Gx 
m 
t 10.372 
ala, (OO) (10.372) 
I, 


The answers to this set of equations to a given time dependent steer angle 
are 


Ug. = v¢ (t) (10.373) 
Vy = vy (t) (10.374) 
r = r(t). (10.375) 


Such a solution is called teme response or transient response. 
Assuming a constant forward velocity, the first equation (10.371) simpli- 
fies to 


F, =—mr vy (10.376) 


and Equations (10.372) become independent from the first one. The set of 
Equations (10.372) can be written in the following form: 


q=[A]q+u (10.377) 


in which [A] is a constant coefficient matrix, q is the vector of control 
variables, and u is the vector of inputs. 


_ Caf + Cor —aiCof ar a2C or = 
MVz MVyz ie 
[4] = 2 2 
a Caf a a2Cor aio + a5Car 
Ivy T,vy 
q = | | (10.378) 
Cot 
m 
= o(t 10.379 
w= |G, [80 (10.379) 
[, 


To solve the inverse dynamic problem and find the vehicle response, the 
steering function 6 (¢) must be given. 
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Example 401 * Direct and indirect, or forward and inverse dynamic 
problem. 

Two types of dynamic problems may be defined: 1—direct or forward and, 
2—indirect or inverse. In forward dynamics a set of desired functions vz = 
Ur (t), Uy = Vy (t), r =r (t) are given and the required 6 (t) is asked for. In 
the inverse dynamic problem, an input function 6 = 6(t) is given and the 
output functions vz = Uz (t), Vy = vy (t), r =r (t) are asked for. 

The forward dynamic problem needs differentiation and the inverse dy- 
namic problem needs integration. Generally speaking, solving an inverse 
dynamic problem is more complicated than a forward dynamic problem. 


Example 402 *% Analytic solution to a step steer input. 
Consider a vehicle with the following characteristics 


Cas = 60000N/rad (10.380) 
Car = 60000N/rad (10.381) 
m = 1000kg (10.382) 
I, = 1650kgm? (10.383) 
a, = 10m (10.384) 
ag = 15cm (10.385) 
Vz = 20m/s. (10.386) 
The force system coefficients for the vehicle from (10.143)-(10.148) are 
C, = 1500Ns/rad (10.387) 
C3 = —120000N/rad (10.388) 
Cs = 60000N/rad (10.389) 
D, = —9750Nms/rad (10.390) 
Dg = 30000N m/rad (10.391) 
Ds = 60000Nm/ rad. (10.392) 
Let’s assume the steering input is 
0.2rad + 11.5deg t>0 
5(t) ={ ‘ . er (10.393) 
The equations of motion for a zero initial condition 
qo = | oo = | ; (10.394) 
are 
by +6v, +18.5r = 6065 (t) 
= 2 (10.395) 
P+ .909v, +5.909r = 36.3636 (t) 


= 7.272. (10.396) 
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FIGURE 10.20. Lateral velocity response to a sudden change in steer angle. 


The solution of the equations of motion are 


vy (t) | — | —1.217 + e7°-9°! (4.69 sin 4.1t + 1.21 cos 4.1t) 
r(t) | | 1.043 + e~ 5-95 (0.258 sin 4.1¢ — 1.043 cos 4.1t) | ° 
(10.397) 


To examine the response of the vehicle to a sudden change in steer angle 
while going straight at a constant speed, we plot the kinematic variables of 
the vehicle. Figures 10.20 and 10.21 depict the solutions v, (t) and r (t) 
respectively. 

The steering input is positive and therefore, the vehicle must turn left, in 
a positive direction of the y-aris. The yaw rate in Figure 10.21 is positive 
and correctly shows that the vehicle is turning about the z-axis. We can find 
the lateral velocity of the front and rear wheels, 


Vy, = vyt+air (10.398) 
Vyg = Vy — Gor (10.399) 


by having vy andr. The lateral speed of the front and rear wheels are shown 
in Figures 10.22 and 10.23. The sideslip angle 8 = vy/vz and the radius of 
rotation R= v,/r are also shown in Figures 10.24 and 10.25. 

Figure 10.26 illustrates the vehicle at a steady-state condition when it is 
turning on a circle. The steer angle 6 is shown, however, the angles a and 
B are too small to be shown. 


Example 403 * Time series and free response. 
The response of a vehicle to zero steer angle 


5(t) =0 (10.400) 
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FIGURE 10.21. Yaw velocity response to a sudden change in steer angle. 
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FIGURE 10.22. Lateral velocity response of the front wheel to a sudden change 
in steer angle. 


640 10. Vehicle Planar Dynamics 


o 


0 02 04 06 08 1 12 #14 16 18 2 


e[s] 


FIGURE 10.23. Lateral velocity response of the rear wheel to a sudden change 
in steer angle. 
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FIGURE 10.24. Sideslip response to a sudden change in steer angle. 
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FIGURE 10.25. Radius of rotation response to a sudden change in steer angle. 


FIGURE 10.26. A vehicle in a steady state condition when it is turning in a 
circle. 
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at constant speed is called free response. The equation of motion under free 


dynamics 1s 
qg=[A]q. (10.401) 


To solve the equations, let S AassumMeE 
. 


and therefore, the equations of motion are 


1-[2 8102] oom 


Because the equations are linear, the solutions are an exponential function 


vy = Ae (10.404) 
pS Be™, (10.405) 
Substituting the solutions 
[aci]=[2a][S2] com 
shows that : ; ee 
| Ses | Bot | =0. (10.407) 


Therefore, the condition to for functions (10.404) and (10.405) to be the 
solution of the equation (10.408) is that the exponent » is the eigenvalue 
of [A]. To find A, we may expand the determinant of the above coefficient 
matrix 


gag] eh | a fot once hn (10.408) 
c d—x 
and find the characteristic equation 
d” — (a +d) r+ (ad — bc) = 0. (10.409) 


The solution of the characteristic equations is 


A= 5 (a+d) = sVa-a? + Abe. (10.410) 


Having the eigenvalues 1,2 provides the following general solution for the 
free dynamics of a bicycle vehicle. 


Vy = Aje** + Ager?! (10.411) 


r = Bye™' + Boe". (10.412) 
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The coefficients Ay, Az, B,, and Bz, must be found from initial conditions: 
As an example, consider a vehicle with the following characteristics 


Cat = 57296 N/rad (10.413) 
Car = 52712N/rad (10.414) 
m = 1400kg + 95.9slug (10.415) 
I, = 1128kgm? © 832slug ft? (10.416) 
a, = 125cm4.1ft (10.417) 
a2 = 180cm* 4.26 ft (10.418) 
Vz = 20m/s (10.419) 
which start from 
_ | vy(0) |_| 1 
qo = | r (0) | = | 0 |- (10.420) 
Substituting these values provide the following equations of motion: 
by | | —3.929 —31.051 Vy 
| r ~ | —13.716 —79170.337 r 02") 
and their solutions are 
tp (= SOLS dO (Pe eee (10.422) 
r = e 9740.68 x 10x 10% 18H, (10.423) 


Figures 10.27 and 10.28 illustrate the time response. Figure 10.29 is a 
magnification of Figure 10.28 to show that r does not jump to a negative 
point but decreases rapidly and then approaches zero gradually. 


Example 404 *% Matrix exponentiation. 
The exponential function el4l* is called matrix exponentiation. This func- 
tion is defined as a matrix time series. 


Ne Al 
elAlt — 74 [A]t+ We + ae foe (10.424) 
This series always converges. As an example assume 
0.1 0.2 
[A] = | Berea (10.425) 
then 
2 
1 0 0.1 0.2 1 0.1 0.2 
[Alt + 2: tos 
BS E || oe Wake Ree ta | + 
a 2 eee 2 eS 
1+0.1¢ Uivepy + 0.2¢ + 0.05¢* + ; _ (10.426) 
—0.3t — 0.075 t" +--- 1+ 0.4¢ + 0.05¢° +--- 
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FIGURE 10.27. Lateral velocity response in example 403. 
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FIGURE 10.28. Yaw velocity response in example 403. 
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FIGURE 10.29. Yaw velocity response in example 403. 


Example 405 * Time series and free response. 
The response of a vehicle to zero steer angle 


6(t) =0 (10.427) 


at constant speed is called free response. The equation of motion under free 
dynamics 1s 


q=([A]q. (10.428) 
The solution of this differential equation with the initial conditions 


q (0) = 40 (10.429) 
as 
q(t) = el4lqo. (10.430) 


q(t) - 0 for Vqo, if the eigenvalues of |A] are negative. 
The free dynamic in a series can be expressed as 


q(t) = el4lfgo 


( + [A]t+ ae + as +. | qo- (10.431) 
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For example, consider a vehicle with the following characteristics: 


Caf = 57296N/rad (10.432) 
Cop = 52712N/rad (10.433) 
m = 1400kg + 95.9slug (10.434) 
I, = 1128kgm? ~ 832slug ft? (10.435) 
a4 = 125cme 4.1 ft (10.436) 
ag = 130cm® 4.26 ft (10.437) 
Vz = 20m/s (10.438) 
which start from 
ey re 0 ee 
w= [%]=[2]. coas 
Employing the vehicle’s characteristics, we have 
—3.929 —31.051 
=| asht6 ‘atest woe) 
and therefore, the time response of the vehicle is 
Mee ne if te Sel ih a 
en | Oe oa 8 
| —3929 -31.051_ ],[ 1 
—13.716 —79170.337 0 
{Ly =3.929° -=31.051 |? »] 1 
2) —13.716 —79170.337 0 
1) 23000) 305i) -]? ef a 
3 | ~13.716 aren ' lo | Va 


Accepting an approximate solution up to cubic degree provides the following 
approximate solution: 


vy (t) ] _ [ 5.6203 x 10%¢3 + 220.6742 — 3.929t + 1 
r(t) | ~ | —1.4329 x 1043 + 5.4298 x 10°42 — 13.716¢ 
(10.442) 


Example 406 *% Response of an understeer vehicle to a step input. 

The response of dynamic systems to a step input is a traditional method 
to examine the behavior of dynamic systems. A step input for vehicle dy- 
namics is a sudden change in steer angle from zero to a nonzero constant 
value. 
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Consider a vehicle with the following characteristics: 


Caf = 
Cop = 
m= 
lL = 
ay = 
ag = 


Vg = 


57296 N/ rad 
52712 N/rad 


917 kg © 62.8 slug 
1128kg m? ~ 832 slug ft” 


0.91 m & 2.98 ft 
1.64m #® 5.38 ft 
20m/s. 


and a sudden change in the steering input to a constant value 


s={ 4 


O.lrad = 5.7296 deg t>0 


t<0 


The equations of motion for a zero initial condition 


Vv 
a= | 


are 


by + 5.998 3vy + 18.12931734r = 


r — 1.520758865v, — 4.181178085r = 


The force system coefficients for the vehicle from (10.143 


ey, 2a 
C. i Ve af 
Cy = 
Cs = Caf = 57296 N/ rad 
Dp = 
Dg 
Ds = aiCar = 52139.36 N m/ rad. 


62.482006546 
6.248200654 
46.222836886 
4.622283688. 


+ 2¢,, = 1715.416Ns/rad 
Ux 
~ (Cat + Car) = —110008N/rad 


— (a, Cop — a2Car) = 34308.32 N m/ rad 


os 
YS 


os 
YS 


ay a3 
Caf Car = —9461.05064 N ms/ rad 
Veg Ve 
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(10.450) 


(10.451) 


(10.452) 


(10.453) 


-(10.148) are 


(10.454) 


(10.455) 
(10.456) 


(10.457) 


(10.458) 
(10.459) 


Equations (10.242)-(10.245) indicate that the steady-state response of the 
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FIGURE 10.30. Lateral velocity response in example 406. 


vehicle, when t > oo, are 


K 1 
< = 2 =— =0.2390051454 10.4 
8 + = Fay = 0239005145 (10.460) 
Ss = 2 = ~0.2015419091 (10.461) 
S, , 5s Sie = 4.780102908 (10.462) 
2 
Sy = valk 52 S,.v2 = 95.60205816. (10.463) 


Therefore, the steady-state characteristics of the vehicle with 6 = 0.1 must 
be 


R = 41.84010341m (10.464) 
8 = 0.02015 rad + —1.1545 deg (10.465) 
r = 0.4780102908 rad/s (10.466) 
2 

= = 9.560205816 m/s” (10.467) 


Substituting the input function (10.470) and solving the equations pro- 
vides the following solutions: 


Vy (t) | — | —0.4+ e~71934(1.789 sin 5.113¢t + 0.403 cos 5.113¢) 
r(t) | | 0.478 + e~7-1934(0.232 sin 5.113¢ + 0.478 cos 5.113t) 


(10.468) 

Figures 10.30 and 10.31 depict the solutions. 
Having vy (t) and r (t) are enough to calculate the other kinematic vari- 
ables as well as the required forward force Fy, to maintain the constant 
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FIGURE 10.31. Yaw rate response in example 406. 
speed. 


Fy, = —mr vy (10.469) 


Figures 10.82 and 10.88 show the kinematics variables of the vehicle, and 
Figure 10.34 depicts how the require F), is changing as a function of time. 


Example 407 * Response of an oversteer vehicle to a step input. 
Let’s assume the steering input is 


_ f O.rad = 5.7296deg t>0 
6(t) = { 0 £<0 (10.470) 
and the vehicle characteristics are 

Caf = 57296N/rad (10.471) 

Cor = 52712N/rad (10.472) 

m = 1400kg = 95.9slug (10.473) 

I, = 1128kgm? ~ 832slug ft? (10.474) 

a = 125mxr41ft (10.475) 

az = 130m 4.26 ft (10.476) 

Uz = 20m/s. (10.477) 


The equations of motion for a zero initial conditions 


qo = | a | = | : (10.478) 
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FIGURE 10.32. Sideslip angle response in example 406. 
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FIGURE 10.33. Radius of rotation response in example 406. 
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FIGURE 10.34. The required forward force F; to keep the speed constant, in 
example 406. 


are 
by + 3.928857143v, + 20.11051429r = 40.925714296 (t) 
= 4,092571429 (10.479) 
* + 0.1371631206v, + 7.917033690r = 63.49290786 (t) 
= 6.34929078. (10.480) 


Substituting the input function (10.470) and solving the equations pro- 
vides the following solutions: 


—3.328t _ —8.518t _ 
| Vy (t) a | 6.3e 2.943e 3.361 (10.481) 


r (t) —0.188e—9-328t — 0.672e— 8-518! +. 0.188 
Figures 10.35 and 10.36 depict the solutions. 


Example 408 * Standard steer inputs. 

Step and sinusoidal excitation inputs are the most general input to ex- 
amine the behavior of a vehicle. Furthermore, some other transient inputs 
may also be used to analyze the dynamic behavior of a vehicle. Single sine 
steering, linearly increasing steering, and half sine lane change steering are 
the most common transient steering inputs. 


Example 409 * Position of the rotation center. 
The position of the center of rotation O in the vehicle body coordinate is 
at 


xc = —RsinB (10.482) 
= Rcosp (10.483) 
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FIGURE 10.35. Lateral velocity response for example 407. 
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FIGURE 10.36. Yaw velocity response for example 407. 
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Center of 
rotation 


FIGURE 10.37. A two-wheel vehicle model with the vehicle body coordinate 
frame and the center of rotation O. 


because 3 is positive when it is about a positive direction of the z-axis. Fig- 
ure 10.37 illustrates a two-wheel vehicle model, the vehicle body coordinate 
frame, and the center of rotation O. 

At the steady-state condition the radius of rotation can be found from 
the curvature response S,,, and the angle GB can be found from the sideslip 
response Sg. 


1 _ Up (D-Cg = C,Deg + mv; Dz) 


= = 10.484 
a OS (CsDg — CgDs5) 6 ( ) 
Ds (C,. _ MUz) = D,Cs 
= = 10.4 
p a D,Cg = C,Dg + mv, Dz ( : 85) 
Therefore, the position of the center point O is at 
a eS Ur (D,Cg = C,,Dg + muz Da) 
(CsDg _ C'3Ds) 6 
egies (10.486) 


D,Cg - C,Dg + mv, Dz 
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Ur (D-Cg = C,Dg + mv;Dz) 
pei (C3De-—CpD:)6 
Ds (C;,. — mvz) — D,Cs 


és 10.487 
“OP DOs CO. De bigs ( ) 


Assuming a small 8, we may find the position of O approximately. 


Ds (C,. = MUz) = DCs 
C;Ds=O3D, °° 
D,Cg — C,Dp + mv,zDg 
(CsDg — CgDs5)6 


(10.488) 


y (10.489) 


Example 410 * Second-order equations. 

The coupled equations of motion (10.160) may be modified to a second- 
order differential equation of only one variable. To do this, let’s rewrite the 
equations. 


1 
by = as (vyCg + rC,v, — mrvz + bvz,Cs) (10.490) 
1 
* = 7 —(vyDp +1Drrs + 6v2Ds) (10.491) 
ZU 


Assuming a constant forward speed 
Uz = cte (10.492) 


and taking a derivative from Equation (10.491) provides the equation. 


1 
# = T— (byDg + #Dyvx) (10.493) 
2Ug 


We substitute Equation (10.490) in (10.493) 


a 1 il 
Fo ae (— (vyCp +rC,vz — mrv; + SuCs) Dg 


+——?D,v,z + dvzD5 (10.494) 


Lvy 
and then substitute for vy from (10.491) and get the following equation: 
mI,v,F — I.Cg +mD,v,z) ¢ + (D-Cg — C,Fg + mvzDg)r 
= ~ (6C5Dp — 6CpDs + mbv,Ds) (10.495) 


This equation is similar to the equation of motion for a force vibration 
single DOF system 


Megi + Cogt + keqt = feq (t) (10.496) 
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where the equivalent mass Meq, damping Ceq, stiffness keq, and force feq (t) 
are 


Meq = MIZvz (10.497) 
Ceq = —(1,Cg+mD,vz) (10.498) 
keq = D,Cg = CF + mvz De (10.499) 

do (t 
fe(t) = -—m it LD; + (CsDg — CgDs5+) 6 (t). (10.500) 


We may use Equation (10.495) and determine the behavior of a vehicle 
similar to analysis of a vibrating system. The response of the equation to 
a step steering input may be expressed by rise time, peak time, overshoot, 
and settling time. 


10.8 Summary 


A vehicle may be effectively modeled as a rigid bicycle in a planar motion 
by ignoring the roll of the vehicle. Such a vehicle has three DOF in a body 
coordinate frame attached to the vehicle at C: forward motion, lateral 
motion, and yaw motion. The dynamic equations of such a vehicle are can 
be expressed in (vz,Vy,7) variables in the following set of three coupled 
first order ordinary differential equations. 


Fy 
‘7 = — 10.501 
Y) os +P Vy ( ) 
: 1 
Vy = Hibs (—a1 Cop + a2Car) 
! (Caf + Car) ae pees oe eee (10.502) 
a af ar) Vy Wi aff Th arQr Vz . 
; 1 
ro= Tuy (Mt Cas ~ 92Car) 7 
Pog Bh Nn so a ah nares he. 10508) 
Lv, a1Caf a2Var) Vy ie aff ‘Ona arQr- . 
The second and third equations may be written in a matrix form for 
[vy © IP 
_ Cas + Car —aiCor + aoC or _ 
| Yy _ MvVz MUz = | Vy | 
r a1 Caf — 42C ar atCat + a8Cor r 
Ive I,Vz 
1 1 
—Vvaf cer 5 
are f (10.504) 
1 1 Op 
plas ~ 7 Car 
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or in a matrix form for [ Bor lise 
Caf + Caz —a1Cof + aC or 
| B | - MV mv? 
r 7 Cas — agC ar = aiCas + a3Cop 
I, L,Uy 
es SAO —Car 
f m™m OF 
aoa 1 5 
Fag ed 
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10.9 Key Symbols 


a=i% acceleration 

Qj distance of the axle number 7 from the mass center 
[A] force coefficient matrix 

by distance of the hinge point from rear axle 

bg distance of trailer axle from the hinge point 
B(Cryz) vehicle coordinate frame 

C mass center 

Co sideslip coefficient 

Cat front sideslip coefficient 

Cott front left sideslip coefficient 

Cafr front right sideslip coefficient 

Cx rear sideslip coefficient 

Cort rear left sideslip coefficient 

IC orezs rear right sideslip coefficient 

Cr, +++, Ds force system coefficients 

C, proportionality coefficient between Fy and r 
Ce proportionality coefficient between Fi and 6 
Cs proportionality coefficient between F, and 6 
D,. proportionality coefficient between M, and r 
De proportionality coefficient between M, and 8 
Ds proportionality coefficient between M, and 6 
d frame position vector 

dn neutral distance 

dm mass element 

£; generalized force 

Fy longitudinal force, forward force, traction force 
Fy lateral force 

Fy front lateral force 

Pyr rear lateral force 

F, normal force, vertical force, vehicle load 
F,M vehicle force system 

£9 gravitational acceleration 

G(OXY Z) global coordinate frame 

I mass moment of inertia 

K kinetic energy 

K stability factor 

L moment of momentum 

L Lagrangean 

m mass 

M, roll moment, bank moment, tilting torque 
My, pitch moment 

M, yaw moment, aligning moment 
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p= 

p 

Py 
q=0 

qa 

Gi 

ra% 

r 

R 

Rw 

GRp 
S, = k/6 
Sg = 8/6 
S, =r/6 
Sq = v2/R/6 
Sy, 5 Syo 
SA = 1/v2 
t 

T 

Tw 

u 
V=24,V 
V 

w 

L,Y,2, Xx 
a 

B 

B 

B 

B+w 

) 

Of 

by 

0 

0=q 
K=1/R 
P 

p=p 

~ 

w=r 

y 

w 

w 


roll rate 

momentum 

neutral steer point 

pitch rate 

control variable vector 
generalized coordinate 

yaw rate 

position vector 

radius of rotation 

tire radius 

rotation matrix to go from B frame to G frame 
curvature response 

sideslip response 

yaw rate response 

lateral acceleration response 
steady-state responses 
Ackerman steering gradient 
time 

tire coordinate frame 
wheel torque 

input vector 

velocity 

potential energy 

wheelbase 

displacement 


sideslip angle 

global sideslip angle 
vehicle sideslip angle, attitude angle 
attitude angle 
cruise angle 

steer angle 

front steer angle 
rear steer angle 
pitch angle 

pitch rate 

curvature 
eigenvalue 

roll angle 

roll rate 

yaw angle 

yaw rate 

heading angle 
angular velocity 
angular acceleration 
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Exercises 


1. Force system coefficients. 


Consider a front-wheel-steering car with the following characteristics 
and determine the force system coefficients C;, Cg, Cs, D,, Dg, and 


Ds. 
Caf, = Cafp = 500N/deg 
Car, = Carn = 460N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 110cm 
ag = 132cm 
vz; = 30m/s 


2. Force system and two-wheel model of a car. 


Consider a front-wheel-steering car with the following characteristics 


Car, = Carr = Caf, = Cafpg = 500N/ deg 
ay = 110cm 
ag = 132cm 
m = 1205kg 
I, = 1300kgm? 
and determine the force system that applies on the two-wheel model 
of the car. 
Fy = Chr+CgB+C56 
M, = D,r+DgB4+D56 


Then, write the equations of motion of the car as 


Fy, = MmMbz — mr vy 


me] 
| 


Mby + Mr Vz 
M, = fdl;. 


3. Equations of motion for a front-wheel-steering car. 


Consider a front-wheel-steering car with the following characteristics 


Car, Carr Caf, Cafe 500 N/ deg 
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a, = 110cm 
ag = 132cm 
m = 1245kg 
I, = 1328kgm? 
vz = 40m/s 


and develop the equations of motion 
q4=[Alq+u. 


4. Equations of motion in different variables. 


Consider a car with the following characteristics 


Come = Cype= Cat. = Cayn = 000N/ dex 
a, = 100cm 

az = 120cm 

m = 1000kg 

I, = 1008kgm? 

vz = 40m/s 


and develop the equations of motion 


(a) in terms of (Uz, dy, 7), if the car is front-wheel steering. 


(o 
(b) in terms of (vz, 0,,7), if the car is four-wheel steering. 


(c) in terms of (te, B,7-), if the car is front-wheel steering. 
(d) in terms of (te, B, *), if the car is four-wheel steering. 


5. Steady state response parameters. 


Consider a car with the following characteristics 


Caf, = Cafp = 500N/deg 
Cor, = Carp = 520N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 110cm 
ag = 132cm 
vz; = 40m/s 


and determine the steady-state curvature response Sj, sideslip re- 
sponse Sig, yaw rate response, 5;, and lateral acceleration response 


a: 
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6. Steady state motion parameters. 


Consider a car with the following characteristics 


Caf, = Cafp = 600N/ deg 
Car, = Cary = 550N/ deg 

m = 1245kg 

I, = 1128kgm? 

ay = 120cm 

ag = 1388cm 

Vz; = 20m/s 

6 = 3deg 


and determine the steady state values of r, R, 8, and v2/R. 


7. *% Inertia and steady state parameters. 


Consider a car that is made up of a uniform solid box with dimensions 
260cm x 140 cm x 40 cm. If the density of the box is p = 1000 kg/ m°, 
and the other characteristics are 


Cofr = Cafr = 600 N/ deg 
Cor, = Carp = 550N/deg 
l 
a = a= 5 


then, 


(a) determine m, I,. 


(b) determine the steady-state responses S,,, Sg, S,, and S, as func- 


tions of vz. 
(c) determine the velocity v, at which the car has a radius of turning 
equal to 
R=35m 
when 
6 = 4deg. 


(d) determine the steady state parameters r, R, 8, and v2/R at that 
speed. 


(e) set the speed of the car at 
Uz = 20m/s 


and plot the steady-state responses 5), Sg, S;, and Sq for vari- 
able p. 
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8. Stability factor and understeer behavior. 


Examine the stability factor kK and 


(a) determine the condition to have an understeer car, if a; = a2. 
(b) determine the condition to have an understeer car, if Caf = Car. 


(c) do the results show that if we use the same type of tires in front 
and rear with Cor = Cor, then the front of the car must be 
heavier? 


(d) do the results show that if we have a car with a; = ag, then we 
must use different tires in the front and rear such that Cg, > 
Car? 
9. Stability factor and mass of the car. 
Find a; and ag in terms of F,,, Fz,, and mg to rewrite the stability 
factor K to see the effect of a car’s mass distribution. 
10. Stability factor and car behavior. 


Examine the stability factor of a car with the parameters 


Caf, = Cafy = 500N/deg 
Cor, = Carp = 460N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 110cm 
ag = 132cm 
vz; = 30m/s 


and 


(a) determine if the car is understeer, neutral, or oversteer? 


(b) determine the neutral distance dy. 


11. Critical speed of a car. 


Consider a car with the characteristics 


Caf, = Cafp = TO00N/ deg 
Cor, = Cary = 520N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 118cm 


ag = 122cm. 
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(a) determine if the car is understeer, neutral, or oversteer? 


(b) in case of an oversteer situation, determine the neutral distance 
dy and the critical speed vu, of the car. 


12. % Step input response at different speed. 


Consider a car with the characteristics 


Caft 
Cart 


and a step input 


sy =f 


Cafr = 600 N/ deg 
Cary = 750 N/ deg 
1245 kg 

1328 kg m? 

110cm 

132cm 


5deg t>0 
0 t<0 


Determine the time response of the car at 


(a) vz =10m/s. 
(b) vz = 20m/s. 
(c) vz = 30m/s. 
(d) vg = 40m/s. 


13. % Step input response for different steer angle. 


Consider a car with the characteristics 


Caft 
Corr, 


Uz 


Cafr = 600N/ deg 
Carp, = 750 N/ deg 
1245 keg 

1328 kg m? 

110cm 

132cm 

20 m/s. 


Determine the time response of the car to a step input 


when 


6 
sy ={ 0 t<0 


t>0 
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(a) 6 = 3deg. 
(b) 6 = 5deg. 
(c) 6 = 10deg. 


14. % Eigenvalues and free response. 


Consider a car with the characteristics 


Caf, = Cafp = 600N/ deg 
Car, = Cary = 150N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 110cm 
ag = 1382cm 
Uz, = 20m/s. 


(a) Determine the eigenvalues of the coefficient matrix [A] and find 
out if the car is stable at zero steer angle. 


(b) In either case, determine the weight distribution ratio, a;/a2, 
such that the car is neutral stable. 


(c) Recommend a condition for the weight distribution ratio, a1 /a2, 
such that the car is stable. 
15. % Time response to different steer functions. 


Consider a car with the characteristics 


Caf, = Cafp = 600N/ deg 
Cor, = Carp = 750N/deg 
m = 1245kg 
I, = 1328kgm? 
a, = 110cm 
ag = 1382cm 
Uz = 20m/s 


and a step input 


0 t<0 


Determine the time response of the car to 


sy ={ 5deg t>0 


(a) 6(t) = sin0.1t for 0 < ¢ < 10a and 6(t) = 0 for t < 0 and 
t > 107. 


(b) 6 (¢) = sin 0.5t for 0 < t < 27 and 6(t) = 0 fort <O and t > 2r. 
(c) 6(t) =sint for0<t< a and 6(t) =0 fort <Oandt>7. 


11 
% Vehicle Roll Dynamics 


In this chapter, we develop a dynamic model for a rigid vehicle having for- 
ward, lateral, yaw, and roll velocities. The model of a rollable rigid vehicle is 
more exact and more effective compared to the rigid vehicle planar model. 
Using this model, we are able to analyze the roll behavior of a vehicle as 
well as its maneuvering. 


11.1 ¥ Vehicle Coordinate and DOF 


Figure 11.1 illustrates a vehicle with a body coordinate B(Caxyz) at the 
mass center C’. The z-axis is a longitudinal axis passing through C’ and di- 
rected forward. The y-axis goes laterally to the left from the driver’s view- 
point. The z-axis makes the coordinate system a right-hand triad. When 
the car is parked on a flat horizontal road, the z-axis is perpendicular to 
the ground, opposite to the gravitational acceleration g. The equations of 
motion of the vehicle are expressed in B(Cxyz). 


FIGURE 11.1. The DOF of a roll model of rigid vehicles are: x, y, y, w. 


Angular orientation and angular velocity of a vehicle are expressed by 
three angles: roll y, pitch 0, yaw w, and their rates: roll rate p, pitch rate 
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q, yaw rate r. 


= ¢ (11.1) 
q = 8 (11.2) 
r= (11.3) 


The vehicle force system (F,M) is the resultant of external forces and 
moments that the vehicle receives from the ground and environment. The 
force system may be expressed in the body coordinate frame as: 


BR = F,t+F,j+Fik (11.4) 
BM = M,i+M,j+ Mk (11.5) 


The roll model vehicle dynamics can be expressed by four kinematic 
variables: the forward motion «, the lateral motion y, the roll angle y, and 
the roll angle 7. In this model, we do not consider vertical movement z, 
and pitch motion 0. 


11.2. ¥% Equations of Motion 


A rolling rigid vehicle has a motion with four degrees of freedom, which 
are translation in x and y directions, and rotation about the x and z axes. 
The Newton-Euler equations of motion for such a rolling rigid vehicle in 
the body coordinate frame B are: 


F, = mt,y-—mrvy (11.6) 
Fy = mby+mr vz (11.7) 
M = L0,=L? (11.8) 
Mz, = Ipw_ = Ipp. (11.9) 


Proof. Consider the vehicle shown in Figure 11.2. A global coordinate 
frame G is fixed on the ground, and a local coordinate frame B is attached 
to the vehicle at the mass center C’. The orientation of the frame B can be 
expressed by the heading angle between the x and X axes, and the roll 
angle y between the z and Z axes. The global position vector of the mass 
center is denoted by @d. 

The rigid body equations of motion in the body coordinate frame are: 


BF = ROCF 
BRe (mag) 


m Bap 


= mPvp+m Bwe x Pvp. (11.10) 
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FIGURE 11.2. A vehicle with roll, and yaw rotations. 


“d p 
dt 
ee 
= BL 
GLB 
= BT, + Bw x oad FF 
= PT Bopt+ Gwe x (PI Bw). (11.11) 


BM = 


The velocity vector of the vehicle, expressed in the body frame, is 


Vz 
Bvg =] dy (11,12) 
0 


where vz is the forward component and v, is the lateral component of v. 
The other kinematic vectors for the rigid vehicle are: 


Ug 
Bio =| by (11.13) 
0 
Wer Pp 
Bwe=| 0 |=] 0 (11.14) 
Wy r 
Wer p 
Beg |, 20% ves 1/50 (11.15) 
Ws ? 


We may assume that the body coordinate is the principal coordinate frame 
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of the vehicle to have a diagonal moment of inertia matrix. 


Te iO 30 
Bias | 0" igs @ (11.16) 
00k 


Substituting the above vectors and matrices in the equations of motion 
(11.10) and (11.11) provides the following equations: 


PR = m?vp+mbwex Pvp (11.17) 
F,, Ve We Va 
Fy = m| vy | +m 0 xX | vy 
0 0 W, 0 
MUz — MW zVy 
= My + MW zVy (11.18) 
MWg Vy 
PM = "I GHp+ Gwe x (PI Gwp) (11.19) 
M, I, 0 0 We 
0 = 0 Ih O 0 
M, 0 0 3 Wy 
Ws I, 0 0 We 
+] 0 x 0 Ip O 0 
We 0 O 3 Ws 
TWy 
= Tw,W, — Inw,w, (11.20) 
I3w, 


The first two Newton equations (11.18) are the equations of motion in 
the x and y directions. 


Fy, = MUz — MW zVy (11.21) 
Mvy + MW zVz : 
The third Newton’s equation 

MWzVy = 0 (11.22) 


is static equation. It provides a compatibility condition to keep the vehicle 
on the road. 
The first and third Euler equations (11.20) are the equations of motion 


about the x and z axes. 
M, | _ | hw, 
[Me] = [ Be] oe 
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The second Euler equation 
Twzw, — Inw pw, = 0 (11.24) 


is another static equation. It provides the required pitch moment condition 
to keep the vehicle on the road. m 


Example 411 *% Motion of a six DOF vehicle. 

Consider a vehicle that moves in space. Such a vehicle has six DOF. To 
develop the equations of motion of such a vehicle, we need to define the 
kinematic characteristics as follows: 


(11.25) 


(11.26) 


Bwp= | wy (27) 


Bwe=| Wy (11.28) 


| 
| 
- 
| 


The acceleration vector of the vehicle in the body coordinate is 


Ba = BY p + Bw x Bun 
Vy + WyVz — WzVy 

= Oy + WzVy — WeVz (11.29) 
Vz + WyVy — WyVy 


and therefore, the Newton equations of motion for the vehicle are 


F,, Vz + WyVz — WzVy 
Fy | =m | ty +wz0z —Wedz |. (11.30) 
F, Vz + WyVy — Wye 


To find the Euler equations of motion, 
PM = ?I Gwp+ Gwp x (PI Gwe) (11.31) 


we need to define the moment of inertia matrix and perform the required 
matrix calculations. Assume the body coordinate system is the principal 
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coordinate frame. So, 


By. Bap + Bw x (27. Gwp) 


I 0 0 We We I, 0 0 We 
0 In O Wy + Wy x 0 Ip O Wy 
0 O 3 Wy We 0 O Iz Wey 


Waly — WyWwzlg + wyw,T3 
= Wyle + WaWely — WeW2T3 (11.32) 
W213 — WeWyl + weWyle 


and therefore, the Euler equations of motion for the vehicle are 


M; Waly — Wywzlg + wyw,Ts 
My | =] Wylgtwewzt, — wzWz13 | . (11.33) 
M, W213 — WaWyly + wWewyle 


Example 412 * Roll rigid vehicle from general motion. 
We may derive the equations of motion for a roll rigid vehicle from the 
general equations of motion for a vehicle with six DOF (11.80) and (11.33). 
Consider a bicycle model of a four-wheel vehicle moving on a road. Be- 
cause the vehicle cannot move in z-direction and cannot turn about the 
y-axis, we have 


vz, = 0 (11.34) 
iz = 0 (11.35) 
Wy = 0 (11.36) 
wy = 0. (11.37) 


Furthermore, the overall force in the z-direction and overall moment in 
y-direction for such a bicycle must be zero, 
F, = 0 (11.38) 
M, = 0 (11.39) 


Substitution Equations (11.34)-(11.39) in (11.30) and (11.83) results in 
the force system. 


F, Uy — WzVy 

Fy, = MI] by +wzvy (11.40) 
0 Way 

M, Waly 

0 = WaWsl, — Wew,Ts3 (11.41) 


M, ws 
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8) 


x1 


FIGURE 11.3. The force system at the tireprint of tire number 1, and their 
resultant force system at C. 


11.3. ¥ Vehicle Force System 


To determine the force system on a rigid vehicle, we define the force system 
at the tireprint of a wheel. The lateral force at the tireprint depends on the 
sideslip angle. Then, we transform and apply the tire force system on the 
rollable model of the vehicle. 


11.8.1. ¥% Tire and Body Force Systems 


Figure 11.3 depicts wheel number 1 of a vehicle. The components of the 
applied force system on the rigid vehicle, because of the generated forces 
at the tireprint of the wheel number /, are 


F,, = Fy, cosd; — Fy,,, sind; (11.42) 
Fy, = Fy,,, cos 6; + F;,,, sin 0; (11.43) 
Mz, = My, + yl, — 2iFy; (11.44) 
My, = My, + %Fe;, — vik 2; (11.45) 
Mz, = Mz, + tify, — yiFs; (11.46) 


where (2;, y;, 21) are body coordinates of the wheel number 7. It is possible 
to ignore the components of the tire moment at the tireprint, Mz,,., My,,,, 
M,,,., and simplify the equations. 

The total planar force system on the rigid vehicle in the body coordinate 
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frame is 


a ee 


= >OF,, cosé; — >° Ff, sin 6; (11.47) 
ooo. | 

= se ees eT (11.48) 
°F, = ew . (11.49) 
PMs = ee eas (11.50) 


BM, = > >My, +> Fs, — > tiFs, (11.51) 


a 


BM, = 30M. +> uF, — luk. (11.52) 


Proof. To simplify the roll model of vehicle dynamics, we ignore the dif- 
ference between the tire frame at the center of tireprint and wheel frame 
at the wheel center for small roll angles. 

Ignoring the lateral moment at the tireprint M,,,,, the force system gen- 
erated at the tireprint of the wheel in the wheel frame B,, is 


BoP, = Fp i tFy ji +P. hi (11.53) 
BuM, = Mz, i1+ Mz, ki (11.54) 


The rotation matrix between the wheel frame B,, and the wheel-frame 
coordinate frame B,, parallel to the vehicle body coordinate frame B, is 


cosé,; —sind; 0 
BiRp, =| sind; cosd; 0 (11.55) 
0 0 1 


and therefore, the force system at the tireprint of the wheel, parallel to the 
vehicle coordinate frame, is 


APR, = Rp, °F, (11.56) 
Fy, cosé; —sind; 0 Ee 
Fy, = sind;  cosd, 0 Fyn 
ion 0 O°. a F., 
Fy, cos 01 — Fy,, sin dy 
= Fy, Cos 61 + Fy,, sin d1 (11.57) 


F,, 


11. ¥ Vehicle Roll Dynamics 673 


AM, = © Rp, 2’My (11.58) 
Mz, cosé; —sind, O Mz, 
My, = sind;  cosd, 0 0 
M., 0 o i;i Mm, 
My, Cos 61 
= M,,, sin d1 (11.59) 
M.z,, 


Transforming the force system of each tire to the body coordinate frame 
B, located at the vehicle mass center C’, generates the total force system 
applied on the vehicle 


Bp = SOR, 
SA, t+ So Fy (11.60) 
= Se oe ay ose ®F,, (11.61) 


where ?r; is the position vector of the wheel number i. 


2M 


In deriving Equation (11.60), we have used the equation 5°; F,, — mg = 0. 
Expanding Equations (11.60) and (11.61) provides the total vehicle force 
system. 


PE. = SB, Condy — By, Sid; (11.63) 
a = FF, 055; + FF, sind, (11.64) 
BM, = > Ms, ne, (11.65) 
BE. oe i a= ae (11.66) 
BM, = 


yo Mat > lem Soa (11.67) 


For a two-wheel vehicle model we have 


wT = ay 
—ag (11.68) 
YW = Y= 0. 


8 
i) 
II 
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For such a vehicle, the force system reduces to 


Br = F,, cos d1 + Fy, cos 62 — Fy, sind, — Fy, sin dg (11.69) 
AE = Fy, cosd, + Fy, cosd2 + Fy, sind, + Fy, sin d2 (11.70) 
BM, = Mz, +My, — “Fy, — 22Fy, (11.71) 
BM, = My, + My, + 22F xy + 21Fo, — aFe, — aks, (11.72) 
BM, = M.,+M.,+aFy, + a2Fy- (11.73) 

It is common to assume 
M,, =0 (11.74) 

and therefore, 

PM, =a1Fy, —a2Fy,. (11.75) 


11.3.2 ¥ Tire Lateral Force 


If the steer angle of the steering mechanism is denoted by 6, then the actual 
steer angle 6, of a rollable vehicle is 


da =O+4y (11.76) 
where, dy is the roll-steering angle. 
by = Capp (11.77) 


The roll-steering angle 6, is proportional to the roll angle y and the coef- 
ficient C's, is called the roll-steering coefficient. The roll-steering happens 
because of the suspension mechanisms that generate some steer angle when 
deflected. The tire sideslip angle of each tire of a rollable vehicle is 


a = By — 5a 
= B,— 6: —dy. (11.78) 


where (3; is the angle between the velocity vector v and the vehicle body 
x-axis, and is called the tire slip angle. 
The generated lateral force by such a tire for a small sideslip angle, is 


Fy = —Caau — Coy; 
—Co (8; — 61 — Copp;) — Cop (11.79) 


and Cy is the tire camber trust coefficient, because of the vehicle’s roll. The 
tire slip angle 6; can be approximated by 


ery 
fe ee (11.80) 


Uz 
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to find the tire lateral force F, in terms of the vehicle kinematic variables. 


et om 6 

F, = nc a =O t(Cs055 Cp) 4 Cxo>. 1481) 

Boa Se (11.82) 
Ux 


Cg, is tire slip coefficient. 


Proof. When a vehicle rolls, there are some new reactions in the tires 
that introduce new dynamic terms in the behavior of the tire. The most 
important reactions are: 

1—Tire camber trust F,,, which is a lateral force because of the vehicle 
roll. Tire camber trust may be assumed proportional to the vehicle roll 
angle y 


dF, 
Cn = a 11.84 
2—Tire roll steering angle 6,,, which is the tire steer angle because of the 
vehicle roll. Most suspension mechanisms provide some steer angle when 
the vehicle rolls and the mechanism deflects. The tire roll steering may be 
assumed proportional to the roll angle. 


dp = Capp (11.85) 
Crp = = (11.86) 

Therefore, the actual steer angle 6, of such a tire is 
ba =O 4+ by. (11.87) 

Assume the wheel number i of a rigid vehicle is located at 
Bro = [Pate eB ie (11.88) 
The velocity of the wheel number 7 is 

By, = By + Bux Br, (11.89) 


in which ?v is the velocity vector of the vehicle at its mass center C, and 
Bw = pit vk = = pi+rk is the angular velocity of the vehicle. Expand- 
ing Equation (11.89) provides the following velocity vector for the wheel 
number 7 expressed in the vehicle coordinate frame at C. 


Vx; Ux Q Lj 
Vy; = Vy + 0 “ vi 
Vz; 0 w cai 
= Vy — D2 + Wu; (11.90) 
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Consider a bicycle model for the rollable vehicle to have 


yi = 0 (11.91) 
XY = a (11.92) 
wt = —ag. (11.93) 


The tire slip angle 8; for the wheel i, is defined as the angle between the 
wheel velocity vector v; and the vehicle body x-axis. When the roll angle 
is very small, {; is 


B; 


lI 
of 
2 
el 
a 
aS 
S |S 
Se 


(11.94) 


pg he Se (11.95) 


Ux 


If the wheel number i has a steer angle 6; then, its sideslip angle a;, that 
generates a lateral force F,,,, on the tire, is 


a = B; — 0; 
fo UE 2 ote ee (11.96) 
Vz 


The tire slip angle 6, for the front and rear wheels of a two-wheel vehicle, 


By and 6, are 
v 
Br = tan! (2) 
Vas 


byte oe rie Ee (11.97) 


f Ux 


mes Lae eee ee (11.98) 
Uz, Ug 
and the vehicle slip angle { is 
B=tan* (2) me Ju (11.99) 
Vy Ug 


The z; coordinate of the wheels is not constant however, its variation is 
small. To show the effect of z;, we may substitute it by coefficient Cg, 
called the tire roll rate coefficient, and define coefficients Cg, and Cg, to 
express the change in 3, because of roll rate p. 


B; = Ce,p (11.100) 


Cg. = = (11.101) 
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Therefore, 
Vy tar —C, 
Ce = tae (a) (11.102) 
Vx 
_ —C 
6, = tan7} (aera Cer) (11.103) 
Vz 


Assuming small angles for slip angles 8, 6, and §,., the tire sideslip 
angles for the front and rear wheels, ay and a,, may be approximated as 


1 
ar = 5, (ty tar — 24P) — 9 — dy, 
= BAGS Cee Cero (11.104) 
1 
Ar = 5, (ey ~ Gar — zr) — dp, 
= Gay Oe Ge (11.105) 
Va 


11.8.8 % Body Force Components on a Two-wheel Model 


Figure 11.4 illustrates a top view of a car and the force systems acting at the 
tireprints of a front-wheel-steering four-wheel vehicle. When we consider 
the roll motion of the vehicle, the xy-plane does not remain parallel to 
the road’s X Y-plane, however, we may still use a two-wheel model for the 
vehicle. 

Figure 11.5 illustrates the force system and Figure 11.6 illustrates the 
kinematics of a two-wheel model for a vehicle with roll and yaw rotations. 
The rolling two-wheel model is also called the bicycle model. 

The force system applied on the bicycle vehicle, having only the front 
wheel steerable, is 


2 


Fe = > | (F,cos6—- F,, sind) (11.106) 
w=1 
2 

a oe (11.107) 
w=1 

Mz = Maze, + Mz, —wesp — wks (11.108) 

Mz = aFy, — a2Fy, (11.109) 


where (Fp l,) and (Fos Fa) are the planar forces on the tireprint of 


the front and rear wheels. The force system may be approximated by the 
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FIGURE 11.4. Top view of a car and the forces system acting at the tireprints. 


following equations, if the steer angle 6 is assumed small: 


Pow Ry HFS (11.110) 
Fy x F,+F, (11.111) 
Ma A Op Fi +Ce, By, a Ro eo8 (11.112) 
M, ® aFy, — a2Fy, (11.113) 


The vehicle’s lateral force F, and moment M, depend only on the front 
and rear wheels’ lateral forces Fy, and Fy,, which are functions of the 
wheels sideslip angles af and a,. They can be approximated by the follow- 
ing equations: 


a a Cas Ce Carl, ; 
fas Os a, ee (ee), 


Ux x x Ur 


ca cern enn Tes (CasCoo, moan Oe CarCo,.) y 
+Co fd (11.114) 
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df 
F, af 
My 
My 
F, of 
a] 
as 
By l 
a2 
| 
Py Mz, 


FIGURE 11.5. A two-wheel model for a vehicle with roll and yaw rotations. 


Pia 


= sacs 


Or; (Ce, = Cy eu) — Cr, (Cp, — CarCbe,) — kip) © 


226 
“(e Cg, Cr, C. ce Poe Cs, Cr.Car — ce] D 
Ce (11.115) 


Cos 


s 
| 


ay a2 
(-3 Cas =2C..) r+ (Be, Cas - “2C5,Car) 
Ole a aiCaf) B 
f (a: (CeO Oia Ge rsh sCb0,)) y 
+a1Co fd 


where Cor = Car, +Cafp and Car = Car, +Car, are equal to the sideslip 
coefficients of the left and right wheels in front and rear, respectively. 

(11.117) 
(11.118) 


(11.116) 


Cat = Caf, + Cafp 
Car rm Cort ae Corr 
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Center of 
rotation 


Ri 


FIGURE 11.6. Kinematics of a two-wheel model for a vehicle with roll and yaw 
rotations. 


Proof. For a two-wheel vehicle, we use the cot-average (7.3) of the outer 
and inner steer angles as the only steer angle 6. 


_ Cot do + cot d; 


td 
: 2 


(11.119) 
Furthermore, we define a single sideslip coefficient Cy and Ca, for the 
front and rear wheels. The coefficient Cf and Cor are equal to sum of the 
left and right wheels’ sideslip coefficients. 

Employing Equations (11.47)-(11.52) the forward and lateral forces on 
the rollable bicycle would be 


F, = Fy, cosé + Fy, — Fy, sind (11.120) 
Bp SRye s (11.121) 


The yaw moment equation does not interact with the vehicle roll. We may 
also ignore the moments M,, and assume that the forward forces on the 
front left and right wheels are equal, as well as the forward forces on the 
rear left and right wheels. So, the terms 5°; y;F, cancel each other and 
the yaw moment reduces to 


M, = a Fy, = a2 Fy, (11.122) 
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The vehicle roll moment M, is a summation of the slip and camber 
moments on the front and rear wheels, M,,, Mz,, and the moment because 
of change in normal loads of the left and right wheels y;F.,. Let’s assume 
that the slip and camber moments are proportional to the wheels’ lateral 
force and write them as 


Mz, = Cr,Fy, (11.123) 
Mz, = Cr.Fy, (11.124) 


where C'r, and Cr, are the overall torque coefficient of the front and rear 
wheels respectively. 


C Bio Srey 11.125 

T; dFy, ( ) 
dM, 

= 7 11.126 

Cr, dF,, ( ) 


Roll moment because of change in normal force of the left and right 
wheels is a result of force change in springs and dampers. These unbalanced 
forces generate a roll stiffness moment that is proportional to the vehicle’s 
roll angle 


Mr, = —kye (11.127) 
Mr, = —Cyb (11.128) 


where k, and c, are the roll stiffness and roll damping of the vehicle. 


kp = wk 

= w(kpt+kr) (11.129) 
ég: = Abe 

= w(cpt+c,) (11.130) 


w is the track of the vehicle and k and c are sum of the front and rear 
springs’ stuffiness and shock absorbers damping. The coefficients k,, and 
Cy are called the roll stiffness and roll damping, respectively. 


ko = kp + kp (11.131) 


c cf + Cp (11.132) 


Therefore, the applied roll moment on the vehicle can be summarized as 


M, = Mz, sh Mz, a Mz. ay Mp, 
= Cr, Fy, +Cr,Fy, —w (cs +e) ¢—w(kp +k) yp. (11.133) 
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If we assume a small steer angle 6, the vehicle force system can be approx- 
imated by the following equations: 


FLA aR (11.134) 
Ser, (11.135) 
M, ® Cr, Fy, + Cr, Fy, — ko — Ce (11.136) 
M, ® ay, —a2ky,. (11.137) 


Substituting for the lateral forces from (11.81), and expanding Equations 
(11.134)-(11.137) provides the following force system. 


F, 
Fy, 


F,, + Fe, (11.138) 
Fy, A Fy, 


Cop OF Ce? Car Ar — Cy p 


r Pp 
—Cof (s+a2 Chee 6 Che) — Coy 


—Car (4 a2— Co, Cie, — Co. 
Cagl, Carl, 
(Cor - a, ot) + (Es 4 Sly 
Uz Uz Ux Uz 


+(—Caf - Car) B+ (CasCip, — Cp, — Co, + CarCig,.) ? 
ae Ore) (11.139) 


Cr, Fy, + Cr,Fy, — ky Y — Cop 


om (Ca; (4 +a—— Cp, > - 5 - Cho, ) + Coy?) 


se (Car (4 ay— Cpe £ Cie.) +C *) 
—keyp — cop 
(24, Con = “Cr,Cas) r 

Ug Ug 


1 1 
a ($e5,Cr,Cos + 5, CBr OT Cor <- ce) Pp 
<= (-Cr, Cas _ Cr,Car) B 


Te (-Cr, (Co, = CasCoo,) aah oi 2 (Cy, CarCiy,.) a ko) ~ 
+Cr,Caszd (11.140) 
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aiFy, = a2Fy,, 


Sa (Cas (4 ef a = Co, — ae Cie,9) af Cor?) 
4 Pp 
+a2 (Co (4 = a = CE = Cie,0) a Co.) 


2 2 
ay a5 ay a2 
(-2 Caf = 2Cn) r+ (Se,Cos = 25, Cur) p 


Tr (a2Car me aiCof) B 


Tr (a2 (Coy, _ CorCop,) — a (Co, = CasCoo, )) p 
eae) (11.141) 


The parameters Caf and Co, are the sideslip stiffness for the front and 
rear wheels, r is the yaw rate, p is the roll rate, vy is the roll angle, 6 is the 
steer angle, and ( is the slip angle of the vehicle. 

These equations are dependent on five parameters: r, p, 3, y, 6, and may 


be written as 


Fy, = Fy (r, p, 8, 9, 4) 
._ OF, OF, OFy OF y OFy 
=) Sar gp? Op Be” Bn” 
= Chr+Cyp+Cg8+CyptC5d (11.142) 
M, = M, (r, p, B, Y, 6) 
OM, + ens OMe 9 4 OMe OM, gases 
— r —_ 
Or Op — 06 
a a ee (11.143) 
M, = M, (r, p, By YQ, ) 
_ OM, OM, OM: OM, 
~ Or ap? + a6 
= po oe (11.144) 
where the force system coefficients are 
OF, ay 
a i a ly es 11.14 
C;,. ar re f += 6 ( 5) 
OF, CafCa, C..Cp 
= = c 11.14 
Cy Op Un aR Un ( 6) 
Ge = esa yes (11.147) 
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Co = 2 = CarCsp, + CatCse, - Cp, — Co, (11.148) 
Cs = au = Cos (11.149) 
E, = sr = ~ 7 Ory Cas + 5 Ct Car (11.150) 
Be — = = Cs, C1,Cas + —C'p, Ct, Con Ses. (aT 
Eg = — = —Cr,Caz — Cr, Car (11.152) 

Ey = se =-Cr, (Cp, — CasCio,) — fg 
—Cr, (Cy, — CarCsy,) (11.153) 
E; = oe =C7Cy: (11.154) 
Dr = ae = a Cup= 20, (11.155) 
Dp = a = 58s Cas 5 5 CB Caw (11.156) 
Dg = = = — (aiCuf — a2Car) (11.157) 
De = = =-a (Co, - BIC ing) + 42 (Cy, — CarCsy,) (11.158) 
Ds = au = Caf. (11.159) 


The force system coefficients are slopes of the curves for lateral force Fy, 
roll moment M,, and yaw moment M, as a function of r, p, 6, y, and 6 
respectively. m 


11.4. ¥ Two-wheel Rigid Vehicle Dynamics 


We may combine the equations of motion (11.6)-(11.9) along with (11.110)- 
(11.116) for a two-wheel rollable rigid vehicle, and express its motion by 
the following set of equations: 


1 
iy = —F,+rvy (11.160) 
m 


1 
= 2 (Fr, + Fo,) +7 vy 
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Ce Cp Co Cp r Cs 
: MV m m m & Te 
Vy E E E E Vy Es 
Bs | BL ae) ee ely Pp cash 
og] | leve Ie Le Te : +] 7 | 6 (11.161) 
ra 0 1 0 0 fi 0 
Deg Dp Dy D,. Ds 
Ivy I, I, I, I, 


These sets of equations are very useful to analyze vehicle motions, espe- 
cially when they move at a constant forward speed. 

Assuming 0; = 0, the first equation (11.160) becomes an independent 
algebraic equation, while the lateral velocity v,, roll rate p, roll angle y, 
and yaw rate r of the vehicle will change according to the four coupled 
equations (11.161). 

Assuming the steer angle 6 is the input command, the other variables 
Vy, P, ~, and r may be assumed as the outputs. Hence, we may consider 
Equation (11.161) as a linear control system, and write the equations as 


4=[A]lqt+u (11.162) 


in which [A] is the coefficient matrix, q is the vector of control variables, 
and u is the vector of inputs. 


Ce Cp. Op Ce 
mv, mM mem . 
Ba: By SBy. ° By 
AS "Gan OE a (11.163) 
0 1 0 0 
De -WDs. De uD: 
Ivy I, I, I, 
Vy 
Pp 
_ 11.164 
q - ( ) 
r 
Cs 
m 
Es 
| Fe 6 (11.165) 
0 
D5 
I, 


Proof. The Newton-Euler equations of motion for a rigid vehicle in the 
local coordinate frame B, attached to the vehicle at its mass center C, are 
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given in Equations (11.6)-(11.9) as 


Fy, = MmMbz — mr vy 
Fy = mby+mr vz 
M, = Iw,=I1,7 


The approximate force system applied on a two-wheel vehicle is found in 


Equations (11.110)-(11.113) 


Fa ee, (11.170) 
Fy © Fy,+F, (11.171) 
Mz ® Cr, Fy, + Cr, Fy, — kop — Cop (11.172) 
M, ® aFy,,—a2Fy, (11.173) 


and in terms of tire characteristics, in (11.114)-(11.116). These equations 
could be summarized in (11.142)-(11.144) as follows: 


Fy = Cor+Cpp+Cgb+C,e4+ C56 (11.174) 
M, = E,pr+E,p+EgB+Eg p+ E56 (11.175) 
M, = D,r+D,p+Dg6+Deoe+Ds56 (11.176) 


Substituting (11.174)—(11.176) in (11.166)—(11.169) produces the follow- 


ing set of equations of motion: 


Miz —mMrvy = Fy (11.177) 
Mbytmrv, = Crr+Cpp+CgB+Ceopt+Cr56 (11.178) 
Inyp = Epr+EpptEpB+EpytHsé — (11.179) 
tI, = Dprt+Dppt+DgB+Doyt+D56 — (11-180) 

Employing 
p= (11.181) 


we are able to transform these equations to a set of differential equations 


for Uz, Vy, p, and r. 


m 
C, CG ¢C Cc ¢C 

ie ies (Ga e)r¢ Bye Py ey Se (11.183) 
m m Mm Uy m m 


a 


dp = 7 (Er + Epp Bs + Bop + B56) (11.184) 


Dirt Dyp+Dp "+ Doe +Ds8). (11.185) 
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The first equation (11.182) depends on the yaw rate r and the lateral 
velocity v,, which are the outputs of the other equations, (11.183)-(11.185). 
However, if we assume the vehicle is moving with a constant forward speed, 


Uz = cte. (11.186) 


then Equations (11.183)-(11.185) become independent with (11.182), and 
may be treated independent of the first equation. 

Equations (11.183)-(11.185) may be considered as three coupled differen- 
tial equations describing the behavior of a dynamic system. The dynamic 
system receives the steering angle 6 as an input, and uses v,; as a parameter 
to generates four outputs: vy, p, y, and r. 


Ce Gy Cy Or, Cs 
, MvVz m m e m™m 
os Be Bk E ~ Es 
) B 2 e i p wo 
> Sie. S75. oe a > [t+] Te | é (1.187) 
0 1 0 0 : 0 
Dg Dy Do De Ds 
L,vy I, I, Zz I, 


Equation (11.187) may be rearranged to show the input-output relation- 
ship. 


q=[A]lq+u (11.188) 


The vector q is called the control variables vector, and u is called the inputs 
vector. The matrix [A] is the control variable coefficients matrix. a 


Example 413 Equations of motion based on kinematic angles. 

The equations of motion (11.187) can be expressed based on the angles 
B,~p, v, r, and 6, by employing (11.181). 

Taking a derivative from Equation (11.181) for constant vz 


p= ie (11.189) 


Vax 


and substituting in Equations (11.178) shows that we can transform the 
equation for 6. 


mv,B + mr vz = Cpr + Cpp + Ce B+Coo+Cs6 (11.190) 


Therefore, the set of equations of motion can be expressed in terms of the 
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vehicle’s angular variables. 


Ce Cy Cy Cy _ 1 Cs 
B MUz MVUyz MVz MVy B m 
p Ep Ep Ey Er p Es 
elit |i ae. Ce ae L, Bale dee (he 
0 1 0 0 0 

De. “Dp: De D, Ds 

Ly I, L, L, re 

(11.191) 


11.5 ¥ Steady-State Motion 


Turning of a front steering, two-wheel, rollable rigid vehicle at steady-state 
condition is governed by the following equations: 


Fy, = —mr vy (11.192) 
Crr+Cpp+CgB+CoptCsé6 = mrvz (11.193) 
E,r+E,p+EgBt+E,p+Hsd = 0 (11.194) 
D,pr+Dypt+Deg8+De~tDs6 = 0 (11.195) 

or equivalently, by the following equations 
ie — Fe by (11.196) 
1 

(Cr v2 — mz) + Os B+ rpPtCyp = —C56 (11.197) 
1 

Er Vay + Ep B+ pptEep = —-E56 (11.198) 
1 

Drape + Deh + Dpp+ Dep = —Ds506. (11.199) 


The first equation determines the required forward force to keep vz con- 
stant. The next three equations show the steady-state values of the output 
variables, which are: path curvature k, 


(11.200) 


o |e 


vehicle slip angle 8, vehicle roll rate p, and vehicle roll angle y for a con- 
stant steering input 6 at a constant forward speed vz. The output-input 
relationships are defined by the following responses: 
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1— Curvature response, S', 
K ih. 
Sik — a 
6 Rod 
Z\ 
—— 11.201 
a ( ) 
2— Slip response, Sg 
B 
S3 = = 
7 5 
ai (11.202) 
0 
3— Yaw rate response, S;. 
Tr oK 
Sp = . = ae SVx 
Z\ 
ey Leek 11.203 
7 (11.203) 
4— Lateral acceleration response, Sq 
Sa _ a = Pye = = S,.v2 
6° 
= mA (11.204) 
Zo 
5— Roll angle response, Sy 
p 
Sy = 7 
Z3 
—_— 11.205 
z (11.205) 
Zo = Eg(D-Cyg-C,Dy + mvzDy) + 
Ey (C-Dg — D-Cg — mvzDg) + Er (CgDy — DgCy) (11.206) 
Zy = Eg (CDs = UzC5De) 4 Ey (CDs = U,C5Da) 
+Es5 (CeDy — DgCy ) (11.207) 
Z2 = Ey (mvzD5 — C, Ds + DrvzCs) + Er (Co D5 — vrC5 De) 
—E5 (DrCyg — CrDg + mvzDe) (11.208) 
23 = Eg (mv,D5 2 C,Ds a D,vzC5) + E,. (CDs — UzC5Dz) 
—Es (D-Cg = C,De a mv; Dz) (11.209) 
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Proof. In steady-state conditions, all the variables are constant and hence, 
their derivatives are zero. Therefore, the equations of motion (11.166)-— 
(11.169) reduce to 


Fy, = -mrvy (11.210) 
Fy = mrv,z (11.211) 
M, = 0 (11.212) 
M, = 0 (11.213) 


where the lateral force Fy, roll moment M,, and yaw moment M, from 
(11.174)-(11.176) would be 


Fy = Cpr+CgB+Cye+C56 (11.214) 
M, = E,pr+EgB+E,et+ E56 (11.215) 
M, = Drr+Dg8+D,e4+Ds6 (11.216) 


Therefore, the equations describing the steady-state turning of a two-wheel 
rigid vehicle are equal to 


F, = —mr vy (11.217) 
Crr+CgB+Cyp+O56 = mrvz (11.218) 
E,r+EsB+E,p+hs5 = 0 (11.219) 
Dpr+DgB+Doyt+D36 = 0. (11.220) 


Equation (11.217) may be used to calculate the required traction force to 
keep the motion steady. However, Equations (11.218) and (11.220) can be 
used to determine the steady-state responses of the vehicle. 


Ux Ux 


Cra tCaB+ Coy tCsd = Mee Ve (11.221) 
E. = +EgB+Eoe+Es6 = 0 (11.222) 
D, = +DaB+Dep+Dsd = 0. (11.223) 


At steady-state turning, the vehicle will move on a circle with radius R 
at a speed v, and angular velocity r, so 


Uv, = Rr. (11.224) 


By substituting (11.224) in Equations (11.218)-(11.220) and employing the 
curvature definition (11.200), we may write the equations in matrix form 


Cs C, Ug —mv Cy B —Cs 
Es Ey vy Ey kK | =| —Es5 | 6. (11.225) 
Dg Dy, Ve De yp —Ds5 


Solving the equations for 6, &, and y enables us to define different output- 
input relationships as (11.201)-(11.205). = 
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Example 414 Force system coefficients for a car. 
Consider a front steering, four-wheel car with the following characteris- 
tics: 
Caf, = Caf © 26000N/rad (11.226) 
Car, = Carpg © 32000 N/rad (11.227) 


m = 838.7kg 
I, = 300kgm? 

I, = 1391kgm? 

a, = 0.859m 

ag = 1.486m 

ky = 26612N/rad 

= 1700Ns/rad (11.228) 


Cg, = —04 
Cg. = —0.1 
Cr, = —0.4 
Cr. = —0.2 
C59, = 0.01 


Co, = 0 (11.229) 


ve = 16.6m/s (11.230) 
0.1 rad (11.231) 


a 
| 


The sideslip coefficients of an equivalent bicycle model are 


Cat = Cafr + Cafr = 52000 N/ rad (11.232) 
Cor = Car, + Carp = 64000N/rad (11.233) 


The force system coefficients are equal to the following if vz is measured in 


[m/s]: 


C, = 2521.8 
Cp = —1360 
Cg = 116000 
C, = 8400 


Cs = 52000 (11.234) 


692 11. ¥ Vehicle Roll Dynamics 
E, = —57.68 
Ey = —1220 
Ez, = 33600 
E, = —29972 
Es = —20800 (11.235) 
D, = —8984.7178 
Dy = —417.84 
Dg = 50436 
Dg = W256 
Ds = 44668. (11.236) 
The Z;, parameters and the steady-state responses of the vehicle are as fol- 
lows: 
Zo = 0.5377445876 x 1014 
Z, = —0.1940746914 x 101° 
Zz. = .02619612932 x 10° 
Z3 —0.2526173904 x 101° (11.237) 
1 
Soca ® = UB _ 1 sossoasos 
Sy = 2 =4871481726 
a io 
or = 5 = 36.09049647 
2 
ss va[% _ _ 791 s099204 
Sp = © = 4697720744 (11.238) 


Having the steady-state responses, we are able to calculate the steady- 
state characteristic of the motion. 


eolbae 2 Dwa 


= 5.54m (11.239) 
= A87rad ~ 27.9 deg (11.240) 
= 3.6lrad/s (11.241) 
= —72.18m/s? (11.242) 


Example 415 *% Camber trust. 
When a vehicle rolls, the road wheels of almost all types of suspensions 
take up a camber angle in the same sense as the roll. The wheel camber is 
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always less than the roll angle. The camber angle in independent suspen- 
sions is higher than in dependent suspensions. 

At steady-state conditions, camber at the front wheels increases the un- 
dersteer characteristic of the vehicle, while camber at the rear increases the 
oversteer characteristic of the vehicle. Most road vehicles are made such 
that in a turn, the rear wheels remain upright and the front wheels cam- 
ber. These vehicles have an increasing understeer behavior with roll and are 
more stable. 


Example 416 * Roll steer. 

Positive roll steer means the wheel steers about the z-axis when the vehicle 
rolls about the x-axis. So, when the vehicle turns to the right, a positive roll 
steer wheel will steer to the left. 

Positive roll steer at the front wheels increases the understeer charac- 
teristic of the vehicle, while roll steer at the rear increases the oversteer 
characteristic of the vehicle. Most road vehicles’ suspension is made such 
that in a turn the front wheels have positive roll steering. These vehicles 
have an increasing understeer behavior with roll and are more stable. 


11.6 ¥ Time Response 


The equations of motion must analytically or numerically be integrated to 
analyze the time response of a vehicle and examine how the vehicle will 
respond to a steering input. The equations of motion are a set of coupled 
ordinary differential equations as expressed here. 


1 
oes 11.243 
0 a +1 Vy ( ) 
Co Op Op Cr. Cs 
: mv, Mm mm m 7 m 
Dy Vy 
E Be 2. Bs E, : Es 
o>" tate. i T fer il tease PO (t) 
A 0 1 0 0 0 
De De Deo . De Ds 
(ea ae 2 i ip 
(11.244) 


Their answers to a given time-dependent steer angle 6 (¢) are 


Ug = z(t) (11.245) 
Vy = vy (t) (11.246) 
p = p(t) (11.247) 
» = v(t) (11.248) 
nS ur (t). (11.249) 
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Such a solution is called the time response or transient response of the 
vehicle. 
Assuming a constant forward velocity, the first equation (11.243) simpli- 
fies to 
Fy, = —mr vy (11.250) 


and Equation (11.244) becomes independent from the first one. The set of 
Equations (11.244) can be written in the form 


4=[A]lqt+u (11.251) 


in which [A] is a constant coefficient matrix, q is the vector of control 
variables, and u is the vector of inputs. 

To solve the inverse dynamics problem and find the vehicle response, the 
steering function 6 (t) must be given. 


Example 417 * Free dynamics and free response. 

The response of a vehicle to zero steer angle 6 (t) = 0 at constant speed 
is called free response. The equation of motion under a free dynamics 
18 

q=[A]q. (11.252) 
To solve the equation, let’s assume 


Q411 G12 413 414 
a a a a 
[A] = 21 22 23 24 (11.253) 
431 432 433 434 
G41 442 G43 G44 


Vy @11 412 413 414 Vy 
P _ | G21 G22 423° G24 Dp (11.254) 
Ye a31 432 433 @34 yg 
r G41 42 G43 G44 r 


Because the equations are linear, the solutions are an exponential function 


tp Ape (116255) 
p = Age (11.256) 
= Age (11.257) 

) 


pS Age. (11.258 


Substituting the solutions shows that the condition for functions (11.255)- 
(11.258) to be the solution of the equations (11.254) is that the exponent 
is the eigenvalue of [A]. To find X, we may expand the determinant of the 
above coefficient matrix and find the characteristic equation 


det [A] = 0. (11.259) 
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Having the eigenvalues A1,2,3,4 provides the following general solution for 
the free dynamics of the vehicle: 


Vy = Ayer? + Ayne*?* + Aygze*3* + Arser*? (11.260) 
p = Agye™*® + Agoe*?* + Aoger3! + Aoge*4? (11.261) 
yp = Agie** + Agoe*?* + Agge*3? + Agae*® (11.262) 
r = Age™! + Ago??? + Agge?8? + Agge™?. (11.263) 


The coefficients Aj; must be found from initial conditions. The free dynam- 
ics and hence the vehicle, is stable as long as the eigenvalues have negative 
real part. 

As an example, consider a vehicle with the characteristics given in (11.226)- 
(11.229), and the following steer angle and forward velocity. 


vz = 20m/s (11.264) 
56 = O.1rad (11.265) 
Substituting those values provide the following equations of motion for free 
dynamics. 
Vy —6.91 -1.62 10.01 —16.99 Vy 
pl. 5.6  —4.067 -—99.9  —.192 D 
>l=| 0 . ‘ (11.266) 
r 1.81 —0.3 5.19 —6.46 r 
The eigenvalues of the coefficient matrix are 
Ay = —2.503 + 9.61542 
Ag = —2.503 — 9.61542 
dg = 6.2155 + 6.2528: 
dy —6.2155 — 6.2528i (11.267) 


which shows the vehicle is 
negative parts. 


stable because all of the eigenvalues have real 


Substituting the eigenvalues in Equations (11.260)-(11.263) provides the 


solution with unknown coefficients. Let’s examine the free dynamics behav- 
ior of the vehicle for a nonzero initial condition. 


vy (0) 0 
do = : o ~ Ze (11.268) 
r (0) 0 


Figures 11.7 to 11.10 illustrate the time responses of the vehicle. 


696 11. * Vehicle Roll Dynamics 


Vy, [m/s] 


FIGURE 11.7. Lateral velocity response over time. 


pirad /s| 


FIGURE 11.8. Roll rate response over time. 
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FIGURE 11.9. Roll angle response over time. 


FIGURE 11.10. Yaw rate response over time. 
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v, [m/s] 


02\04 06 08 1 


FIGURE 11.11. Lateral velocity response for a step steer angle. 


Example 418 *% Response to a step input. 

The response of dynamic systems to a step input is a standard test to 
examine the behavior of dynamic systems. Step input for vehicle dynamics 
is a sudden change in steer angle from zero to a nonzero constant value. 

Consider a vehicle with the characteristics given in (11.226)-(11.229) 
and a sudden change in the steering input to a constant value 


_ J O.2rad = 11.459deg t>0 
b(t) = { 0 t<0 (11.269) 
The equations of motion for non-zero initial conditions 
Vy (0) 0 
p(0) 0.1 
= = 11.270 
r (0) 0 
are 
vy + 6.91v, + 1.62p — 10.01lp + 16.99r = 626 (t) (11.271) 
p—5.6vy + 4.06p + 99.91lp4+ .192r = —69.33 (¢) (11.272) 
p-p = 0 (11.273) 
r—1.8lvy +0.3p — 5.199 +6.46r = 32.116 (t) (11.274) 


Figures 11.11 to 11.14 depict the solutions. 

Having vy (t), p(t), y(t), and r(t) are enough to calculate any other 
kinematic variables as well as the required forward force F, to maintain a 
constant speed. 


F, =—mr vy (11.275) 
Figure 11.165 illustrates the required forward force F’,(t). 
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p{rad /s] 


is] 


FIGURE 11.12. Roll rate response for a step steer angle. 
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FIGURE 11.13. Roll angle response for a step steer angle. 
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04 
03 
r [rad / s| 


0.2 


0.1 


0 02 04 06 08 1 12 14 16 18 2 


is] 


FIGURE 11.14. Yaw rate response for a step steer angle. 


02/04 06 08 


is] 


FIGURE 11.15. The required forward force F; to maintain the speed constant. 
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Example 419 *% Passing maneuver. 

Passing and lane-change maneuvers are two other standard tests to ex- 
amine a vehicle’s dynamic responses. Passing can be expressed by a half- 
sine or a sine-squared function for steering input. Two examples of such 
functions are 


‘ TT 
dosinwt t1 <t<— 
Ww 


5(t) = rad 11.276 
©) 0 T et<t, ( ) 
Ww 
do sin? wt th<t< x 
6(t) = is W rad (11.277) 
0 —<t<t 
Ww 
ve 
ye = (11.278) 
Vx 


where L is the moving length during the passing and vz, is the forward speed 
of the vehicle. The path of a passing car would be similar to Figure 11.16. 

Let’s examine a vehicle with the characteristics given in (11.226)-(11.229) 
and a change in half-sine steering input 6 (t). 


jane neve @ 
Ss Se Vr LL yad (11.279) 
0 —<t<0 
iE 
L = 100m (11.280) 
vz = 30m/s. (11.281) 


The equations of motion for zero initial conditions are as given in (11.271)- 
(11.274). 

Figures 11.17 to 11.20 show the time responses of the vehicle for the 
steering function (11.279). 


Example 420 * Passing with a sine-square steer function. 

A good driver should change the steer angle as smoothly as possible to 
minimize undesired roll angle and roll fluctuation. A sine-square steer func- 
tion 


659 sin? wt ty <t< = 
5(t) = - W rad (11.282) 
0 —<t<t 
w 
L 
ce (11.283) 
Vz 
which is introduced in Equation (11.277), makes for smoother passing steer- 
ing. The responses of the vehicle in Example 419 to the steering (11.282) 
are illustrated in Figures 11.21 to 11.24. 
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J 


FIGURE 11.16. A passing maneuver. 
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v m/s] 


va 


is] 


FIGURE 11.17. Lateral velocity response for the steering function (11.279). 


is] 


FIGURE 11.18. Roll rate response for the steering function (11.279). 
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[rad | 


is] 


FIGURE 11.19. Roll angle response for the steering function (11.279). 


FIGURE 11.20. Yaw rate response for the steering function (11.279). 
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Vy, [m/s] . 


is] 


FIGURE 11.21. Lateral velocity response for the steering function (11.282). 


0.2 [04 0.6 \08 


i[s] 


FIGURE 11.22. Roll rate response for the steering function (11.282). 
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is] 


FIGURE 11.23. Roll angle response for the steering function (11.282). 


r[rad /s| 


FIGURE 11.24. Yaw rate response for the steering function (11.282). 
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Example 421 * Vehicle driving and classical feedback control. 

Driving a car is a problem in feedback control. The driver compares de- 
sired direction, speed, and acceleration with actual direction, speed, and 
acceleration. The driver uses the cars’s indicator and measuring devices, 
as well as human sensors to sense actual direction, speed, and accelera- 
tion. When the actual data differs from the desired values, the driver uses 
the control devices such as gas pedal, brake, steering, and gear selection to 
improve the actual. 


Example 422 ¥% Hatchback, notchback, and station models of a platform. 


It is common in vehicle manufacturing companies to install different bod- 
ies on the same chassis and platform to make different models easier. Con- 
sider a hatchback, notchback, and station models of a car that use the same 
platform. To compare the dynamic behavior of the three models, we may 
examine their response to a step input. 

The common characteristics of the cars are 


Caf, = Caf, © 26000 N/rad (11.284) 
Car, = Carp © 32000 N/rad (11.285) 
1 = 2.345m 
Ce, = -—0.4 
Ce. = —0.1 
Cr, = -—0.4 
Cr, = —04 
C59, = 0.01 
Crp, = 0.01 
Cy, = —3200 
Cy. = 0 
ky = 26612N/rad 
Cp = 1700Ns/rad. (11.286) 


For the hatchback, we use 


m = 838.7kg 
I, = 300kgm? 
I, = 1391kgm? 
a, = 0.859m 


ay = 1486m (11.287) 
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Hatchback 
Notchback 


FIGURE 11.25. Lateral velocity response for hatchback, notchback, and station 
models of a car to a step steer angle. 


and for the notchback we have 


m = 845.4kg 
I, = 350kgm? 

I, = 1490kgm? 

a, = 0.909m 

a2 = 1.436m (11.288) 


and finally for the station model we use the following data. 


m = 859keg 
I, = 400kgm? 
I, = 1680kgm? 
a, = 0.945m 
ag = 14m (11.289) 
Assume the cars are moving at 
Uz = 16.6m/s (11.290) 


and the step input of the steer angle is 
6 = 0.1 rad. (11.291) 


Figure 11.25 compares the lateral velocity responses of the three models. It 
shows that the steady-state lateral velocity of the station model is a negative, 
while the hatchback’s is a positive. When the lateral velocity is zero, the 
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Hatchback 


we 


Notchback 


Station 


FIGURE 11.26. Roll rate response for hatchback, notchback, and station models 
of a car to a step steer angle. 


Hatchback 
Notchback 
Station 


FIGURE 11.27. Roll angle response for hatchback, notchback, and station models 
of a car to a step steer angle. 
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Hatchback 
Notchback 
Station 


FIGURE 11.28. Yaw rate response for hatchback, notchback, and station models 
of a car to a step steer angle. 


velocity vector of the car, v, is perpendicular to the turning radius R at C. 
A positive vy indicates that R is perpendicular to a point behind C, and a 
negative vy indicates that R is perpendicular to a point in front of C. 

Figure 11.26 compares the roll rate responses of the three models. The 
hatchback model has the least longitudinal moment of inertia and hence 
shows the fastest roll rate response. It will also reach to the zero steady- 
state value faster than the other models. 

Figure 11.27 compares the roll angle responses of the three models. The 
station model has the largest roll angle because of the highest longitudinal 
moment of inertia. It will also reach to the steady-state roll angle later than 
the other models. 

Figure 11.28 compares the yaw rate responses of the three models. The 
station model has the highest yaw rate because of the highest vertical mo- 
ment of inertia. It will also reach to the steady-state yaw rate later than 
the other models. 


11.7 Summary 


The most applied dynamic model for vehicle motion shows the yaw and 
roll DOF as well as the x and y motions. Such a model is called the rigid 
vehicle roll model and can be expressed by the following five differential 


11. ¥* Vehicle Roll Dynamics 711 


equations. 
1 
Vz = —Fy+Trvy 
m 
Co Op Oe Ory Cs 
; mv, ™m mm mm - m™m 
Vy Uy 
: Eg E, Eg E, Es 
a = FT FT a sa) oa a ae 
i 0 1 0 0 e 0 
Dg Dy De D, Ds 
L,Vz ye hy I, I, 


The vehicle receives the steering angle 6 as an input to generate five out- 
puts vz, Vy, p, y, and r. However, keeping the forward speed constant, 
Ug, = cte, and using it as a parameter, can uncouple the first equation the 
others. So, a constant forward speed is used in many of the vehicle dynamic 
examinations of vehicles. 
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a,%,a,Vv 
aAfwd 
Grwd 
ay=y 
ag = —%2 


Cr 
Cr 
cy = dMz, /dp 
C 
Co, = dF, /dai; 


Ce, = vz dB,;/dp 


Cs,, = dd/dy; 
Co, = dF, /dy; 
Cr, = dM, /dF, 


OC, = OF /0r 

C, = OF, /Op 

Cg = OF, /08 

Cy = OF, /d¢ 
C5 = OF, /06 

D, = 0M, /0r 
D, = 0M, /Op 
Dg = 0M,/08 
Dy = 9M,/dp 
Ds = 0M, /06 
E, = 0M,./Or 
Ey = 0M,/Op 
Eg = 0M, /08 
E, = 0M,/0¢ 
Es = 0M,,/06 
F\F 


2 


EE 


Nv 


B 


Ny 


Poy Pet Ps Pa 
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11.8 Key Symbols 


acceleration 

front wheel drive acceleration 

rear wheel drive acceleration 

distance of first axle from mass center 
distance of second axle from mass center 
constant parameters 

control variable coefficient matrix 
distance of left wheels from mass center 
distance of right wheels from mass center 
damping 

damping of front suspension 

damping of rear suspension 

vehicle roll damping 

mass center of vehicle 

tire sideslip coefficient 

tire roll rate coefficient 

tire roll steering coefficient 

tire camber trust coefficient 

tire torque coefficient 

vehicle yaw-rate lateral-force coefficient 
vehicle roll-rate lateral-force coefficient 
vehicle slip-angle lateral-force coefficient 
vehicle yaw-angle lateral-force coefficient 
vehicle steer-angle lateral-force coefficient 
vehicle yaw-rate yaw-moment coefficient 
vehicle roll-rate yaw-moment coefficient 
vehicle slip-angle yaw-moment coefficient 
vehicle yaw-angle yaw-moment coefficient 
vehicle steer-angle yaw-moment coefficient 
vehicle yaw-rate roll-moment coefficient 
vehicle roll-rate roll-moment coefficient 
vehicle slip-angle roll-moment coefficient 
vehicle yaw-angle roll-moment coefficient 
vehicle steer-angle roll-moment coefficient 
force 

traction or brake force under a wheel 
traction or brake force under front wheels 
traction or brake force under rear wheels 
horizontal force at hinge 

normal force under a wheel 

normal force under front wheels 

normal force under rear wheels 

normal force under trailer wheels 


See eae 
a ¢¢ 


lI 
— 


~— 


CSCC ee 


s 


Sq = v2/R/6 
S, =r/6 

Sg = B/6 
S, =k/d 
So = p/6 

t 

U,2,V 

Uc 


a) 

L,Y, 2 

Lin Yi, 

Zw, Yws ew 
X,Y,Z 

Zo, 21, Z2, 23 
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normal force at hinge 
gravitational acceleration 
height of C’ 

height 

mass moment of inertia 
principal mass moment of inertia 
stiffness 

stiffness of front suspension 
stiffness of rear suspension 
vehicle roll stiffness 

wheel base 

road wave length 

angular momentum 

car mass 

moment 

roll rate 

translational momentum 
pitch rate 

control variable vector 
initial condition vector 
control input vector 

yaw rate 

position vector 

tire radius 

rotation matrix 

front tire radius 

radius of curvature 

rear tire radius 

lateral acceleration response 
yaw rate response 

sideslip response 

curvature response 

roll angle response 

time 

velocity 

critical velocity 

forward velocity 

lateral velocity 

track 

deflection of axil number 7 
vehicle coordinate axes 
coordinates of wheel number 7 in B 
axes of a wheel coordinate frame 
global coordinate axes 
steady-state response parameters 
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Subscriptions 


tire sideslip angle between v,, and 2 -axis 
vehicle slip angle between v and x-axis 
front tire slip angle 

tire slip angle between v and x-axis 
rear tire slip angle 

vehicle steer angle 

a constant steer angle value 

tire steer angle between x,,-axis and x-axis 
steer angle of front wheels 

steer angle of rear wheels 

actual steer angle 

roll-steer angle 

atan2 (a, b) 

pitch angle 

path curvature 

eigenvalue 

friction coefficient 

slope angle 

maximum slope angle 

roll angle 

yaw angle 

angular frequency 

angular velocity 

angular acceleration 


dynamic 

front 
front-wheel-drive 
wheel number 
left 

maximum 

rear 

right 
rear-wheel-drive 
statics 

wheel 
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Exercises 


1. % Force system coefficients. 


Consider a front-wheel-steering car with the following characteristics 
and determine the force system coefficients C,., Ch, Cg, Cy, Cs, Ex, 
Ep, Es, Eg, Es, D,, Dp, Dez, Dg, and Ds. 


Caf, = Cafp = 600N/ deg 
Cor, = Carp = 560N/deg 
m = 1245ke 
I, = 300kgm? 
I, = 1328kgm? 
ay = 110cm 
ag = 1382cm 
ky = 26612N/rad 
Cp = 1700Ns/rad 
vz; = 30m/s 
Ce, = -—0.4 
Cs. = —0.1 
Cr, = —0A 
Cr, = —02 
C59, = 0.01 
Csp, = 0.01 
Op, = —3200 
Cy, = 300 


2. % Force system and two-wheel model of a car. 


Consider a front-wheel-steering car with the following characteristics 


Cres = Carn Cott Cafr 500 N/ deg 
ay = 110cm 
ag = 132cm 
m = 1205kg 
I, = 300kgm? 


I, = 1328kgm? 
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26612 N/rad 
1700 Ns/rad 
30m/s 


—0.4 
—0.1 
—0.4 
—0.2 


0.01 
0.01 
—3200 
—300 


and determine the force system that applies on the two-wheel model 


of the car. 


y — 


Crr+ pp +Ce B+ ppt+Cso 
E,r+E,pp+£g8+ EH, et B56 
D,r+ Dpp+ Dg B+ Dee + Ds56 


Then, write the equations of motion of the car as 


F, 


MUVyz — MP Vy 
Mby + Mr Vy 
If 
T,/p. 


3. %& Equations of motion for a front-wheel-steering car. 


Consider a front-wheel-steering car with the following characteristics 


Cor, = Carn = Caf; = Catz = 500N/ deg 
a, = 110cm 
ag = 132cm 
m = 1245kg 
I, = 1828kgm? 
vz = 40m/s 


Co, 
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300 kg m? 
26612 N/ rad 
1700 Ns/rad 


= —0.4 
= -0.1 
= —0.4 

—0.2 


= 0.01 
= 0.01 
= —83200 
= —300 


and develop the equations of motion 


4=([dlqtu. 


4. % Equations of motion in different variables. 


Consider a car with the following characteristics 


Car, Carn = Caf, = Cafg = 500 N/ deg 
ay = 100cm 
ay = 120cm 
m = 1000ke 
I, = 1008kgm? 
vz = 40m/s 
I, = 300kgm? 
kg = 26612N/rad 
Cp = 1700Ns/rad 
Ca, = —0.4 
Cg. = —0.1 
Cr, = —-04 
Ce 08 
C59, = 0.01 
Cop, = 0.01 
Cy, = 3200 
Ce ~300 
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and develop the equations of motion 


(a) in terms of (Uz, dy, p, 9,7), if the car is front-wheel steering. 


(b) in terms of (i, B,D, ’, *), if the car is front-wheel steering. 


5. %& Steady state response parameters. 


Consider a car with the following characteristics 


Cafr = Cafr = 500 N/ deg 
Car, = Cary = 520N/deg 


m = 1245kg 
1328 kg m? 
a, = 110cm 
132 cm 
vz = 40m/s 


a 
I 


=) 
i) 
II 


I, = 300kgm? 
kp = 26612N/rad 
Cp = 1700Ns/rad 


Cg, = —0.4 
Cg. = —0.1 
Cr, = —0.4 
Cr. = —0.2 


C5p 4. 0.01 

Cre, = 0.01 

Cy, = —3200 

Cy. = —800 
and determine the steady-state curvature response Sj, sideslip re- 
sponse S'g, yaw rate response, 5;, roll angle response, S,,, and lateral 
acceleration response Sq. 

6. % Steady state motion parameters. 


Consider a car with the following characteristics 


Cofr = Cafr = 600 N/ deg 
Cor, = Carp = 550N/deg 
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m = 1245kg 

I, = 1128kgm? 
ay = 120cm 
ag = 138cm 
vz, = 20m/s 
6 3 deg 

I, = 300kgm? 

ky = 26612N/rad 

Cp = 1700Ns/rad 
Ca, = -—0.4 
Cg. = -—0.1 
Cr, = —0.4 
Cr, —0.2 
C59, = 0.01 
C5p = 0.01 
Cy, = —3200 
Cy, = —300 


and determine the steady state values of r, R, 8, vy, and v2/R. 


. * Inertia and steady state parameters. 


719 


Consider a car that is made up of a uniform solid box with dimensions 
260cm x 140 cm x 40 cm. If the density of the box is p = 1000 kg/ m?, 
and the other characteristics are 


Caft 
Cart 


ay 


Cy 


Cafr = 600 N/ deg 
Cary = 550 N/ deg 


a ah 
at 
26612 N/rad 
1700 Ns/ rad 
= -0.4 
= -0.1 
= -0.4 
a0 
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C59, = 0.01 
Crp, = 0.01 
Co; = —3200 
Cy, = —800 


then, 


(a) determine m, I,. 


b) determine the steady-state responses S,,, Sig, S;, and S, as func- 
B 


tions of vz. 
(c) determine the velocity v, at which the car has a radius of turning 
equal to 
R=35m 
when 
6 = 4deg. 


(d) determine the steady state parameters r, R, 8, y, and v2/R at 
that speed. 


(e) set the speed of the car at 
Uz = 20m/s 


and plot the steady-state responses S',, Sg, S;, and Sq for vari- 
able p. 


8. % Stability factor and understeer behavior. 
Define a stability factor K for the vehicle roll model. 
9. % Stability factor and mass of the car. 


Find a; and ag in terms of F,,, F.,, and mg to rewrite the stability 
factor K to see the effect of a car’s mass distribution. 


10. % Stability factor and car behavior. 


Examine the stability factor of a car with the parameters 


Caf, = Cafp = 500N/deg 
Car, = Carn = 460N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 110cm 
ag = 1382cm 


vz, = 30m/s 
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300 kg m? 
26612 N/ rad 
1700 Ns/rad 


= —0.4 
= —0.1 
= —0.4 

—0.2 


= 0.01 
= 0.01 
= —83200 
= —8300 


and determine if the car is understeer, neutral, or oversteer? 


11. ¥% Critical speed of a car. 


Consider a car with the characteristics 


Caft 
Cor, = 


Cafy = 700N/ deg 
Corpz = 520N/ deg 


1245 kg 
1328 kg m? 
118 cm 
122 cm. 


300 kg m? 
26612 N/ rad 
1700 Ns/rad 


= —0.4 
= —0.1 
= —0.4 

—0.2 
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(a) Define a critical speed for oversteer condition. 


(b) Determine if the car is understeer, neutral, or oversteer? 


12. % Step input response at different speed. 


Consider a car with the characteristics 


Cafr = 600N/ deg 


Caft 
Cor, 


and a step input 


siy={ 


Carp, = 750 N/ deg 


1245 kg 
1328 kg m? 
110 cm 
132cm 


300 kg m? 
26612 N/ rad 
1700 Ns/ rad 


= —0.4 
= -0.1 
= —0.4 

—0.2 


= 0.01 

= 0.01 

= —3200 
—300 


5deg t>0 
0 t<0 


Determine the time response of the car at 


(a) ve =10m/s 

(b) vz = 20m/s 

(c) vg = 30m/s 
) 
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13. % Step input response for different steer angle. 


Consider a car with the characteristics 


Caft 
Cor, 


Cafr = 600 N/ deg 
Corz = 750 N/ deg 
1245 kg 

1328 kg m? 

110cm 

132 cm 

20m/s 

300 kg m? 

26612 N/ rad 

1700 Ns/ rad 

—0.4 

—0.1 

—0.4 

—0.2 

0.01 

0.01 

—3200 

—300 


Determine the time response of the car to a step input 


when 
(a) 6 = 3deg. 
(b) 6 = 5deg. 
(c) 6 = 10deg. 


sy ={ 6 t>0 


0 t<0 


14. % Eigenvalues and free response. 


Consider a car with the characteristics 


Coft 
Cart 


Caf, = 600 N/ deg 
Cary = 750 N/ deg 
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m = 1245kg 

I, = 1328kgm? 
a, = 110cm 

ag = 132cm 

Vz = 20m/s. 

I, = 300kgm? 

ky = 26612N/rad 

Cp = 1700Ns/rad 
Ca, = —0.4 
Cg. = —0.1 
Cr, = —0.4 
Cr. = —0.2 
C59, = 0.01 
Csp, = 0.01 
Cy, = —3200 
Cy. = —800 


(a) Determine the eigenvalues of the coefficient matrix [A] and find 
out if the car is stable at zero steer angle. 


(b) In either case, determine the weight distribution ratio, a1/a2, 
such that the car is neutral stable. 


(c) Recommend a condition for the weight distribution ratio, a;/a2, 
such that the car is stable. 


15. % Time response to different steer functions. 


Consider a car with the characteristics 


Caf, = Cafp = 600N/ deg 
Car, = Cary = 150N/deg 
m = 1245kg 
I, = 1328kgm? 
ay = 110cm 
ag = 1382cm 


vz, = 20m/s 


16. 


17. 


18. 
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I, = 300kgm? 
kg = 26612N/rad 
Cy = 1700Ns/rad 
Cs, = —0.4 
Cg. = —0.1 
Cr, = —0A 
OF. «= S08 
C59, = 0.01 
Crp, = 0.01 
Op, = —3200 
Ce. 2306 


and a step input 


5deg t>0 
B= { 5 © 4 Zo 


Determine the time response of the car to 


(a) 6(t) = sin0.1t for 0 < ¢ < 10a and 6(t) = 0 for t < 0 and 
t > 107. 

(b) 6 (¢) = sin 0.5t for 0 < ¢ < 27 and 6(t) = 0 fort <O and t > 2r. 

(c) 6(t) =sint for0<t <a and 6(t)=0 fort <Oandt>7. 


% Research exercise 1. 


Consider a bicycle model of a car such that tires are always upright 
and remain perpendicular to the road surface. Develop the equations 
of motion for the roll model of the car. 


% Research exercise 2. 


Employ the tire frame T at the tireprint, wheel frame W at the wheel 
center, and wheel-body frame C that is at the point corresponding 
to the wheel center at zero 6 and zero y, and remains parallel to 
the vehicle frame B. Develop the W, C, and B expressions of the 
generated forces at the tireprint in T frame, and develop a better set 
of equations for the roll model of a car. 


% Research exercise 3. 


Use the caster theory to find the associated camber angle + for a steer 
angle 6, when the caster angle y and lean angle @ are given. Then 
provide a better set of equations for the roll model of vehicles. 


Part IV 


Vehicle Vibration 


12 
Applied Vibrations 


Vibration is an avoidable phenomena in vehicle dynamics. In this chapter, 
we review the principles of vibrations, analysis methods, and their appli- 
cations, along with the frequency and time responses of systems. Special 
attention is devoted to frequency response analysis, because most of the 
optimization methods for vehicle suspensions and vehicle vibrating compo- 
nents are based on frequency responses. 


12.1 Mechanical Vibration Elements 


Mechanical vibrations is a result of continuous transformation of kinetic 
energy K to potential energy V, back and forth. When the potential energy 
is at its maximum, the kinetic energy is zero and vice versa. Because a 
periodic fluctuations of kinetic energy appears as a periodic motion of a 
massive body, we call this energy transformation mechanical vibrations. 


Mass Spring Damper 


FIGURE 12.1. A mass m, spring k, and damper c. 


The mechanical element that stores kinetic energy is called mass, and the 
mechanical element that stores potential energy, is called spring. If the total 
value of mechanical energy E = K + V decreases during a vibration, there 
is a mechanical element that dissipates energy. The dissipative element is 
called . A mass, spring, and damper are illustrated as symbols in Figure 
12.1. 

The amount of stored kinetic energy in a mass m is proportional to the 
square of its velocity, v?. The velocity v = « may be a function of position 
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and time. ; 
K = =mv? 

2 
The required force f,;, to move a mass m is proportional to its acceleration 


a=. 


(12.1) 


fm = ma (12.2) 


A spring is characterized by its stiffness k. A force f, to generate a 
deflection in spring is proportional to relative displacement of its ends. The 
stiffness k may be a function of position and time. 


fe = —kz 
= —k(x—y) (12.3) 


If & is constant then, the value of stored potential energy in the spring is 
equal to the work done by the spring force f; during the spring deflection. 


Va- f fede=— [ -bede (12.4) 


The spring potential energy is then a function of displacement. If the stiff- 
ness of a spring, k, is not a function of displacements, it is called linear 
spring. Then, its potential energy is 


v= ake. (12.5) 


Damping of a damper is measured by the value of mechanical energy loss 
in one cycle. Equivalently, a damper may be defined by the required force 
f. to generate a motion in the damper. If f. is proportional to the relative 
velocity of the its ends, it is a linear damper with a constant damping c. 


fe = cz 


= -c(é— 4) (12.6) 


Such a damping is also called viscous damping. 

A vibrating motion x is characterized by period T, which is the re- 
quired time for one complete cycle of vibration, starting from and ending 
at (@ = 0,4 < 0). Frequency f is the number of cycles in one T. 


f=s (12.7) 


In theoretical vibrations, we usually work with angular frequency w | rad/s}, 
and in applied vibrations we use cyclic frequency f | Hz]. 


w= 2nf (12.8) 
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p> & 


ky 

kp kx =k ix2=k3x3 

k3 

Equilibrium In motion Free body diagram 


(a) (5) (c) 


FIGURE 12.2. Three serial springs 


When there is no applied external force or excitation on a vibrating 
system, any possible motion of the system is called free vibration. A free 
vibrating system will oscillate if any one of the kinematic states x, &, or & 
is not zero. If we apply any external force or excitation, a possible motion 
of the system is called forced vibration. There are four types of applied 
excitations: harmonic, periodic, transient, and random. The harmonic and 
transient excitations are more applied, and more predictable than the pe- 
riodic and random types. When the excitation is a sinusoidal function of 
time, it is called harmonic excitation and when the excitation disappears 
after a while or stays steady, it is transient excitation. A random excitation 
has no short term pattern, however, we may define some long term averages 
to characterize a random excitation. 

We use f to indicate a harmonically-variable force with amplitude F’, to 
be consistent with a harmonic motion x with amplitude X. We also use f 
for cyclic frequency, however, f is a force unless it is indicated that it is a 
frequency. 


Example 423 Serial springs and dampers. 

Serial springs have the same force, and a resultant displacement equal 
to the sum of individual displacements. Figure 12.2 illustrates three serial 
springs attached to a massless plate and the ground. 

The equilibrium position of the springs is the un-stretched configuration 
in Figure 12.2(a). Applying a displacement x as shown in Figure 12.2(b) 
generates the free body diagram as shown in Figure 12.2(c). Each spring 
makes a force fj = —kjx; where x; is the length change in spring number 
i. The total displacement of the springs, x, is the sum of their individual 
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displacements, = S> x;. 
= 4, +%24 23. (12.9) 
We may substitute a set of serial springs with only one equivalent spring, 


having a stiffness keq, that produces the same displacement « under the 
same force fr. 


fe = —kix1 
= —koxe 
= —kgxs 
= —kegt (12.10) 
Substituting (12.10) in (12.9) 
ie fe fs fs 


= 12.11 
aay ae ae aa?) 


shows that the inverse of the equivalent stiffness of the serial springs, 1/keq, 
is the sum of their inverse stiffness, )>1/k;. 


=—+—4+ (12.12) 


We assume that velocity & has no effect on the force of a linear spring. 

Serial dampers have the same force, f., and a resultant velocity « equal 
to the sum of individual velocities, )\%;. We may substitute a set of ser- 
ial dampers with only one equivalent damping Ceq that produces the same 
velocity & under the same force f.. For three parallel dampers, the velocity 
and force balance 


G = &14+%24+ 43 (12.13) 
fe = -Q@ 

= -—Cot 

= 3x 

= —Cegh (12.14) 


show that the equivalent damping is 


=—+—4-. (12.15) 


We assume that displacement x has no effect on the force of a linear 
damper. 
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k3x 
kx 
Equilibrium In motion Free body diagram 
(a) (d) (c) 


FIGURE 12.3. Three parallel springs. 


Example 424 Parallel springs and dampers. 

Parallel springs have the same displacement x, with a resultant force, 
fr, equal to sum of the individual forces \> f;. Figure 12.8 illustrates three 
parallel springs between a massless plate and the ground. 

The equilibrium position of the springs is the un-stretched configuration 
shown in Figure 12.38(a). Applying a displacement x to all the springs in 
Figure 12.3(b) generates the free body diagram shown in Figure 12.3(c). 
Each spring makes a force —kx opposite to the direction of displacement. 
The resultant force of the springs is 


tr — —kyx = kon 1 k3a. (12.16) 


We may substitute parallel springs with only one equivalent stiffness keq 
that produces the same force f, under the same displacement. 


Se = —keg& (12.17) 


Therefore, the equivalent stiffness of the parallel springs is sum of their 
stiffness. 
keq =k +ko+kg (12.18) 


Parallel dampers have the same speed &, and a resultant force f. equal to 
the sum of individual forces. We may substitute parallel dampers with only 
one equivalent damping Ceq that produces the same force f, under the same 
velocity. Consider three parallel dampers such as is shown in Figure 12.4. 
Their force balance and equivalent damping would be 


Te = —C2¢ = Cok = C3 (12.19) 
fe ~Cogit (12.20) 
Ceq = Cr t+e2+ 3. (12.21) 
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Ci x 
Ci C2 C3 Ci C2 C3 3k 
C2 x 
Equilibrium In motion Free body diagram 
(a) (5) (c) 


FIGURE 12.4. Three parallel dampers 


Example 425 Flezible frame. 

Figure 12.5 depicts a mass m hanging from a frame. The frame is flexible, 
so it can be modeled by some springs attached to each other, as shown in 
Figure 12.6(a). If we assume that each beam is simply supported, then the 
equivalent stiffness for a lateral deflection of each beam at their midspan is 


ks = (12.22) 


kg = (12.23) 


kg = =o. (12.24) 


When the mass is vibrating, the elongation of each spring would be similar 
to Figure 12.6(b). Assume we separate the mass and springs, and then apply 
a force f at the end of spring ky as shown in Figure 12.6(c). Because the 
springs k,, ko, and kz have the same force, and their resultant displacement 
is the sum of individual displacements, they are in series. 

The springs kg and ks are neither in series nor parallel. To find their 
equivalent, let’s assume that springs kg and ks support a force equal to f /2. 
Therefore, 

ca 
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FIGURE 12.5. A mass m hanging from a flexible frame. 


(c) 


(0) 


(a) 


FIGURE 12.6. Equivalent springs model for the flexible frame. 
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(a) (0) (c) 


FIGURE 12.7. A vibrating system with a massive spring. 


and the displacement at midspan of the lateral beam is 


_ 644+ 65 


: (12.27) 


45 


Assuming 


eae (12.28) 
ka5 


we can define an equivalent stiffness kas for k4 and ks as 
ene pee 
kas 2 \ 2kg ks 
1/1 1 
= -{(—+—}]. 12.29 
aes (12.28) 


Now the equivalent spring kas is in series with the series of ki, ko, and kg. 
Hence the overall equivalent spring Keq is 


1 61 Te 1 is 1 7 1 
Reg ky ka kg kas 
1 1 1 1 1 
SS ie ah er ee (12.30) 


ky ko kg Ak4 Aks 


Example 426 *% Massive spring. 

In modeling of vibrating systems we ignore the mass of springs and 
dampers. This assumption is valid as long as the mass of springs and 
dampers are much smaller than the mass of the body they support. How- 
ever, when the mass of spring m, or damper mq is comparable with the 
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mass of body m, we may define a new system with an equivalent mass Meq 


Meq =M+ 5M (12.31) 
which is supported by massless spring and damper. 

Consider a vibrating system with a massive spring as shown in Figure 
12.7(a). The spring has a mass ms, and a length 1, when the system is at 
equilibrium. The mass of spring is uniformly distributed along its length, 
so, we may define a length density as 

p= -. (12.32) 
To show (12.31), we seek for a system with a mass Meq and a massless 
spring, which can keep the same amount of kinetic energy as the original 
system. Figure 12.7(b) illustrates the system when the mass m is at position 
x and has a velocity «. The spring is between the mass and the ground. So, 
the base of spring has no velocity, while the other end has the same velocity 
as m. Let’s define a coordinate z that goes from the grounded base of the 
spring to the end point. An element of spring at z has a length dz and a 
mass dm. 
dm = pdz (12.33) 


Assuming a linear velocity distribution of the elements of spring, as shown 
in Figure 12.7(c), we find the velocity z of dm as 


= a. (12.34) 


The kinetic energy of the system is a summation of kinetic energy of the 
mass m and kinetic energy of the spring. 


= =mMegt (12.35) 


Therefore, an equivalent system should have a massless spring and a mass 
Meq = M+ zMs to keep the same amount of kinetic energy. 


738 12. Applied Vibrations 


Equilibrium In motion Free body diagram 


(a) (5) (c) 


FIGURE 12.8. A one DOF vibrating systems. 


12.2. Newton’s Method and Vibrations 


Every vibrating system can be modeled as a combination of masses m,, 
dampers c;, and springs k;. Such a model is called a discrete or lumped 
model of the system. A one DOF vibrating system, with the following 
equation of motion, is shown in Figure 12.8. 


ma = —cv — ka + f (a,v,t) (12.36) 


To apply Newton’s method and find the equations of motion, we assume 
all the masses m; are out of the equilibrium at positions x; with velocities 
&;. Such a situation is shown in Figure 12.8(b) for a one DOF system. The 
free body diagram as shown in Figure 12.8(c), illustrates the applied forces 
and then, Newton’s equation (9.11) 


CF = —°p=— (mv) (12.37) 


generates the equations of motion. 
The equilibrium position of a vibrating system is where the potential 
energy of the system, V, is extremum. 


OV 
Be =f) 
Ox 
We usually set V = 0 at the equilibrium position. Linear systems with 
constant stiffness have only one equilibrium or infinity equilibria, while 


(12.38) 
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FIGURE 12.9. Two, three, and one DOF models for vertical vibrations of vehicles. 


nonlinear systems may have multiple equilibria. An equilibrium is stable if 


OrV 

a2 >0 (12.39) 
and is unstable if ay 

Baz <0. (12.40) 


The arrangement and the number of employed elements can be used to 
classify discrete vibrating systems. The number of masses, times the DOF 
of each mass, makes the total DOF of the vibrating system n. The final 
set of equations would be n second-order differential equations to be solved 
for n generalized coordinates. When each mass has one DOF, then the 
system’s DOF is equal to the number of masses. The DOF may also be 
defined as the minimum number of independent coordinates that defines 
the configuration of a system. 

A one, two, and three DOF model for analysis of vertical vibrations of 
a vehicle are shown in Figure 12.9(a)-(c). The system in Figure 12.9(a) is 
called the quarter car model, which m, represents a quarter mass of the 
body, and m, represents a wheel. The parameters k, and c, are models 
for tire stiffness and damping. Similarly, k, and c, are models for the main 
suspension of the vehicle. Figure 12.9(c) is called the 1/8 car model which 
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(0) (c) 


FIGURE 12.10. A 1/8 car model and its free body diagram. 


does not show the wheel of the car, and Figure 12.9(b) is a quarter car with 
a driver mg and the driver’s seat modeled as kg and cg. 


Example 427 1/8 car model. 

Figure 12.9(c) and 12.10(a) show the simplest model for vertical vibra- 
tions of a vehicle. This model is sometimes called 1/8 car model. The mass 
ms represents one quarter of the car’s body, which is mounted on a sus- 
pension made of a spring k, and a damper cs. When mg is vibrating at 
a position such as in Figure 12.10(b), its free body diagram is as Figure 
12.10(c) shows. 

Applying Newton’s method, the equation of motion would be 


Mgt = —ky (as — y) — Cs (@5 — Y) (12.41) 


which can be simplified to the following equation, when we separate the 
input y and output x variables. 


Mst+ Cols +khsts = ksy + Coy. (12.42) 


Example 428 Equivalent mass and spring. 

Figure 12.11(a) illustrates a pendulum made by a point mass m attached 
to a massless bar with length |. The coordinate 0 shows the angular position 
of the bar. The equation of motion for the pendulum can be found by using 
the Euler equation and employing the free-body-diagram shown in Figure 
12.11(b). 

ml?6 = —mgl sin (12.43) 


Simplifying the equation of motion and assuming a very small swing angle 
shows that 


16+ g9 = 0. (12.44) 
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F, 


mg 
(a) (b) (c) 


FIGURE 12.11. Equivalent mass-spring vibrator for a pendulum. 


This equation is equivalent to an equation of motion for a mass-spring 
system made by a mass m = l, and a spring with stiffness k = g. The 
displacement of the mass would be x = 6. Figure 12.11(c) depicts such an 
equivalent mass-spring system. 


Example 429 Force proportionality. 

The equation of motion for a vibrating system is a balance between four 
different forces. A force proportional to displacement, —kx, a force propor- 
tional to velocity, —cv, a force proportional to acceleration, ma, and an 
applied external force f (x,v,t), which can be a function of displacement, 
velocity, and time. Based on Newton’s method, the force proportional to 
acceleration, ma, is always equal to the sum of all the other forces. 


ma = —cu — ka + f (a, v,t) (12.45) 


Example 430 A two-DOF base excited system. 

Figure 12.12(a)-(c) illustrate the equilibrium, motion, and free body di- 
agram of the two-DOF system shown in 12.9(a). The free body diagram is 
plotted based on the assumption 


Ls > Ly > Y. (12.46) 
Applying Newton’s method provides two equations of motion as follows 


Ms Le = ks (as Lu) Cs (a5 Lis) (12.47) 
Mau, Lai = ks (a5 _ ty) + és (is _ Lu) 
ku (fu — Y) — Cu (fu — 9). (12.48) 
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k, (x,-X, ”) C(XerX uw) 


k%eX w) Cs (x Xx u) 


ae 


(a) (5) (c) 


FIGURE 12.12. A 1/4 car model and its free body diagram. 


The assumption (12.46) is not necessarily fulfilled. We can find the same 
Equations (12.47) and (12.48) using any other assumption, such as @, < 
Lu > Y, Ls > Ly <Y, OT Ls < Ly < y. However, having an assumption 
helps to make a consistent free body diagram. 

We usually rearrange the equations of motion for a linear system in a 
matria form 

[M]|x+ [c]x+ |[k]x =F (12.49) 
to take advantage of matrix calculus. Rearrangement of Equations (12.47) 
and (12.48) results in the following set of equations: 


Ms 0 Bae Cs —Cg Ls 
tr Heel Weal tee easel) era 8 
ks —k, Lg.) = 0 
Bares olor (12.50) 
Example 431 *% Inverted pendulum. 
Figure 12.13(a) illustrates an inverted pendulum with a tip mass m and 
a length l. The pendulum is supported by two identical springs attached 
to point B at a distance a < | from the pivot A. A free body diagram of 


the pendulum is shown in Figure 12.13(b). The equation of motion may be 
found by taking a moment about A. 


S°Ma = 1b (12.51) 


mg (lsin@) — 2ka0(acos@) = ml?6 (12.52) 
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(0) 


FIGURE 12.13. An inverted pendulum with a tip mass m and two supportive 
springs. 


To derive Equation (12.52) we assumed that the springs are long enough 
to remain almost straight when the pendulum oscillates. Rearrangement 
and assuming a very small @ shows that the nonlinear equation of motion 
(12.52) can be approximated by 


ml?6 + (mgl — 2ka”) 6 =0 (12.53) 
which is equivalent to a linear oscillator 
MeO + keg = 0 (12.54) 
with an equivalent mass Meq and and equivalent keq. 


tise = Te (12:55) 
keg = mgl—2ka? (12.56) 


The potential energy of the inverted pendulum can be expressed as 
V =—mgl (1 — cos) + ka?6” (12.57) 


which has a zero value at 0 = 0. The potential energy V is approximately 
equal to the following equation if 8 1s very small 


1 
Ve —zmgl + ka6? (12.58) 
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because 1 
cos 1— 56° +0 (6°). (12.59) 


To find the equilibrium positions of the system, we should solve the following 
equation for any possible 0. 


OV 
— = —2mgl6 + 2ka? = 0 (12.60) 
Ox 
The solution of the equation is 
6=0 (12.61) 


that shows the upright vertical position is the only equilibrium of the in- 
verted pendulum as long as 0 is very small. However, if 


mgl = ka? (12.62) 


then any @ around 0 = 0 can be an equilibrium position and hence, the 
inverted pendulum would have infinity equilibria. 
A second derivative of the potential energy 


OPV 


Far =~ 2mgl + 2ka? (12.63) 
x 


indicates that the equilibrium position 0 = 0 is stable if 
ka? > mgl. (12.64) 


A stable equilibrium pulls the system back, if it deviates from the equilib- 
rium, while an unstable equilibrium repels the system. Vibration happens 
when the equilibrium is stable. 


12.3 Frequency Response of Vibrating Systems 


Frequency response is the steady-state solution of equations of motion, when 
the system is harmonically excited. Steady-state response refers to a con- 
stant amplitude oscillation, after the effect of initial conditions dies out. A 
harmonic excitation is any combination of sinusoidal functions that applies 
on a vibrating system. If the system is linear, then a harmonic excitation 
generates a harmonic response with a frequency-dependent amplitude. In 
frequency response analysis, we are looking for the steady-state amplitude 
of oscillation as a function of the excitation frequency. 

A vast amount of vibrating systems in vehicle dynamics can be modeled 
by a one-DOF system. Consider a one-DOF mass-spring-damper system. 
There are four types of one-DOF harmonically excited systems: 


12. Applied Vibrations 745 


1— base excitation, 

2— eccentric excitation, 

3— eccentric base excitation, 

4— forced excitation. 

These four systems are shown in Figure 12.14 symbolically. 

Base excitation is the most practical model for vertical vibration of ve- 
hicles. Eccentric excitation is a model for every type of rotary motor on a 
suspension, such as engine on engine mounts. Eccentric base excitation is 
a model for vibration of any equipment mounted on an engine or vehicle. 
Forced excitation, has almost no practical application, however, it is the 
simplest model for forced vibrations, with good pedagogical use. 

For simplicity, we first examine the frequency response of a harmonically 
forced vibrating system. 


12.3.1 Forced Excitation 


Figure 12.15 illustrates a one DOF vibrating mass m supported by spring 
k and a damper c. The absolute motion of m with respect to its equilibrium 
position is measured by the coordinate x. A sinusoidal excitation force 


f =Fsinwt (12.65) 
is applied on m and makes the system vibrate. 
The equation of motion for the system is 
méi+cé+ka = Fsinwt (12.66) 


which generates a frequency response equal to either of the following func- 
tions: 
z = Ajsinwt+ By coswt (12.67) 
= Xsin(wt—y,) (12.68) 
The steady-state response has an amplitude X 
xX 1 


= (12.69) 
FIR [a= 1)? + (26r? 
and a phase ¢,, 
2 
Py = tan? - sr (12.70) 
where we use the frequency ratio Tr, Wy, and damping ratio €. 
— — (12.71) 
Ee (12.72) 
2/km 
k 
G5 Ap (12.73) 
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FIGURE 12.14. The four practical types of one-DOF harmonically excited sys- 
tems: a—base excitation, b—eccentric excitation, c—eccentric base excitation, 
d—forced excitation. 
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f =F sin(ot) 


FIGURE 12.15. A harmonically forced excitated, single-DOF system. 


Phase y,, indicates the angular lag of the response x with respect to the 
excitation f. Because of the importance of the function X = X (w), it is 
common to call this function the frequency response of the system. Further- 
more, we may use frequency response to every characteristic of the system 
that is a function of excitation frequency, such as velocity frequency re- 
sponse X = X (w) and transmitted force frequency response fr = fr (w). 


The frequency responses for X and y,, as a function of r and € are plotted 
in Figures 12.16 and 12.17. 


Proof. Applying Newton’s method and using the free body diagram of the 
system, as shown in Figure 12.18, generates the equation of motion (12.66), 
which is a linear differential equation. 

The steady-state solution of the linear equation is the same function 
as the excitation with an unknown amplitude and phase. Therefore, the 
solution can be (12.67), or (12.68). The solution should be substituted in 
the equation of motion to find the amplitude and phase of the response. 
We examine the solution (12.67) and find the following equation: 


—mw” (A; sinwt + By coswt) 

+cw (A; coswt — By, sinwt) 

+k (A; sinwt + B, cos wt) 

= Fsinwt (12.74) 


The functions sinwt and coswt are orthogonal, therefore, their coefficient 
must be balanced on both sides of the equal sign. Balancing the coefficients 
of sinwt and coswt provides a set of two equations for A, and B,. 


"ce l[)-[] os 


Cw k — mw? By 0 
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Line of maxima 


a 


FIGURE 12.16. The position frequency response for _ 


f =Fsin(ot) 


Ix 


ey 


FIGURE 12.17. The frequency response for y,. 
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FIGURE 12.18. Free body diagram of the harmonically forced excitated, sin- 
gle-DOF system shown in Figure 12.15. 


Solving for coefficients A, and B, 


Aj k — mw? —cw a hea 
B, ~ Cw k— mw? 0 
k — mw? 
B= 2)2 1 72,42 
| ee ee (12.76) 
—cw 


(k — mu)? + cw? 


provides the steady-state solution (12.67). 
Amplitude X and phase y,, can be found by equating Equations (12.67) 
and (12.68). 
A;sinwt+ Bycoswt = Xsin(wt— y,) 
= Xcosy,sinwt—Xsiny,coswt (12.77) 


It shows that, 


A, = Xcosy, (12.78) 
B, = -Xsiny, (12.79) 
and therefore, 
X = ,/A?4B? (12.80) 
—B 
tany, = rt: (12.81) 


Substituting A; and B, from (12.76) results in the following solutions. 


1 
xX 


F (12.82) 


(k — mw?) + c2w? 


CW 
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However, we may use more practical expressions (12.69) and (12.70) for 
amplitude X and phase vy, by employing r and €. 
When we apply a constant force f = F' on m, a displacement, 6,, appears. 


6s = i (12.84) 
If we call 6, "static amplitude" and X "dynamic amplitude," then, X/6, is 
the ratio of dynamic to static amplitudes. The dynamic amplitude is equal 
to the static amplitude, X = 6,, at r = 0, and approaches zero, X — 0, 
when r — oo. However, X gets a high value when r — 1 and w > wy. 
Theoretically, X — oo if € = 0 and r = 1. Frequency domains around the 
natural frequency is called resonance zone. The amplitude of vibration in 
resonance zone can be reduces by introducing damping. m 


Example 432 A forced vibrating system 
Consider a mass-spring-damper system with 


m = 2keg 
k = 100000N/m 
c = 100Ns/m. (12.85) 


The natural frequency frequency and damping ratio of the system are 


1 

Wn = ee =4/ _ = 223.61 rad/s + 35.6 Hz (12.86) 

m 

c 100 

= SF eS = 0.1118. 12.87 
é 2km  2/100000 x 2 ( ) 

If a harmonic force f 
f = 100sin 100t (12.88) 


is applied on m, then the steady-state amplitude of vibrations of the mass, 
X, would be 


F/k 


X= = 1.24x 10-3 m (12.89) 
(1—r?)* + (2€r)” 

because is 
r= — = 0.44721. (12.90) 

Wn 

The phase ~,, of the vibration is 
2 

pata  siipaaa en io ace, (12.91) 


l—r2 


Therefore, the steady-state vibrations of the mass m can be expressed by the 
following function. 


v = 1.24 x 1073 sin (100¢ — 0.124) (12.92) 
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The value of X and vy, may also be found from Figures 12.16 and 12.17 
approximately. 


Example 433 Velocity and acceleration frequency responses. 
When we calculate the position frequency response 
zx = Ajsinwt+ B, coswt 
= Xsin(wt—y,) (12.93) 
we are able to calculate the velocity and acceleration frequency responses by 
derivative. 
z = Aywcoswt— Bywsinwt 
Xw cos (wt — y,) 
= Xcos(wt—y,) (12.94) 


& = —Ajw sinwt — Byw? coswt 
—Xw* sin (wt — y,) 
= Xsin(wt—y,) (12.95) 


The amplitude of velocity and acceleration frequency responses are shown 
by X, X 


a= Zz F (12.96) 
(k-— mw?) + c2w? 

oo 2 

en er, (12.97) 


x . 
ES pe ee (12.98) 
BLY hee (1— 72)? + (2€r)? 
= (12.99) 
eee (1 —r2)? + (2€r? 


The velocity and acceleration frequency responses (12.98) and (12.99) are 
plotted in Figures 12.19 and 12.20. 


Example 434 Transmitted force to the base. 

A forced excited system, such as the one in Figure 12.15, transmits a 
force, fr, to the ground. The transmitted force is equal to the sum of forces 
in spring and damper. 


fr = frtfe 
= ket+cé (12.100) 
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FIGURE 12.19. The velocity frequency response for 7 


Line of maxima 


VA 


FIGURE 12.20. The acceleration frequency response for 


xX 
F/m 
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Substituting x from (12.67), and A,, B, from (12.76), shows that the 
frequency response of the transmitted force is 


fr = k(Azsinwt + By, coswt) + cw (A; coswt — B, sinwt) 
= (kA, — cwB))sintw + (kB, + cwA,) cos tw 
= Frsin(wt-p,). (12.101) 


The amplitude Fy and phase pp, of fr are 


nl 2792 
OD at eee (12.102) 


J Ve — mw?)? + 2w? 
14+ (2ér)? 

= oil (12.103) 

Va—7)? + (2) 

cw 2ér 
tan gp, = foe 7 Le (12.104) 
because 
Fp = \[(kA, — wBy)? + (kB, + eA)? (12.105) 
— (kB, + ewAi) 
t = 12.1 

sa vee kA, = cw By, ( 06) 


The transmitted force frequency response F'r/F is plotted in Figure 12.21, 
and because pp, is the same as Equation (12.70), a graph for pp, is the 
same as the one in Figure 12.17. 


Example 435 Alternative method to find transmitted force fr. 
It is possible to use the equation of motion and substitute x from (12.67), 
to find the transmitted force frequency response of fr as 
fr = Fsinwt —-mé 

= Fsinwt+mu? (A, sinwt + By cos wt) 
(mA\w? + F) sin tw + mw? By cos tw 

= Frsin(wt — y,). (12.107) 
Amplitude Fr and phase yp, would be the same as (12.103) and (12.104), 
because 


Fr = (mAw? + F)? + (mw?.By)* 
k 2742 
= oes (12.108) 
Vk — mw?)? + 2w? 
= 2B 
tan Yp, a “ (12.109) 


mwA,+F ~ k— mw 
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FIGURE 12.21. The frequency response for =. 


Example 436 No mechanical harmonically forced vibration. 

In mechanics, there is no way to apply a periodic force on an object 
without attaching a mechanical device and applying a displacement. Hence, 
the forced vibrating system shown in Figure 12.15 has no practical applica- 
tion in mechanics. However, it is possible to make m from a ferromagnetic 
material to apply an alternative or periodic magnetic force. 


Example 437 *% Orthogonality of functions sinwt and coswt. 
Two functions f(t) and g(t) are orthogonal in [a, b] if 


/ "(0 a(t) dt =0. (12.110) 


The functions sinwt and coswt are orthogonal in a period T = [0,27/w]. 


Qn /w 
i sinwt coswt dt = 0 (12.111) 
0 


Example 438 * Beating in linear systems. 
Consider a displacement x(t) that is produced by two harmonic forces fi 


and fo. 
fi = Fycoswyt (12.112) 
fe = Focoswat (12.113) 
Assume that the steady-state response to fy is 


x1(t) = Xj cos (wit + ,) (12.114) 
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and response to f2 is 


x(t) = X_ cos (wet + o9) 


(12.115) 


then, because of the linearity of the system, the response to f; + fo would 


be x(t) = x1 (t) + xo(t). 
x(t) = x1(t) + x(t) 
= X,cos(w yt + d,) + X2 cos (wat + do) 


It is convenient to express x(t) in an alternative method 
a 
pt) = 5 (X1 + X2) (cos (wit + G1) + cos (wot + b2)) 


+5 (X 1 — X2) (cos (wit + G1) — cos (wat + b5)) 


and convert the sums to a product. 


x(t) = (X1+X2) cos (= a2 ual xen) 
Wi-wW2, o— > 
x cos ( 5 t 5 ) 


. [wy +we 1 + do 
—(X, — X. —i - —— 
( 1 2) sin ( 5 5) 
x sin = st = 01 — $2 S ‘2 
This equation may be expressed better as 
x(t) = (XY + X2) cos (Qit — ®) cos (Qot — ®2) 
— (X1 = X2) sin (Qyt — ®,) sin (Qot al ®2) 


if we use the following notations. 


= W1 + W2 
2 

Wy-W 

Q = ; z 

Bytes 1 + be 
2 

a, - finde 
2 


Figure 12.22 illustrates a sample plot of x(t) for 


Wy = 10 
Ww = 12 
T 
g% = q 
T 
o2 = 6 


(12.116) 


(12.117) 


(12.118) 


(12.119) 


(12.120) 
(12.121) 
(12.122) 


(12.123) 


(12.124) 
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FIGURE 12.22. Beating phenomena. 


The displacement x(t) indicates an oscillation between X,+X2 and X1— 
Xo, with the higher frequency Qy inside an envelope that oscillates, at the 
lower frequency Q2. This behavior is called beating. 

When XxX, = Xo = X then 


x(t) = 2X cos (Qt — &,) cos (Nat — Bg) (12.125) 


which becomes zero at every half period T = 27/Q2. 


12.8.2. Base Excitation 


Figure 12.23 illustrates a one-DOF base excited vibrating system with a 
mass m supported by a spring & and a damper c. Base excited system is a 
good model for vehicle suspension system or any equipment the is mounted 
on a vibrating base. The absolute motion of m with respect to its equilib- 
rium position is measured by the coordinate x. A sinusoidal excitation 


motion 
y=Ysinwt (12.126) 


is applied to the base of the suspension and makes the system vibrate. 
The equation of motion for the system can be expressed by either one of 
the following equations for the absolute displacement x 


méi+cét+kx = cYwcoswt +kY sinwt (12.127) 
H+ UMwntt+wre = 2w,wY coswtt+w2Ysinwt (12.128) 
or either one of the following equations for the relative displacement z. 
mitcé+kz = mw*Ysinwt (12.129) 
2+ Mwnttwrz = w*Ysinwt (12.130) 


Z = u-y (12.131) 
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FIGURE 12.23. A harmonically base excitated single DOF system. 


The equations of motion generate the following absolute and relative fre- 
quency responses. 


x = Agsinwt + By coswt (12.132) 
= Xsin(wt—y,) (12.133) 
z = Ag3sinwt + B3coswt (12.134) 
= Zsin(wt — y,) (12.135) 


The frequency response of x has an amplitude X, and the frequency re- 
sponse of z has an amplitude Z 


se 1+ (2€r)? 
i (12.136) 
(1-12)? + (2€r)? 
Z 2 
y= é (12.137) 
VL — 72)? + (2€r)? 
with the following phases y, and y, for x and z. 
2 3 
St (12.138) 
1—r? + (2€r) 
2 
e, = tan? —_ (12.139) 


The phase y,, indicates the angular lag of the response x with respect to 
the excitation y. The frequency responses for X, Z, and y,, as a function 
of r and € are plotted in Figures 12.24, 12.25, and 12.26. 


Proof. Newton’s method and the free body diagram of the system, as 
shown in Figure 12.27, generate the equation of motion 


mé=—c(4#-y)—k(x—-y) (12.140) 
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FIGURE 12.25. The frequency response for =. 
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FIGURE 12.27. A harmonically based excitated single-DOF system. 


which, after substituting (12.126), makes the equation of motion (12.127). 
Equation (12.127) can be transformed to (12.128) by dividing over m and 
using the definition (12.71)-(12.73) for natural frequency and damping ra- 
tio. 

A practical response for a base excited system is the relative displacement 


Z="-Y. (12.141) 


Relative displacement is important because for every mechanical device 
mounted on a suspension such as vehicle body, we need to control the 
maximum or minimum distance between the base and the device. Taking 
derivatives from (12.141) 

Z=£-Y (12.142) 
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and substituting in (12.140) 
m (Z2+49)=-cz—kz (12.143) 


can be transformed to Equations (12.129) and (12.130). 

The steady-state solution of Equation (12.127) can be (12.132), or (12.133). 
To find the amplitude and phase of the response, we substitute the solution 
(12.132) in the equation of motion. 

—mu (Ag sinwt + Bz cos wt) 
+cw (Ao coswt — Be sin wt) 
+k (Ag sinwt + Bo coswt) 
= cYwcoswt + kY sinwt (12.144) 


The coefficients of the functions sinwt and coswt must balance on both 
sides of the equation. 


kAg —mAqw* —cByaw = Yk (12.145) 
kBy —mw?Bo+cwAg = Yow (12.146) 


Therefore, we find two algebraic equations to calculate Az and By. 


k — mw? —cWw Ap |_| Yk 
| CW k — mw? | Bo | = | Yo | (12.147) 


Solving for the coefficients Ap and By 


lice 
| 
Pl 
| 
E 3 
a 
x 
| | 
ze 
| 
as 
os 


k (k — mu?) + Cw? 
k- 2)2 + C2w2 

= ( ae) on (12.148) 
CW (k _ mw?) — ckw 


(k — mw?)? + c2w? 


provides the steady-state solution (12.132). 
The amplitude X and phase vy, can be found by 


X = ,/A2+B? (12.149) 


tany, = (12.150) 


which, after substituting Az and By from (12.148), results in the following 
solutions: 
[Fz C22 
RS gaa yy (12.151) 
(k — mw?)? + c2w? 


3 
—cmw 
= Se 12.152 
tan Pr k (k — mw?) + cw? ( ) 
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A more practical expressions for X and y, are Equations (12.136) and 
(12.138), which can be found by employing r and €. 

To find the relative displacement frequency response (12.137), we sub- 
stitute Equation (12.134) in (12.129). 


—mu* (A3 sinwt + Bs cos wt) 

+cw (As coswt — Bs sin wt) 

+k (A3 sinwt + Bs cos wt) 

= mw’ Ysinwt (12.153) 


Balancing the coefficients of the functions sinwt and cos wt 


kAy — mAqw? — cBow = mw?Y (12.154) 
kBz—mw*By+cwAg = 0 (12.155) 
provides two algebraic equations to find Ag and Bs. 
k— mw? —cw A3 |] _ | mw?Y 
| cw k — mw? | Bz | - | 0 (12.156) 


Solving for the coefficients Ag and Bs 


As] _ [k—-mw? -cw ]~*[ mw? 
Bs a Cw k— mw? 0 
mu (k _ mu?) 
i 2)2 242 
= |) MSA (12.157) 
mew? 


(k — mw?)? + c2w? 


provides the steady-state solution (12.134). The amplitude Z and phase vy, 
can be found by 


Z = \/A2+B? (12.158) 
—B 

tany, = _ (12.159) 
3 


which, after substituting A3 and B3 from (12.157), results in the following 
solutions. 


BS, = Ey (12.160) 
(k — mw?)? + c2w? 
tany, = Ss (12.161) 


A more practical expression for Z and y, are Equations (12.137) and 
(12.139). 
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Example 439 A base excited system. 
Consider a mass-spring-damper system with 


m = 2kg 
k = 100000N/m 
c = 100Ns/m. (12.162) 


If a harmonic base excitation y 
y = 0.002 sin 350t (12.163) 


is applied on the system, then the absolute and relative steady-state ampli- 
tude of vibrations of the mass, X and Z would be 


Y 4/1 + (2€r)? 
(26) = 1.9573 x 107° m (12.164) 


(1-12)? + (2€r)? 


Y 2 
Z = ——_ 9.589 1074 m (12.165) 


Vl - 7)? + (26r)? 


because 


k 
Wn = 4f/— = 223.6Lrad/s ~ 35.6 Hz (12.166) 
Cc 
= = 0.1118 12.167 
iS 5G ( ) 
ro = ~ =1,5652. (12.168) 
Wn, 


The phases yp, and yp, for x and z are 


2 3 
G. =. tan-* a = 0.489 rad = 28.02deg = (12.169) 
1—r? + (2€r) 
J 2EP 
yg, = tan’ ; on = 1.8585 rad © 106.48 deg (12.170) 


Therefore, the steady-state vibrations of the mass m can be expressed by the 
following functions. 


xz = 1.9573 x 10~*sin (350t — 0.489) (12.171) 
z = 9.589 x 107“ sin (350t — 1.8585) (12.172) 


Example 440 Comparison between frequency responses. 
A comparison shows that Equation (12.137) is equal to Equation (12.98), 
and therefore the relative frequency response Z for a base excited system, 
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is the same as acceleration frequency response Fm for a forces excited 
system. Also a graph for yp, would be the same as Figure 12.17. 

Comparing Equations (12.136) and (12.103) indicates that the amplitude 
frequency response of a base excited system, * is the same as the trans- 
mitted force frequency response of a harmonically force excited system fr, 
However, the phase of these two responses are different. 


Example 441 Absolute velocity and acceleration of a base excited system. 


Having the position frequency response of a base excited system 


za = Agsinwt+ Bocoswt 
= Xsin(wt—y,) (12.173) 


we are able to calculate the velocity and acceleration frequency responses. 


z = Aowcoswt — Bowsinwt 
= Xweos(wt — y,) 
= Xcos(wt—y,) (12.174) 


& = —Aow* sinwt — Bow? coswt 
= —Xw’ sin (wt — y,) 
X sin (wt — ¢,) (12175) 


The amplitude of velocity and acceleration frequency responses, X, X are 
; 74 22 
S625 ee ay (12.176) 
(k — mw?)? + cw? 
* 2. / [2 Ry) 
ae, eee yy (12.177) 
Ve — mw)? + ew? 


which can be written as 


zs eater (12.178) 


(Lr?) b2ery’ 


x ses (12.179) 


(1-12)? + (2€r)? 


The velocity and acceleration frequency responses (12.178) and (12.179) 
are plotted in Figures 12.28 and 12.29. 
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FIGURE 12.28. 


FIGURE 12.29. 
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There is a point in both figures, called the switching point or node, 
at which the behavior of X and X as a function of € switches. Before the 
node, X and X increase by increasing €, while they decrease after the node. 
To find the node, we may find the intersection between frequency response 
curves for € = 0 and € = co. We apply this method to the acceleration 
frequency response. 


2 
- 
= 12.1 
Phaay Gi —r®) t2180) 
x 
Jim 7 +r? (12.181) 
—0o Wh 


Therefore, the frequency ratio r at the intersection of these two limits is 


the solution of the equation 


fav} 


r? (r? — 2) =0. (12.182) 
The nodal frequency response is then equal to 


r= a (12.183) 


The value of acceleration frequency response at the node is a function of €. 


Mons MH (12.184) 


lim = Ms 
rove wnY — 4/ge? 41 


Applying the same method for the velocity frequency response results in the 


same nodal frequency ratio r = v2 However, the value of the frequency 
response at the node is different. 


x 2- an (12.185) 


lim = 


row nY Beh +1 


Example 442 Relative velocity and acceleration of a base excited system. 


We may use the relative displacement frequency response of a base excited 
system 


z = Assinwt + B3coswt 
Z sin (wt — y,) (12.186) 


and calculate the relative velocity and acceleration frequency responses. 


z2 = Azgwcoswt — B3wsinwt 
Zw cos (wt — y,) 
= Zcos(wt —9,) (12.187) 
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% = —Ajw*sinwt — B3w? coswt 
—Zu* sin (wt — y,) 
= Zsin(wt—y,) (12.188) 


The amplitude of velocity and acceleration frequency responses, vip Z 


. 3 

Go SY (12.189) 
Ve — mw)” + cw? 

oe 4 

Z = —— (12.190) 
Vk — mw)” + cw? 


can be written as 


ss (12.191) 
Wn ofa = 9)? + (er? 

er (12.192) 
Wn¥ 4 [— 7)? + (26r)? 


Example 443 Transmitted force to the base of a base excited system. 

The transmitted force fr to the ground by a base excited system, such as 
is shown in Figure 12.28, is equal to the sum of forces in the spring and 
damper. 


fr = fetfe 
k(a@—y)+c(@-y) (12.193) 


which based on the equation of motion (12.140) is also equal to 
fr = —mi.. (12.194) 


Substituting & from (12.175) and (12.179) shows that the frequency re- 
sponse of the transmitted force can be written as 


Fr = wey k2 + ctw? 


zs (12.195) 
a (k — mw?)? + c2w? 
24/1 + (2€r)? 
= (12.196) 
a —12)? + 2er? 
The frequency response of ft is the same as is shown in Figure 12.29. 
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FIGURE 12.30. The peak amplitude Xmax and the associated frequency Tmax, aS 
a function of €. 


Example 444 *% Line of maxima in X/Y. 

The peak value of the absolute displacement frequency response X/Y hap- 
pens at different r depending on €. To find this relationship, we take a 
derivative of X/Y, given in Equation (12.136), with respect to r and solve 
the equation. 


x Or (1 — r? — 2rte? 
Le pat Date NST —— sang (12.197) 
Tr 


VI + 4026? (1-72)? + (2€r)?)” 


Let’s indicate the peak amplitude by Xmax and the associated frequency by 


2 . 
Tmax: Lhe value of raja, 18 


1 
= re (-1 +/+ se) (12.198) 


which is only a function of €. 
Substituting the positive sign of (12.198) in (12.186) determines the peak 
amplitude Xmax- 


Xmax _ 2/267 /86" +1 
Vo y/se? + (8e4 — 4? — 1) /87 4141 


Figure 12.30 shows Xmax ANd Tmax as a function of €. 


(12.199) 


Example 445 *% Line of mazima in Z/Y. 
The peak value of the relative displacement frequency response Z/Y hap- 
pens atr > 1 depending on €. To find this relationship, we take a derivative 
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of Z/Y, given in Equation (12.137), with respect to r and solve the equa- 


tion. 
aZ = 2r (1 — 7? 2r4¢?) ~=0 (12.200) 
we (ar? + ery)" 


Let’s indicate the peak amplitude by Zmax and the associated frequency by 


2: - 
Tmax. Lhe value of raja 18 


nax — = 12.201 
ae ( ) 
which has a real value for 
2 
g< se (12.202) 
Substituting (12.201) in (12.187) determines the peak amplitude Zmax. 
Zmax 1 
— = —____. 12.203 
Y 2éV1 — 2€? ( ) 
As an example, the maximum amplitude of a system with 
m = 2kg 
k = 100000N/m 
c = 100Ns/m 
Wyn = 223.61rad/s 
é = 0.1118 
Y = 0.002m (12.204) 
4s 
Z z 9.0585 x 1073 (12.205) 
max — ——_— = Jz m ; 
2€/1 — 2€7 
that occurs at , 
= 1.0063. (12.206) 


12.8.8 Eccentric Excitation 


Figure 12.31 illustrates a one-DOF eccentric excited vibrating system with 
a mass m supported by a suspension made of a spring k and a damper c. 
There is an unbalance mass m, at a distance e that is rotating with an 
angular velocity w. An eccentric excited vibrating system is a good model 
for vibration analysis of the engine of a vehicle, or any rotary motor that 
is mounted on a stationary base with a flexible suspension. 
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FIGURE 12.31. An eccentric excitated single-DOF system. 


The absolute motion of m with respect to its equilibrium position is 
measured by the coordinate x. When the lateral motion of m is protected, 
a harmonic excitation force 


fo = Meew" sin wt (12.207) 


is applied on m and makes the system vibrate. The distance e is called the 
eccentricity and me¢ is called the eccentric mass. 
The equation of motion for the system can be expressed by 


mi+cae+kx = mew’ sinwt (12.208) 
or 
E+Munttwrs = cew*sinwt (12.209) 
is 
c= (12.210) 


The absolute displacement responses of the system is 


Agsinwt + By cos wt (12.211) 
= Xsin(wt—y,) (12.212) 


av 


which has an amplitude X, and phases y, 


xX r? 
- = (12.213) 
Gag Fe) 
2 
y, = tan7! a (12.214) 
l-—r 


Phase y, indicates the angular lag of the response x with respect to the 
excitation m-ew? sin wt. The frequency responses for X and y, as a function 
of r and € are plotted in Figures 12.32 and 12.33. 
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Line of maxima 


FIGURE 12.32. The position frequency response for = 
e€€ 


FIGURE 12.33. The frequency response for ¢,. 
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FIGURE 12.34. Free body diagram of an eccentric excitated single-DOF system. 


Proof. Employing the free body diagram of the system, as shown in Fig- 
ure 12.34, and applying Newton’s method in the x-direction generate the 
equation of motion 


m# = —c& — kx + mew" sinwt. (12.215) 


Equation (12.208) can be transformed to (12.209) by dividing over m 
and using the following definitions for natural frequency, damping ratio, 
and frequency ratio. 


eer (12.216) 
m 
Cc 

= 12317 

3 a ( ) 
Ww 

= — 1231 

r a (12.218) 


The parameter ¢ = is called the mass ratio and indicates the ratio 
between the eccentric mass m, and the total mass m. 

The steady-state solution of Equations (12.208) can be (12.211), or (12.212). 
To find the amplitude and phase of the response, we substitute the solution 
(12.211) in the equation of motion. 


Me 
m 


—mu” (Aqsinwt + By cos wt) 

+cw (A, coswt — By sin wt) 

+k (Ag sin wt + By cos wt) 

= mew’ sinwt (12.219) 


The coefficients of the functions sinwt and coswt must balance on both 
sides of the equation. 


kA, —mAgw? —cByw = mew (12.220) 
kBa—mw*Byt+cwA, = 0 (12.221) 
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Therefore, we find two algebraic equations to calculate A, and By. 


k—w?m —cw A CW? Me 
Pee Sa) [AJ-[8"] om 
Solving for the coefficients A, and By, 
Ay _ k-—w?m —cw Pm CW?" Me 
By ~ cw k—w2m 0 


= (12.223) 
mais 5 
5 CW" Me 
(k — w2m)” + c?w? 
provides the steady-state solution (12.211). 
The amplitude X and phase y, can be found by 
X = 4/A24+ 8B? (12.224) 
—B 
tanyp, = —— (12.225) 
Ag 


which, after substituting A, and By, from (12.223), results in the following 
solutions. 


wEMe 


x= (12.226) 
(k — mw?)? + c2w? 
tang, = —s (12.227) 


A more practical expression for X and y, is Equation (12.213) and (12.214), 
which can be found by employing r and €. m 


Example 446 An eccentric excited system. 
Consider an engine with a mass m 


m = 110kg (12.228) 


that is supported by four engine mounts, each with the following equivalent 
stiffness and damping. 


> 
lI 


100000 N/m (12.229) 
c = 1000Ns/m. (12.230) 


The engine is running at 


w = 5000 rpm & 523.60 rad/s % 83.333 Hz (12.231) 
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with the following eccentric parameters. 


Me 0.001 kg (12.232) 
e = 012m (12.233) 


The natural frequency w,, damping ratio €, and mass ratio € of the system, 
and frequency ratio r are 


Lk / 400000 
Wn = a ae 60.302 rad/s +9.6Hz (12.234) 
c 


- = 0.30151 12.235 
g SG ( ) 
m 0.001 
— = : 107° 12.2 
€ = 6 9.0909 x 10 (12.236) 
w 523.60 
r a ae 8.683 (12.237) 


The engine’s amplitude of vibration is 


2 


a T> €&. 
(1 — 12)? + (2€r)” 
= 1.1028 x 10~-°m. (12.238) 


However, if the speed of the engine is at the natural frequency of the system, 
w = 576.0 rpm & 60.302 rad/s ~ 9.6 Hz (12.239) 


then the amplitude of the engine’s vibration increases to 


2 


Se. Tree 
(1 —r?)? + (2ér)? 
= 1.8091 x 10-°m. (12.240) 


Example 447 Eccentric exciting systems. 

All rotating machines such as engines, turbines, generators, and turn- 
ing machines can have imperfections in their rotating components or have 
irregular mass distribution, which creates dynamic imbalances. When the 
unbalanced components rotate, an eccentric load applies to the structure. 
The load can be decomposed into two perpendicular harmonic forces in the 
plane of rotation in lateral and normal directions of the suspension. If the 
lateral force component is balanced by a reaction, the normal component 
provides a harmonically variable force with an amplitude depending on the 
eccentricity mee. Unbalanced rotating machines are a common source of 
vibration excitation. 
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Example 448 Absolute velocity and acceleration of an eccentric excited 
system. 
Using the position frequency response of an eccentric excited system 


x = Agsinwt+ Bacoswt 
X sin (wt — y,) (12.241) 


we can find the velocity and acceleration frequency responses. 


& = Aywcoswt — Bywsinwt 


Xw cos (wt — y,) 
= Xcos(wt—y,) (12.242) 


& = —Ayw? sinwt — Baw? coswt 


—Xw* sin (wt — y,) 
= Xsin(wt—y,) (12.243) 


The amplitude of velocity and acceleration frequency responses, X, X are 


3 
Xn oe (12.244) 
(k — mw?)? + c2w? 
: : 
BS as eee (12.245) 
at (k — mw?)? + c2w? 
which can be written as 
3 
<a ae 5 (12.246) 
E€EWn va = r2)? 4 (2€r)? 
: ‘ 
ae S . ; (12.247) 


Example 449 Transmitted force to the base of an eccentric excited system. 


The transmitted force 
fr = Frsin (wt — yr) (12.248) 


to the ground by an eccentric excited system is equal to the sum of forces 
in the spring and damper. 


fr = fretfe 
= kx+ct (12.249) 
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FIGURE 12.35. An eccentric base excitated single-DOF system. 


Substituting x and & from (12.211) shows that 


fr = (kAg — cw By) sintw + (k By + cwAy4) cos tw (12.250) 
therefore the amplitude of the transmitted force is 
Pr = \/(kAg— cwBy)? + (kBy + ew Ay)? 
242 he fe 
= ewme = (12.251) 
(k — mw?)” + c?w? 


The frequency response of the transmitted force can be simplified to the 
following applied equation. 


2 
a Ee (12.252) 


ew? Me (_l- r2)? + (2€r)? 


12.8.4. *% Eccentric Base Excitation 


Figure 12.35 illustrates a one-DOF eccentric base excited vibrating system 
with a mass m suspended by a spring k and a damper c on a base with mass 
mp. The base has an unbalance mass m, at a distance e that is rotating 
with angular velocity w. The eccentric base excited system is a good model 
for vibration analysis of different equipment that are attached to the engine 
of a vehicle, or any equipment mounted on a rotary motor. 

Using the relative motion of m with respect to the base 


Z=n-y (12.253) 


we may develop the equation of motion as 


estes t he = ew? sinwt (12.254) 
my +m Mp +m 
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Line of maxima 


Z 
FIGURE 12.36. The position frequency response for a 


or 
B+ 2twzz+wiz = cew*sinwt (12.255) 
Be, (12.256) 
Mb 


The relative displacement response of the system is 


z = Assinwt+ Bs coswt (12.257) 
= Zsin(wt — y,) (12.258) 
which has an amplitude Z and phases y,. 
2 
Z 2 ee (12.259) 
ee = 12)? + (26r)? 
2ér 
= aa 199 
Lp tan i_72 (12.260) 


The frequency responses for Z, and y, as a function of r and € are plotted 
in Figures 12.36 and 12.37. 


Proof. The free body diagram shown in Figure 12.38, along with Newton’s 
method in the z-direction, may be used to find the equation of motion. 


c(t—y)—k(a@—-y) (12.261) 
mi = ¢e(@—y)+k(a@—y) — mew sinwt (12.262) 


Mx 
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FIGURE 12.37. The frequency response for y,. 


C=" 


kz Cz 


FIGURE 12.38. Free body diagram of an eccentric base excitated single DOF 
system. 


778 12. Applied Vibrations 


Using z = x — y, and 

g=8%-9 (12.263) 

we may combine Equations (12.261) and (12.262) to find the equation of 
relative motion. 

MMNp 


Stestke= — ew’ sinut (12.264) 
mp +m Mp +m 


Equation (12.264) can be transformed to (12.255) if we divide it by 7’. 
and use the following definitions: 


£5 pS 12.265 
c= on (12.265) 
mp +m 
eS eee (12.266) 
MMNp 


Me 


The parameter ¢ = mele called the mass ratio and indicates the ratio 
between the eccentric mass m, and the total base mass mp. 

The steady-state solution of Equation (12.255) can be (12.257). To find 
the amplitude and phase of the response, we substitute the solution in the 
equation of motion. 


—w* (As sinwt + Bs cos wt) 

+2£w,w (As coswt — Bs sinwt) 

+w? (As sinwt + Bs coswt) 

= cew’sinwt (12.267) 


The coefficients of the functions sinwt and coswt must balance on both 
sides of the equation. 


w? As —w*As — 2€wwnBs = ewre (12.268) 
26 Aswwn — Baw? + Brew = 0 (12.269) 


Therefore, we find two algebraic equations to calculate As and Bs. 


we —we —Mwwy As | _ ewe 
| Qwwy, we—w? | | Bs | 0 (e200) 


Solving for the coefficients As and Bs 


As = we —wr —Uwwy “ T ewe 
Bs - Zéww, we —w 0 
caine : 
a ewe 
mm o es rs (12.271) 
” ewe 
(w2 — w?)? + (2€wwn)” 
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provides the steady-state solution (12.255). 
The amplitude Z and phase y, can be found by 


X = 4/A2+B? (12.272) 
-B 
tangy, = ae (12.273) 


which, after substituting As and B; from (12.271), results in the following 
solutions: 


2 
Go ee (12.274) 
Vw? — 02)? + (2 ww)? 
2EwWn 
tangy, = —o (12.275) 


Equations (12.274) and (12.275) can be simplified to more practical expres- 
sions (12.259) and (12.260) by employing r= =~. m 


Ww 


Example 450 * A base eccentric excited system. 
Consider an engine with a mass my 


my = 110kg (12.276) 
and an air intake device with a mass 
m = 2ke (12.277) 


that is mounted on the engine using an elastic mounts, with the following 
equivalent stiffness and damping. 


k = 10000N/m (12.278) 
c = 100Ns/m. (12.279) 

The engine is running at 
w = 576.0 rpm © 60.302 rad/s ¥ 9.6 Hz (12.280) 


with the following eccentric parameters. 


Me 0.001 kg (12.281) 
e = 012m (12.282) 


The natural frequency w,, damping ratio €, and mass ratio € of the system, 
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and frequency ratio r are 


ey = Pp™ = 100 rad faei5.9 He (12.283) 
MMp 
a er (12.284) 
MMNp 
2, /k 
mp +m 
é = = 9.0909 x 10 (12.285) 
Mb 
r = “ =0.60302. (12.286) 
Wn, 


The relative amplitude of the device’s vibration is 


2 
Z = a = 4.525 x 1077 mm. (12.287) 


(L—r?)? + (2ér)? 


Example 451 * Absolute displacement of the upper mass in an eccentric 
base excited system. 
Equation (12.261) 


“ Cc k 
#¢ = ——(¢-y)-—(e-y) 
m m 
Hos pee tes (12.288) 
m m 


along with the solution (12.257) may be used to calculate the displacement 
frequency response of the upper mass m in the eccentric base excited system 
shown in Figure 12.35. Assuming a steady-state displacement 


z = Agsinwt + Be coswt (12.289) 
= Xsin(wt— Yq) (12.290) 
we have 
2 . c. &k 
—w* (Agsinwt + Bgcoswt) = -—z-—z 
m m 


c 
= ——w (As coswt — Bs sinwt) 
m 


k; 
—— (As sinwt + Bs cos wt) 
m 
= (Sen; — ~ 4s) sin tw 
m m 


+ ( eo “As costw (12.291) 
m 


m 
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and therefore, 


Shc Epp ok (12.292) 
m m 
9 k c 
—W Be = —— Bs — —wAs. (12.293) 
m m 


Substituting As and Bs from (12.271) and using 


X = ,/A2+ 3B? (12.294) 
of 
tanY,, = —— (12.295) 
Ag 
shows that 
2ckurrwn +k (we —w?) 1 
Ae ee AC el (12.296) 
(wh, — w?)" + (2wurn)” ™ 
— 2 — wy? 2kEwn 1 
Be = =e (wn 0") + 2hGwn 1 (12.297) 


(w2 — w?)” + (2Euwn)? 
the amplitude X of steady-state vibration of the upper mass in an eccentric 
base excited system is 


Vy aa k2 
x= iat a. (12.298) 


i) (w2 — w?)” + (2fwurn)? ™ 


12.8.5 %& Classification for the Frequency Responses of 
One-DOF Forced Vibration Systems 


A harmonically excited one-DOF systems can be one of the four systems 
shown in Figure 12.39 as a concise version of Figure 12.14. The dimension- 
less amplitude of different applied steady-state responses of these systems 
is equal to one of the following equations (12.299)-(12.306), and the phase 
of the motion is equal to one of the equations (12.307)-(12.310). 


1 


5 = ————— (12.299) 
(1-2)? + (2ér) 

gi = z (12.300) 
(1 — r2)? + (2€r)? 

a en (12.301) 
(1 —r?)? + (2€r)? 

a (12.302) 
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Me f =Fsin(ot) 
y, x 
) vat tx 
me 
= 
k c k Ss c 
— 
I. <= 
y=Ysin(or) 
Base Eccentric Eccentric base Forced 
excitation excitation excitation excitation 
(a) (d) (c) (d) 


FIGURE 12.39. The four practical types of one DOF harmonically excited sys- 
tems: a—base excitation, b—eccentric excitation, c—eccentric base excitation, 
d—forced excitation. 


eS : (12.303) 
Va— 19)? + (26r)? 
Go = a (12.304) 


(1 — 12)" + (2€r)’ 


(ee ee eves (12.305) 


=P)" + @ey 


2,/ 2 
Gp = EE. (12.306) 


Vl — 2)? + (2€r)? 


By = tan? 5 (12.307) 
3, = tan St (12.308) 
dB. = tan? Sr (12.309) 
bd; = tan gr" (12.310) 


The function Sp and Go are the main parts in all the amplitude frequency 
responses. To have a sense about the behavior of different responses, we use 
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plot them as a function of r and using € as a parameter. Mass m, stiffness 
k, and damper c of the system are fixed and hence, the excitation frequency 
w is the only variable. We combine m, k, c, w and define two parameters r 
and € to express frequency responses by two variable functions. 

To develop a clear classification let’s indicate the frequency responses 
related to the systems shown in Figure 12.39 by adding a subscript and 
express their different responses as follow: 


1— For a base excitation system, we usually use the frequency responses 
of the relative and absolute kinematics Zg, Zp, Zp, Xp, Xp, Xp, along 
with the transmitted force frequency response F,. 

2— For an eccentric excitation system, we usually use the frequency re- 
sponses of the absolute kinematics Xp, Xp, x gE, along with the transmitted 
force frequency response F’p,. 

3— For an eccentric base excitation system, we usually use the frequency 
responses of the relative and absolute kinematics Zp, vA z R, XR, XR, 
x R, YR, Yr, Yi, along with the transmitted force frequency response Fr,. 

4— For a forced excitation system, we usually use the frequency responses 
of the absolute kinematics Xp, Xr, Xp, along with the transmitted force 
frequency response F’r,, 


The frequency response of different features of the four systems in Figure 
12.39 may be summarized and labeled as follows: 


XF 
See 12.311 
= = (12.311) 
Xp 
Gi Sait 12.312 
[ie vga 
Sy ee ee (12.313) 


Bes a ee (12.314) 
WnY  €&BWn CERWn 
Se ee, Se ee ee (12.315) 


2 2 2 
weY e€pwr eépw2 


ea eee eee 12.31 
Gy =, (12.316) 
Xp 
G = 12.317 
1 a ( ) 
Bae _ Fr, -_ Fr, _ Fr, Mb 
GS w2Y kY  ew2me ew2me (1 - e) (2819) 
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Figures A.1-A.8 in Appendix A visualize the frequency responses used 
in analysis and designing of the systems. However, the exact value of the 
responses should be found from the associated equations. 


Proof. The equations of motion for a harmonically forced vibrating one 
DOF system is always equal to 
mg + cq+kq = f (4,4,t) (12.319) 


where, the variable q is a general coordinate to show the absolute displace- 
ment 2, or relative displacement z = « — y. The forcing term f (z,#,t) isa 
harmonic function which in the general case can be a combination of sin wt 
and coswt, where w is the excitation frequency. 


f(4q@t) = asinwt + bcoswt. (12.320) 


Depending on the system and the frequency response we are looking for, 


the coefficients a and b are zero, constant, or proportional to w, w, w°, w+, 


--, w". To cover every practical harmonically forced vibrating systems, 
let’s assume 


a@ = agtaw+agw (12/321) 
b = bo tbywt bow. (12.322) 


We usually divide the equation of motion (12.319) by m to express that 
with € and w, 


G+ wun@tweq = (Ao + Ayw+ Agu”) sin wt 
+ (Bo + Biw + Bow”) coswt (12.323) 


where, 


1 
Ao + Aw + Agw? = = (ap + aiw + agw”) (12.324) 


1 
Bo+ Bw + Bow? = = (bo + biw + bow”) . (12.325) 


The solution of the equation of motion would be a harmonic response with 
unknown coefficients. 


q = Asinwt+ Bcoswt (12.326) 
= Qsin(wt — y) (12.327) 


To find the steady-state amplitude of the response Q 


Q = VA?+B? (12.328) 
—B 
Qo = an == (12.329) 


A 
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we should substitute the solution in the equation of motion. 


—w* (Asinwt + Bcoswt) + 2éw,w (Acoswt — Bsinwt) 
+w? (Asinwt + Bcoswt) 
= (Ajp+ Aiw+ Aqw”) sinwt + (Bo + Biw + Bow”) coswt (12.330) 


The coefficients of the functions sinwt and coswt must balance on both 
sides of the equation. 


w2 A —wA— 2éwwnB Ag + Aiw + Agw? (12.331) 
2¢ Awwn — Bw? + Bu? = Bot Biw+ Bow (12.332) 


Therefore, we find two algebraic equations to calculate A and B. 


howe —2wwy, | A _ | Ag + Ayw + Agw? | 


Www we —w? B Bo + Byw + Bow? 


. (12.333) 


n 


Solving for the coefficients A and B 


i _ ea lie | 


B 2Ewwy, we —w? Bo+ Byw + Bow? 
AN 
1— r2)? + (2€r)” 
-_ ( ) an) (12.334) 
Z2 
(1 — r?)* + (2€r)? 
1 2 
Z\ => 2er-a (Bow + Byw ae Bo) 
1 
Te (1 — -) (Aqw? aie Aw + Ao) (12.335) 
22 = 1 1 2! (Bow? + B B 
2 = aa | —r?) (Bow? + Byw + Bo) 
1 2 
—2ér— (Agw? + Aiw + Ao) (12.336) 
Wn 


provides the steady-state solution amplitude Q and phase y 


OQ = «(2 ER? (12.337) 
—B 


We are able to reproduce any of the steady-state responses S; and G; by 
setting the coefficients Ap, A,, A2, Bo, Bi, and By properly. m 
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Example 452 * Base excited frequency responses. 
A one DOF base excited vibrating system is shown in Figure 12.23. The 
equation of relative motion z = x — y with a harmonic excitation y = 


Y sinwt is 


B+ wy Z+wez=w* Y sinat. 


This equation can be found from Equation (12.323) if 


Ao 
A, 
A2 
Bo 
By 
Bo 


l| 
— 


So, the frequency response of the system would be 


Z = Q=\VA? +B? 
2 
. 


ae 
(1 —r?)? + (2ér)? 
because, 

Z 

A] _ | G=r? + Qe? 
| A | 7 Zp 

(=?) + Er? 
Z = r (l-r?)Y 


Zo = 2€rY. 


12.4 Time Response of Vibrating Systems 


(12.339) 


(12.340) 


(12.341) 


(12.342) 


(12.343) 
(12.344) 


Linear vibrating systems have a general equation of motion as the set of 


differential equations, 


[m] ¥ + [ce] x + [k]x =F 


with the following initial conditions. 


x(0) = xo 
x(0) = Xo 


(12.345) 


(12.346) 
(12.347) 
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The time response of the system is the solution x = x(t),t > 0 fora 
set of coupled ordinary differential equations. Such a problem is called an 
initial-value problem. 

Consider a one-DOF vibrating system 


mé+cae+ka = f (x, 4, t) (12.348) 
with the initial conditions 


x(0) = 29 (12.349) 
&(0) = 4p. (12.350) 


The coefficients m,c,k are assumed constant, although, they may be 
functions of time in more general problems. The solution of such a problem, 
x = x(t),t > 0, is unique. 

The order of an equation is the highest number of derivatives. In me- 
chanical vibrations of lumped models, we work with a set of second-order 
differential equations. If 71(t), r2(t), ---, &n(t), are solutions of an n-order 
equation, then its general solution is 


&(t) = a 21 (t) + agro(t) +--+ +a,2,(t). (12.351) 
When f = 0, the equation is called homogeneous, 
mi + cx + kx =0 (12.352) 


otherwise it is non-homogeneous. The solution of the non-homogeneous 
equation (12.348) is equal to 


x(t) = p(t) + 2)(t) (12.353) 


where, xp(t) is the homogeneous solution, and x,(t) is the particular solu- 
tion. In mechanical vibration, the homogeneous equation is called free vibra- 
tion and its solution is called free vibration response. The non-homogeneous 
equation is called forced vibration and its solution is called forced vibration 
response. 
An exponential function 
eae (12.354) 


satisfies every homogeneous linear differential equation. Therefore, the ho- 
mogeneous response of the second order equation (12.352) is 


Ait 


tp(t) = aye + age??? (12.355) 


where the constants a; and a2 depend on the initial conditions. The para- 
meters Ay and Az are called characteristic parameters or eigenvalues of the 
system The eigenvalues are the solution of an algebraic equation, called 
a characteristic equation, which is the result of substituting the solution 
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(12.354) in Equation (12.352). The characteristic equation is the condition 
to make the solution (12.354) satisfy the equation of motion (12.352). 

A general particular solution of a forced equation is hard to find, however, 
we know that the forcing function f = f(t) is a combination of the following 
functions: 


1— aconstant, such as f =a 

2— a polynomial in ¢, such as f = ap + ayt + agt? + --- + ant” 
3— an exponential function, such as f = e% 

4— a harmonic function, such as f = F, sinat + F> cos at 


if the particular solution z,(t) has the same form as a forcing term. 


1— z,(t) =a constant, such as z,(t) =C 

2— 2,(t) =a polynomial of the same degree, such as x,(t) = Co + Cit+ 
Cot? + +--+ Cnt” 

3— «,(t) =an exponential function, such as x,(t) = Ce“ 

A4— x,(t) =a harmonic function, such as x,(t) = Asinat + Bcosat. 


If the system is force free, or the forcing term disappears after a while, 
the solution of the equation is called time response or transient response. 
The initial conditions are important in transient response. 

When the system has some damping, the effect of initial conditions dis- 
appears after a while, in both transient and forced vibration responses, and 
a steady-state response remains. If the forcing term is harmonic, then the 
steady-state solution is called frequency response. 


Example 453 A homogeneous solution of a second-order linear equation. 
Consider a system with the following equation of motion: 


E+4-22 = O (12.356) 
x = 1 (12.357) 
tio = 7 (12.358) 
To find the solution, we substitute an exponential solution x = e* in the 
equation of motion and find the characteristic equation. 
V+A-2=0 (12.359) 
The eigenvalues are 
A12 = 1,-2 (12.360) 
and therefore, the solution is 
z=aye'+age”. (12.361) 


Taking a derivative 
& = aye’ — 2age~** (12.362) 
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FIGURE 12.40. A mass-spring, single degree-of-freedom vibrating system. 


and employing the initial conditions 


1 = ay + ag (12.363) 
7 = a —2a2 (12.364) 


provides the constants a,, a2, and the solution x = x(t). 


a = 3 (12.365) 
a = -2 (12.366) 
g = B8e! —2e-% (12.367) 


Example 454 Natural frequency. 

Consider a free mass-spring system such as the one shown in Figure 
12.40. The system is undamped and free of excitation forces, so its equation 
of motion is 

mé+kax =0. (12.368) 


To find the solution, let’s try a harmonic solution with an unknown fre- 
quency. 
x = AsinQt+ Bcos Ot (12.369) 


Substituting (12.369) in (12.868) provides 
—0?m (Asin Ot + B cos Mt) + k (Asin Nt + B cos Nt) = 0 (12.370) 
which can be collected as 
(Bk — BmQ?) cos Qt + (Ak — Am?) sin Nt = 0. (12.371) 


The coefficients of sin Qt and cosQt must be zero, and hence, 


ers (12.372) 
m 
: k k 
x = Asin4/—t+ Bcos4/—t. (12.373) 
m m 
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The frequency Q = /k/m is the frequency of vibration of a free and un- 
damped mass-spring system. It is called natural frequency and is shown 
by a special character wy. 
Wn =4/— (12.374) 
m 
A system has as many natural frequencies as its degrees of freedom. 


Example 455 Free vibration of a single-DOF system. 
The simplest free vibration equation of motion is 


mé+cée+kx =0 (12.375) 
which is equivalent to 
#+ wun t+wrer =0. (12.376) 


The response of a system to free vibration is called transient response 
and depends solely on the initial conditions xo = «(0) and &o = «(0). 

To determine the solution of the linear equation (12.375), we may search 
for a solution in an exponential form. 


a= Ae* (12.377) 
Substituting (12.377) in (12.876) provides the characteristic equation 
dM + WwwyprA+w?2 =0 (12.378) 


to find the eigenvalues X19. 


A1,2 = —EWn £ Wn / 7 -—1 (12.379) 


Therefore, the general solution for Equation (12.376) is 


iy Ay ert + As er2t 
= Aj, o( ken ton Vel) t + Ag e(—em—wny @ni)t 
e~Eent (Ay eat 4 Ay eiwat) (12.380) 


Wa = waifl1—& (12.381) 


where Wa is called damped natural frequency. 
By using the Euler equation 


e'* = cosatisina (12.382) 
we may modify solution (12.880) to the following forms: 


e §#nt (B, sinwgt + Bz cos wgt) (12.383) 
Be $n" sin (wat + ) (12.384) 
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where 
By = 1 (Ay = Ag) (12.385) 
Bs S Apt As (12.386) 
B = 4/B?+B (12.387) 
B 
o = tan? =, (12.388) 
By 


Because the displacement x is a real physical quantity, coefficients B, and 
Bz in Equation (12.3883) must also be real. This requires that A, and Ag 
be complex conjugates. The motion described by Equation (12.384) con- 
sists of a harmonic motion of frequency wg = Wn 1 — €" and a decreasing 
amplitude Be~&*n*. 


Example 456 Under-damped, critically-damped, and over-damped systems. 


The time response of a damped one-DOF system is given by Equation 
(12.380). The solution can be transformed to Equation (12.383) as long as 
E<l. 

The value of a damping ratio controls the type of time response of a one- 
DOF system. Depending on the value of damping, there are three major 
solution categories: 


1— under-damped, 
2— critically-damped, and 
3— over-damped. 


An under damped system is when € <1. For such a system, the char- 
acteristic parameters (12.379) are a complex conjugate 


M12 = —€Wn + twny/1 — 2? (12.389) 
and therefore, the general solution (12.380) 
z= A, e** + Aye?" (12.390) 
can be transformed to (12.883) 
x =e sent (By sinwgt + Bo coswat). (12.391) 


An under-damped system has an oscillatory time response with a decaying 
amplitude as shown in Figure 12.41 for € = 0.15, wy, = 207rad, xp = 1, 
and ¢g9 = 0. The exponential function e+&“n* is an envelope for the curve 
of response. 

A critically damped system is when € = 1. For such a system, the 
characteristic parameters (12.379) are equal. 


A= A1,2 =—-Wn (12.392) 
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FIGURE 12.42. A sample time response for an critically-damped system. 


When the characteristic values are equal, the time response of the system 
as 


g = Aje™’ + Aste (12.393) 


which is equal to 
g =e St (A; + Aot). (12.394) 


Figure 12.42 shows a critically-damped response for € = 1, wp, = 107rad, 
to = 1, and xz = 0. 

An over damped system is when € > 1. The characteristic parameters 
(12.879) for an over-damped system are two real numbers 


M12 = Wn $n &? -1 (12.395) 


and therefore, the exponential solution cannot be converted to harmonic 
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FIGURE 12.43. A sample time response for an over-damped system. 


functions. 
g = Aje™* +4 Ay er! (12.396) 


Starting from any set of initial conditions, the time response of an over- 
damped system goes to zero exponentially. Figure 12.43 shows an over- 
damped response for € = 2, wy, = 107rad, ry = 1, and %p = 0. 


Example 457 Free vibration and initial conditions. 
Consider a one DOF mass-spring-damper in a free vibration. The general 
motion of the system, given in Equation (12.383), is 


a =e §%n* (By sinwat + By coswat). (12.397) 


If the initial conditions of the system are 


x(0) = 26 (12.398) 
z(0) = Zo (12.399) 
then, 

Xo Bo (12.400) 
Xo —fW, Bo + Biwg (12.401) 

and hence, 
By = to + Sn to (12.402) 

Wd 


Substituting By and Bo in solution (12.897) generates the general solution 
for free vibration of a single-DOF system. 


_ Lo + Wnt 
p= ertent (SUE Ents 


sin wat + £ Cos wat) (12.404) 
Wad 
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The solution can also be written as 
— p—SWnt a g 7 Xo F 
t=e Xo | coswgt + —w,y sinwgt |) + —sinwgt }. (12.405) 
Wd Wd 


If the initial conditions of the system are substituted in solution (12.384) 


a = Be &”* sin (wat + ¢) (12.406) 

then, 
to = Bsing (12.407) 
to = —Béw,sing+ Bwycos ¢. (12.408) 


To solve for B and ¢@, we may write 


Lo 
a= 12.409 
sing ( ) 
WqXo 
tan SS! Soa 12.410 
? Lo + wn Xo ( ) 
and therefore, 
1 
B= ia (wato)” + (40 + wn)”. (12.411) 
d 
Now the solution (12.406) becomes 
e Sent ; 
oS (wasto)” + (ao + Eurnato)” 
Wad 
P -_ WqXo 
xs t+tan +’ —————__}. 12.412 
in (we | (12.412) 


Example 458 Free vibration, initial conditions, and critically damping. 
If the system is critically damped, then the time response to free vibrations 
18 
g =e Smt (Ay + Aot). (12.413) 
Using the initial conditions, x(0) = xo, &(0) = Xo, we can find the coeffi- 
cients A, and A» as 
Ag = % + £wWnXo (12.415) 


and therefore the general critically-damped response is 


a =e $n (29 + (to + Wn Zo) t). (12.416) 
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Example 459 Free vibration, initial conditions, and over damping. 
If the system is over-damped, then the characteristic parameters 1,2 are 
real and the time response to free vibrations is a real exponential function. 


t= Ay ert + Apo er2t 


Using the initial conditions, (0) = xo, &(0) = x, 


to = A, + Ao 
Xo = A, Ay + A? Ag 
we can find the coefficients A, and Ag as 
Lo — AgLo 
Ay = —— 
: N= Ag 
A1 Xo = Lo 
A ee 
= Mato 


Hence, the general over-damped response is 


are ae eae 


Example 460 Work done by a harmonic force. 
The work done by a harmonic force 


f(t) = Fsin (wt + y) 
acting on a body with a harmonic displacement 
x(t) = X sin (wt) 


during one period 


eee 
Ww 


is equal to 
Qr/w 
w= i f@ae 
0 
2Qr/w dz 
[ s0ge 


Qn /w 
= FXw | sin (wt + y) cos (wt) dt 
0 


= FX i. sin (wt + vy) cos (wt) d (wt) 
0 


27 
= FX ‘ (sin y cos” wt + cos y sinwt cos wt) d (wt) 
0 


= FX sing. 


Lo — AgXo Mt A1Lo9 — Xo edzt 


(12.417) 


(12.418) 
(12.419) 


(12.420) 


(12.421) 


(12.422) 


(12.423) 


(12.424) 


(12.425) 


(12.426) 
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The work W is a function of the phase p between f and x. When p = 5 
then the work is maximum 


Wax = TF Xo (12.427) 
and when yp = 0, the work is minimum. 
Wmin = 0 (12.428) 


Example 461 * Response to a step input. 

Step input is an standard and the most important transient excitation by 
which we examine and compare vibrating systems. Consider a linear second 
order system with the following equation of motion. 


#+Mwpttwre = f (t) (12.429) 
ae (12.430) 


A step input, is a sudden change of the forcing function f (t) from zero to 
a constant and steady value. If the value is unity then, 


so={ ee fe. . (12.431) 


This excitation is called unit step input, and the response of the system is 
called the unit step response. Linearity of the equation of motion guar- 
antees that the response to a non-unit step input is proportional to the unit 
step response. 

Consider a force function as 


f(t) =4 pee oe (12.432) 


The general solution of Equation (12.429) along with (12.482) is equal to 

sum of the homogeneous and particular solutions, «© = x, + Lp. The ho- 

mogeneous solution was given by Equation (12.380) in Example 455. The 

particular solution would be constant x, = C’ because the input is constant 

f(t) = Fo. Substituting x» = C in Equation (12.429) provides 
Fo 


C= 5. (12.433) 


Therefore, the general solution of Equation (12.429) is 
Li = Lt+Lp 


= +e §>'(Acoswat+ Bsinwgt) t>0 (12.434) 


We = warfl—2’. (12.435) 
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FIGURE 12.44. Response of a one DOF vibrating system to a step input. 


The zero initial conditions are the best to explore the natural behavior of 
the system. Applying a zero initial condition 


z(0) = 0 (12.436) 
z(0) = 0 (12.437) 


provides two equations for A and B 


Fo 
a +A = 0 (12.438) 
EwnAtwaB = 0 (12.439) 
with the following solutions. 
Fo 
A = “ig? (12.440) 
Fi 
et ee (12.441) 
WdWn 
Therefore, the step response is 
FE 
L= — (1 — e bent (cos wat + Sn sinwst) ‘ (12.442) 
Wr Wd 


Figure 12.44 depicts a step input for the following numerical values. 


€é = 03 
Wn 


Fy = 1 (12.443) 
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There are some characteristics for a step response: rise time t,, peak 
time tp, peak value xp, overshoot S = xp — fo, and settling time t.. 
Rise time t, is the first time that the response x(t) reaches the value of 
the step input Fo 
_ 2 -, €+1 
Wd ef fe & 
Rise time may also be defines as the inverse of the largest slope of the step 
response, or as the time it takes to pass from 10% to 90% of the steady-state 
value. 
Peak time tp is the first time that the response x(t) reaches its maximum 
value. 


(12.444) 


pe (12.445) 
Wed 


Peak value xp is the value of x(t) when t = tp. 


FB = Se EF, = Ln 
up = 3 (1 +e fendi) => (1+e ‘Ti (12.446) 


Wn Wr 


Overshoot S' indicates how much the response x(t) exceeds the step input. 
Cogent so eye (12.447) 
w 


Settling time t, is, by definition, four times of the time constant of the 
exponential function e~&#n*, 


ts =—— (12.448) 


Settling time may also be defines as the required time that the step response 
x(t) needs to settles within a +p% window of the step input. The value 
p =2 is commonly used. 


ts BPs) (12.449) 


For the given data in (12.448) we find the following characteristic values. 


tr = 1.966 
tp = 3.2933 
tp = 1.8723 

S = 0.3723 


ts = 13.333 (12.450) 
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FIGURE 12.45. An z-response for the free vibration of an under-damped 
one-DOF system. 


12.5 Vibration Application and Measurement 


The measurable vibration parameters, such as period JT and amplitude X, 
may be used to identify mechanical characteristics of the vibrating system. 
In most vibration measurement and test methods, a transient or harmon- 
ically steady-state vibration will be examined. Using time and kinematic 
measurement devices, we measure amplitude and period of response, and 
use the analytic equations to find the required data. 


Example 462 Damping ratio determination. 
Damping ratio of an under-damped one-DOF system can be found by 


1 
— = In = 
[sen ee me 


In 


(12.451) 


1 
~~) fe 


aon a (12.452) 


which is based on a plot of x = x(t) and peak amplitudes x;. 
To show this equation, consider the free vibration of an under-damped 
one-DOF system with the following equation of motion: 
+ wn e+ wre =0. (12.453) 
The time response of the system is given in Equation (12.383) as 
a = X e§* cos (wat + $) (12.454) 


where the constants X and @ are dependent on initial conditions. 
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Figure 12.45 illustrates a sample of the x-response. The peak amplitudes 
vy are 


ay = e 8 (X cos (wati + ¢)) (12.455) 
tg = e §#%nt2 (X cos (wyte + o)) (12.456) 
fn = e€ S¥ntn (X cos (watn + ¢)). (12.457) 


The ratio of the first two peaks is 


OA as. en Ewn (tite) CO8 (ata + 9) (12.458) 
x9 cos (watz + &) 


Because the time difference between t, and ty is the period of oscillation 


Ta = t2-t 
_ an 
a ee 
2 
ee (12.459) 
WnV1l-€ 
we may simplify Equation (12.458) to 
Tg umTa_ £08 (wat: + ¢) 
x2 cos (wa (ty + Tu) -- oy) 
fwnT, _©08 (wats + ) 
e 
cos (wat, + 27 + ¢) 
= Senta, (12.460) 
This equation shows that, 
Ly 2nE 
ln = = £0,173 = ——_—= 12.461 
which can be used to evaluate the damping ratio €. 
1 
6m — yn (12.462) 
dn? +In2=1 72 
v2 


For a better evaluation we may measure the ratio between x, and any other 
In, and use the following equation: 


(12.463) 
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mg 


ko, 


(a) (6) (c) 
FIGURE 12.46. Static deflection and natural frequency determination. 


If € << 1, then /1—€? © 1, and we may evaluate € from (12.461) with 


a simpler equation. 
1 XY 


ae m= 1)F In = (12.464) 
Example 463 Natural frequency determination. 

Natural frequency of a mass-spring-damper system can be found by mea- 
suring the static deflection of the system. Consider a one-DOF system 
shown in Figure 12.46(a) that barely touches the ground. Assume that the 
spring has no tension or compression. When the system rests on the ground 
as shown in Figure 12.46(b), the spring is compressed by a static deflection 
6; = mg/k because of gravity. We may determine the natural frequency of 
the system by measuring 65 


(12.465) 


because is 
pa (12.466) 


2 
k we 


Example 464 Moments of inertia determination. 

Mass moments of inertia are important characteristics of a vehicle that 
affect its dynamic behavior. The main moments of inertia Iz, Iy, and I, 
can be calculated by an experiment. 

Figure 12.47 illustrates an oscillating platform hung from point A. As- 
sume the platform has a mass M and a moment of inertia Ip about the 
pivot point A. Ignoring the mass of cables, we can write the Euler equation 
about point A 

So My = 109 = —Mgh sind (12.467) 
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FIGURE 12.47. An oscillating platform hung from point A. 


and derive the equation of motion. 
Ip 6 + Mgh, sind = 0 (12.468) 


If the angle of oscillation 6 is very small, then sin@ = @ and therefore, 
Equation (12.468) reduces to a linear equation 


6+w26 = 0 (12.469) 
M gh, 


Wn = ie (12.470) 


where Wy, is the natural frequency of the oscillation. 
Wn can be assumed as the frequency of small oscillation about the point 
A when the platform is set free after a small deviation from equilibrium 


position. The natural period of oscillation T, = 27/w,y is what we can 
measure, and therefore, the moment of inertia Ip is equal to 
nL 
Ip = TZaMon Tr. (12.471) 


The natural period T,, may be measured by an average period of a few 
cycles, or more accurately, by an accelerometer. 

Now consider the swing shown in Figure 12.48. A car with mass m at 
C is on the platform such that C is exactly above the mass center of the 
platform. Because the location of the mass center C' is known, the distance 
between C' and the fulcrum A is also known as hg. 
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FIGURE 12.48. A car with mass m on an oscillating platform hung from point 
A. 


To find the car’s pitch mass moment of inertia Iy about C, we apply 
the Euler equation about point A, when the oscillator is deviated from the 
equilibrium condition. 


SoM, = 146 (12.472) 
—Mgh,sin@—mghysin0d = Ip +I, +mhj3 (12.473) 


Assuming very small oscillation, we may use sin? + 0 and then Equation 
(12.473) reduces to a linear oscillator 


6+u29 = 0 (12.474) 


(Mh, + mh) g 
pS gf ee 12.4 
_ To + Iy + mh eas) 


Therefore, the pitch moment of inertia I, can be calculated by measuring 
the natural period of oscillation T,, = 27/w,, from the following equation. 
1 
LS a (Mh, + mhz) gT? — Ip — mh. (12.476) 

To determine the roll moment of inertia, we may put the car on the 
platform as shown in Figure 12.49. 

Having I, and Iy we may put the car on the platform, at an angle a, to 
find its moment of inertia about the axis passing through C and parallel to 
the swing axis. Then, the product moment of inertia Izy can be calculated 
by transformation calculus. 
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FIGURE 12.49. Roll moment of inertia measurement, using a swinging platform. 


Example 465 Sample data. 
Tables 12.1 indicates an example of data for the mass center position, 
moment of inertia, and geometry of street cars, that are close to a Mercedes- 


Benz A-Class. 
Table 12.1 - Sample data close to a Mercedes-Benz A-Class. 


wheelbase 2424 mm 

front track | 1492mm 
rear track 1426mm 

mass 1245 kg 

ay 1100 mm 

ag 1323 mm 

h 580 mm 

I, 335 kgm 

ly 1095kgm 

I, 1200 kg m 


12.6 ¥ Vibration Optimization Theory 


The first goal in vibration optimization is to reduce the vibration amplitude 
of a primary mass to zero, when the system is under a forced vibration. 
There are two principal methods for decreasing the vibration amplitude of 
a primary mass: vibration absorber, and vibration isolator. 

When the suspension of a primary system is not easy to change, we add 
another vibrating system, known as the vibration absorber or secondary 
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FIGURE 12.50. A secondary vibration absorber system (m2, c2,k2) added to a 
primary vibrating system (mui, kz). 


system, to absorb the vibrations of the primary system. The vibration ab- 
sorber increases the DOF of the system, and is an applied method for 
vibration reduction in frequency domain. It can work very well in a few 
specific frequencies, and may be designed to work well in a range of fre- 
quencies. 

Consider a mass m1 supported by a suspension made of only a spring kj, 
as shown in Figure 12.50. There is a harmonic force f = F'sinwt applied 
on m,. We add a secondary system (mg, C2, k2) to the primary mass m, 
and make a two-DOF vibrating system. Such a system is sometimes called 
Frahm absorber, or Frahm damper. 

It is possible to design the suspension of the secondary system (co, k2) 
to reduce the amplitude of vibration m1 to zero at any specific excitation 
frequency w. However, if the excitation frequency is variable, we can adjust 
kz at the optimal value kx : 


kX = sky (12.477) 


(m1 + m2) 
and select co within the range 
Qmow iE <a< Qmow EX 


to minimize the amplitude of m, over the whole frequency range. The 
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optimal €* and €% are the positive values of 


—~RB—./R2 — 
cx = pee (12.478) 
2A 
= 2a 
x = Een Bee ee. (12.479) 
2A 
where 
A = 162g —4r? (4Z4 + 825) (12.480) 
B = 42Z9—4Z6r? — 27 (4Z4 + 825) + 4Z3Ze (12.481) 
C = 2Z3Zq—Z6Zr. (12.482) 
and 
Zz = 2(r?-207) (12.483) 
Z, = [r?(1te)-1]° (12.484) 
Z = r?(1+e)[r?(l+e)-1] (12.485) 
Zo = 2 [ea?r? — (i — a”) (ie — 1)] 
x [ea? — (r? — a?) — (r? -1)] (12.486) 
Zy = (r?-a?)’ (12.487) 
Ze = r[re(i+e)-1]? (12.488) 
Zy = [ea?r? — (r? — 1) (r? — 0?)]”. (12.489) 


Proof. The equations of motion for the system shown in Figure 12.50 are: 


m1x1 + c2 (1 — £2) +kyx1 + ke (v1 = x2) = Fsinwt (12.490) 
Mo2X2 C2 (1 £2) ko (v1 x2) = 0: (12.491) 


To find the frequency response of the system, we substitute the following 
solutions in the equations of motion: 


zt, = A, coswt+ By sinwt (12.492) 
Apo coswt + Bg sinwt (12.493) 


v2 


Assuming a steady-state condition, we find the following set of equations 
for A, By, Ag, Bo 


Q11 CQW —ko —CQW Aj 0 

—CQW a22 CQW —ko By —_ F 

—ko —CQW 433 CQW Ao = 0 gee”) 
CoW —kg —cowW a4 Bo 0 


12. Applied Vibrations 807 


where, 


Qa14o= Aq=kyt+tk- mw? (12.495) 
a33 = G44 = kp — mow”. (12.496) 


The steady-state amplitude X, for vibration of the primary mass ™ , is 


found by 
X, =,/A?+ B? (12.497) 


and is equal to 


2 2 2 22 
ko — 
2G = esi) ee (12.498) 
F Ze + w*c5Z5 
where, 
Zy = (ky = w*m1) (ke a w*mz) _ w*moke (12.499) 
Zy = k—w?m, —w*me. (12.500) 
Introducing the parameters 
py Aa (12.501) 
my 
ki 
wp = =a (12.502) 
1 
ki 
ag = af (12.503) 
m2 
be (12.504) 
Wy 
WwW 
= — 12.505 
: a ( ) 
é= 5 es (12.506) 
MQW 1 
Xi 
= 12 
bh Fi; (12.507) 


we may rearrange the frequency response (12.498) to the following equation. 


2 46?r? + (1? — 0)” 


A€?r? [2 (1 + €) — 1]? + fea2r? — (r? — 1) (r? — a2)]? 
The parameter ¢€ is the mass ratio between mg and the mj, w, is the angular 
natural frequency of the main system, w2 is the angular natural frequency 
of the vibration absorber system, a is the natural frequency ratio, r is the 
excitation frequency ratio, € is the damping ratio, and p is the amplitude 
ratio between dynamic amplitude X, and the static deflection F'/k1. 


" (12.508) 
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FIGURE 12.51. Behavior of ferquency response yp for a set of parameters and 
different damping ratios. 


Figure 12.51 illustrates the behavior of frequency response p for 


e = 01 (12.509) 

a = 1 (12.510) 
and 

3 0 (12.511) 

& = 02 (12.512) 

CS (12.513) 

g (12.514) 


All the curves pass through two nodes P and Q, independent of the damping 
ratio €. To find the parameters that control the position of the nodes, we 
find the intersection points of the curves for € = 0 and € = ov. Setting 
€ = 0 and € = » results in the following equations: 


(r? — at)” 

Pe 12.515 

OS peta cee 
ot ee eee 

. ~ [r? (1 a €) a ile (12.516) 


When € = 0, the system is an undamped, linear two-DOF system with 
two natural frequencies. The vibration amplitude of the system approaches 
infinity 44 — co when the excitation frequency approaches either of the nat- 
ural frequencies. When € = ov, there would be no relative motion between 
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my, and mz. The system reduces to an undamped, linear one-DOF system 
with one natural frequency 


i (12.517) 
my, + Mag 
or 
: (12.518) 
fo : . 
vite 


The vibration amplitude of the system approaches infinity  — oo when 
the excitation frequency approaches the natural frequency w — Wp, or 
r—>1/(1+e). 

Using Equations (12.515) and (12.516), we find 


eee) z= —_—s (12.519) 
(Saris Sele Tipe)" [pee al 


which can be simplified to 


ea*r® — (r? —1) (r?— a?) =4(r?—a7) [r?(1+¢)—-1]. (12.520) 


The negative sign is equivalent to 
ric =0 


which indicates that there is a common point at r = 0. The plus sign 
produces a quadratic equation for r? 


(2+e)r*—r? (2+ 2a? (1+¢)) +2a?=0 (12.521) 


with two positive solutions r; and rg corresponding to nodes P and Q. 


1 
re = ryy (ht VE FRE 4 Dat Ba? $1 + ate + 1) (12.522) 
rr < Tr <2 (12.523) 


Because the frequency response curves always pass through P and Q, 
the optimal situation would be when the nodes P and Q have equal height. 


u(P) = “(Q) (12.524) 


Because the value of p:? at P and Q are independent of €, we may substitute 
ry, and rg in Equation (12.516) for ~ corresponding to € = oo. However, fu 
from Equation (12.516) 


1 


PadeacT (12.525) 


h= 
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produces a positive number for r < r, and a negative number for r > rp. 
Therefore, 
y(r1) = —H(r2) (12.526) 
generates the equality 
: = = (12.527) 
l-r?(i+e) 1—-re(1t+e) 


which can be simplified to 


2 
Dray 622 
= : 12.528 
re Se ae ( ) 
The sum of the roots from Equation (12.521) is 
2+ 2a? (1+6) 
De faed 
+r= 12.529 
Myre ae ( ) 
and therefore, 
2 [2 + 2a? (1+) 
= 12.530 
lt+e l+e ( ) 
which provides 
1 
= —_., 12.531 
ae +e ( ) 


Equation (12.531) is the required condition to make the height of the nodes 
P and Q equal, and hence, provides the optimal value of a. Having an 
optimal value for a is equivalent to designing the optimal stiffness ke for 
the secondary suspension, because, 

W2 


a= 
Wy 


k 
=. (12.532) 
m2 ky 


and Equation (12.531) simplifies to 


ee (12.533) 


my + Mg 


to provide the following condition for optimal kx : 


mim 


kX =k, (12.534) 


(m4 + mg)? 


To determine the optimal damping ratio €, we force jz to have its max- 
imum at P or Q. Having pyy,, at P guarantees that (ri) is the highest 
value in a frequency domain around rj, and having pijzq, at Q, guarantees 
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FIGURE 12.52. Optimal damping ratio € to have maximum of pz at P or Q. 


that 44 (r2) is the highest value in a frequency domain around rg. The po- 
sition of tyra, is controlled by €, so we may determine two optimal € at 
which piygar is at (71) and f4(r2). An example of this situation is shown 
in Figure 12.52. 

Using the optimal a from (12.531), the nodal frequencies are 


1 E 
2 = tae = — | 12.535 
"1,2 = ( | ( ) 


To set the partial derivative Ou? /Or? equal to zero at the nodal frequencies 


fa) 2 

es 0 (12.536) 
TT 

Op? 

Cw 12.537 

5 (12.537) 


we write y? by numerator N (r) divided by denominator D (r) 


ive a “ (12.538) 


which helps to find the derivative easier. 
Op? 1 ON OD 
or? DP (v Or? nee) 
oil (S N oo 


D\dr? Doar nee 
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Differentiating gives 


ON ON 
ar = pate +%s (12.540) 
OD . 9 


Equations (12.540) and (12.541), along with (12.535), must be substituted 
in (12.539) to be solved for €. After substitution, the equation Ou? /dr? = 0 
would be 


“ = x = (4¢? + Zs) (4€°Zs + Zo) 
— (4€?r? + Zr) (467 Z4 + 867Zs + Ze) 
= 0 (12.542) 
because of N 48,242; 
== (12.543) 
D 4é?Zg + Zo 
Equation (12.542) is a quadratic for € 
(16Zg — 4r? (4Z4 + 8Z5)) &4 
+ (429 — 4Z6r? — Zz (4Z4 + 825) + 4232s) €7 
4 (Zsto= Lele) 
= A(é*)’+BE+C0=0 (12.544) 
with the solution 
C= eee ected ae (12.545) 


The positive value of € from (12.545) for r =r, and r = rg provides the 
limiting values for ex and Es, Figure 12.52 shows the behavior of jz for 
optimal @ and € = 0, €%, EX, 00. a 


Example 466 *% Optimal spring and damper for ¢ = 0.1. 
Consider a Frahm vibration absorber with 
m2 


e=—=0.1. (12.546) 


my 


We adjust the optimal frequency ratio a form Equation (12.581). 


1 
a® = —— ~ 0.9091 (12.547) 
l+e 


and find the nodal frequencies rj 9 from (12.535). 


1 E 
2 
= Ise S 4 | ——— 
mie oz ( Jez) 


= 0.71071, 1.1075. (12.548) 
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Now, we set r =r, = V0.71071 & 0.843 and evaluate the parameters Z3 
to Zo from (12.483)-(12.489) 


23. = —0.231470544 

Z4 = 0.0476190476 

Zs = —0.1705988426 

Zo =  0.0246326501 

Z7 = 0.01339465321 

Zag = 0.03384338136 

Za =  0.0006378406298 (12.549) 


and the coefficients A, B, and C from (12.480)-(12.482) 


A = 3.879887219 
B = —0.08308086729 
C = —0.0004775871233 (12.550) 


to find the first optimal damping ratio €,. 
é* = 0.1616320694 (12.551) 


Using r = re = V1.1075 & 1.05236 we find the following numbers 


Z3 = 0.562049056 
Z, = 0.04761904752 
Zs = 0.2658369375 
Zs = —0.375123324 
Zz = 0.07897478534 
Zs = 0.05273670508 
Zy = 0.003760704084 (12.552) 
A = —9,421012739 
B = 0.1167823931 
C = 0.005076228579 (12.553) 


to find the second optimal damping ratio €,. 
€¥ = 0.1738496023 (12.554) 


Therefore, the optimal a is a®* = 0.9091, and the optimal € is between 
0.1616320694 < €* < 0.1738496023. 


814 12. Applied Vibrations 


1 


0.9 


0.5 


0.4 


0 02 04 06 08 1 12 14 16 18 2 


FIGURE 12.53. Optimal value of the natural frequency ratio, a, as a function of 
mass ratio €. 


Example 467 * The vibration absorber is most effective when r = a= 1. 
When € = 0, then up = 0 at r = 1, which shows the amplitude of the 

primary mass reduces to zero if the natural frequency of the primary and 

secondary systems are equal to the excitation frequency r= a= 1. 


Example 468 *% The optimal nodal amplitude. 
Substituting the optimal a from (12.5381) in Equation (12.521), 


2 2 
rt — r? + —_______,, = 0 (12.555) 
2+¢ (2+ ¢)(1+¢) 


provides the following nodal frequencies: 


1 E 
2 = Lf 12.556 
PA > aes ( Jae ( ) 


Applying r1,2 in Equation (12.525) shows that the common nodal amplitude 
(11,2) ts 


2 
w= = (12.557) 


Example 469 * Optimal a and mass ratio ¢. 

The optimal value of the natural frequency ratio, a, is only a function 
of mass ratio ¢, as determined in Equation (12.531). Figure 12.53 depicts 
the behavior of a as a function of ¢. The value of optimal a, and hence, 
the value of optimal kz, decreases by increasing € = m2/my1. Therefore, a 
smaller mass for the vibration absorber needs a stiffer spring. 
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FIGURE 12.54. Behavior of nodal frequencies r1,2 as a function of mass ratio e. 


Example 470 *% Nodal frequencies r1,2 and mass ratio €. 
As shown in Equation (12.535), the nodal frequencies 1,2 for optimal a 
(12.581), are only a function of the mass ratio €. 


1 E 
2 = tay 12.558 
"12 l+e ( 2+¢e ( ) 


Figure 12.54 illustrates the behavior of r1,2 as a function of e. When, 
€ — 0, the vibration absorber mz vanishes, and hence, the system becomes a 
one-DOF primary oscillator. Such a system has only one natural frequency 
T = 1 as given by Equation (12.518). It is the frequency that r12 will 
approach by vanishing mg. 

The nodal frequencies r1,2 are always on both sides of the singe-DOF 
natural frequency Tr 


Tr <Tr <7T2 (12.559) 


while all of them are decreasing functions of the mass ratio €. 


Example 471 *% Natural frequencies for extreme values of damping. 
By setting € =0 fore =0.1, we find 


r2—1 
= 12.560 
Poa? — 2 — 1 ( ) 
and by setting € = co, we find 
Ee (12.561) 
OS lett tf ' 


Having € = 0 is equivalent to no damping. When there is no damping, 
L approaches infinity at the real roots of its denominator, Tn, and Tn; 
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which are the natural frequencies of the system. As an example, the natural 
frequencies Tn, and Tn, fore =0.1, are 


0.1r? — (r?-1)* = 0 (12.562) 
Tn, = 0.85431 (12.563) 
Taq = 1.1708. (12.564) 


Having € = co is equivalent to a rigid connection between m, and mz. 
The system would have only one DOF and therefore, 4 approaches infinity 
at the only roots of the denominator, rn 


Lip eb So (12.565) 
Tm = 0.953 (12.566) 


where, ry 1s always between rn, and rn. 


fine te (12.567) 


12.7 Summary 


Generally speaking, vibration is a harmful and unwanted phenomenon. Vi- 
bration is important when a non-vibrating system is connected to a vibrat- 
ing system. To minimize the effects of vibration, we connect the systems by 
a damping elastic isolator. For simplicity, we model the isolator by a spring 
and damper parallel to each other. Such an isolator is called suspension. 

Vibration can be physically expressed as a result of energy conversion. 
It can mathematically be expressed by solutions of a set of differential 
equations. If the system is linear, then its equations of motion can always 
be arranged in the following matrix form: 


[M]& + [co] x + [k]x = F (x, x,t) (12.568) 


Vibration can be separated into free vibrations, when F = 0, and forced 
vibrations, when F 4 0. However, in applied vibrations, we usually separate 
the solution of the equations of motion into transient and steady-state. 
Transient response is the solution of the equations of motion when F = 0 
or F is active for a short period of time. Because most industrial machines 
are equipped with a rotating motor, periodic and harmonic excitation is 
very common. Frequency response is the steady-state solution of equations 
of motion when the system is harmonically excited. In frequency analysis 
we seek the steady-state response of the system, after the effect of initial 
conditions dies out. 

Frequency response of mechanical systems, such as vehicles, is dominated 
by the natural frequencies of the system and by excitation frequencies. The 
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amplitude of vibration increases when an excitation frequency approaches 
one of the natural frequencies of the system. Frequency domains around 
the natural frequencies are called the resonance zone. The amplitude of 
vibration in resonance zones can be reduced by introducing damping. 
One-DOF, harmonically excited systems may be classified as base exci- 
tation, eccentric excitation, eccentric base excitation, and forced excitation. 
Every frequency response these systems can be expressed by one of the 
functions $;, G;, and ®;, each with a specific characteristic. We usually use 
a graphical illustration to see the frequency response of the system as a 
function of frequency ratio r = w/w, and damping ratio € = c/V4km. 
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12.8 Key Symbols 


acceleration 

distance from mass center to front axle 
distance from mass center to rear axle 
coefficient matrix 

unknown coefficients for frequency responses 
distance from mass center to left wheel 
distance from mass center to right wheel 
damping 

optimum damping 

equivalent damping 

element of row i and column j of a damping matrix 
damping matrix 

denominator 

eccentricity arm 

exponential function 

mechanical energy 

Young modulus of elasticity 

cyclic frequency [ Hz] 

force 

damper force 

equivalent force 

spring force 

required force to move a mass m 
amplitude of a harmonic force f = F sinwt 
constant force 

tension force 

transmitted force 

gravitational acceleration 

amplitude frequency response 

area moment of inertia for beams 

mass moment of inertia for vehicles 
identity matrix 

stiffness 

optimum stiffness 

equivalent stiffness 

element of row i and column j of a stiffness matrix 
antiroll bar torsional stiffness 

stiffness matrix 

kinetic energy 

length 

mass 

device mass 


Ane 


& 


EYOQS® 
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eccentric mass 


element of row i and column j of a mass matrix 


sprung mass 
mass of spring 

unsprung mass 

mass matrix 

mass of platform 
numerator 

momentum 

general amplitude 
frequency ratio 

radius 

frequency ratio at nodes 
dimensionless natural frequency 
overshoot 

quadrature 

amplitude frequency response 
time 

peak time 

rise time 

settling time 

period 

natural period 

velocity 

potential energy 

track of a car 

front track of a car 

rear track of a car 
displacement 

initial displacement 
homogeneous solution 
particular solution 

peak displacement 

initial velocity 

amplitude 

short notation parameters 


natural frequency ratio 
deflection 

static deflection 

mass ratio 

angular motion 

amplitude of angular vibration 
eigenvalue 

amplitude frequency response 
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Subscriptions 


ge Fewe 


phase angle 

phase frequency response 
angular frequency [rad/s] 
natural frequency 
damping ratio 

optimum damping ratio 


driver 

front 
maximum 

rear 

sprung mass 
unsprung mass 
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Exercises 


1. Natural frequency and damping ratio. 


A one DOF mass-spring-damper has m = 1kg, k = 1000N/m and 
c= 100Ns/m. Determine the natural frequency, and damping ratio 
of the system. 


2. Equivalent spring. 


Determine the equivalent spring for the vibrating system that is 
shown in Figure 12.55. 


FIGURE 12.55. Spring connected cantilever beam. 


3. %& Equivalent mass for massive spring. 


Figure 12.56 illustrates an elastic cantilever beam with a tip mass m. 
The beam has characteristics: elasticity E', area moment of inertia J, 
mass m,. Assume that when the tip mass m oscillates laterally, the 
beam gets a harmonic shape. 


TL 
—< 1 ——— 
y=Ysin a 


4. Ideal spring connected pendulum. 
Determine the kinetic and potential energies of the pendulum in Fig- 
ure 12.57, at an arbitrary angle 0. The free length of the spring is 
l=a-b. 
5. %& General spring connected pendulum. 
Determine the potential energy of the pendulum in Figure 12.57, at 
an angle 6, if: 
(a) The free length of the spring is 1 = a — 1.20. 
(b) The free length of the spring is | = a — 0.80. 
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y 


ELLms 


FIGURE 12.56. An elastic and massive cantilever beam with a tip mass m. 


FIGURE 12.57. Spring connected pendulum. 


6. % Spring connected rectilinear oscillator. 
Determine the kinetic and potential energies of the oscillator shown 
in Figure 12.58. The free length of the spring is a. 


(a) Express your answers in terms of the variable angle 0. 

(b) Express your answers in terms of the variable distance «x. 
) 
) 


(c 


(d) Determine the equation of motion for large and small «. 


Determine the equation of motion for large and small 6. 


7. % Cushion mathematical model. 


Figure 12.59 illustrates a mathematical model for cushion suspension. 
Such a model can be used to analyze the driver’s seat, or a rubbery 
pad suspension. 


(a) Derive the equations of motion for the variables x and z and 
using y as a known input function. 


(b) Eliminate z and derive a third-order equation for «. 
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FIGURE 12.58. Spring connected rectilinear oscillator. 


FIGURE 12.59. Mathematical model for cushion suspension. 


8. Forced excitation and spring stiffness. 


A forced excited mass-spring-damper system has 


m = 200kg 
c = 1000Ns/m. 


Determine the stiffness of the spring, k, such that the natural fre- 
quency of the system is one Hz. What would be the amplitude of 
displacement, velocity and acceleration of m if a force F’ is applied 
on the mass m. 

F = 100sin 10¢ 


9. Forced excitation and system parameters. 


A forced excited m-k-c system is under a force f. 
F = 100sin 10¢ 


If the mass m = 200 kg should not have a dimensionless steady-state 
amplitude higher than two when it is excited at the natural frequency, 
determine m, c, k, X, y,, and Fr. 
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10. 


11. 


12. 


13. 


14. 


12. Applied Vibrations 


Base excited system and spring stiffness. 


A base excited m-k-c system has 


m = 200kg 
c 1000 Ns/m. 


Determine the stiffness of the spring, k, such that the steady-state 
amplitude of m is lass than 0.07 m when the base is excited as 


y = 0.05 sin 27t 
at the natural frequency of the system. 


Base excited system and absolute acceleration. 


Assume a base excited m-k-c system is vibrating at the node of its 
absolute acceleration frequency response. If the base is excited ac- 
cording to 

y = 0.05 sin 2rt 


determine w,, X, X. 


Eccentric excitation and transmitted force. 
An engine with mass m = 175 kg and eccentricity mee = 0.4x0.1kgm 
is turning at we = 4000 rpm. 


(a) Determine the steady-state amplitude of its vibration, if there 
are four engine mounts, each with k = 10000N/m and c = 
100 Ns/m. 


(b) Determine the transmitted force to the base. 


% Eccentric base excitation and absolute displacement. 

An eccentric base excited system has m = 3kg, mp) = 175kg, mee = 
0.4 x 0.1 kgm, and w = 4000 rpm. If Z/(ee) = 2 at r = 1, calculate 
X andyY. 

Characteristic values and free vibrations. 


An m-k-c system has 


m = 250kg 
k = 8000N/m 
c = 1000Ns/m. 


Determine the characteristic values of the system and its free vibra- 
tion response, for zero initial conditions. 
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15. % Response to the step input. 


Consider an m-k-c system with 


m = 250kg 
k = 8000N/m 
c = 1000Ns/m. 


Determine the step input parameters, t,, tp, vp, S, and t, for 2% 
window. 
16. Damping ratio determination. 


Consider a vibrating system that after n = 100 times oscillation, the 
peak amplitude drops by 2%. Determine the exact and approximate 
values of €. 

17. The car lateral moment of inertia. 


Consider a car with the following characteristics: 


by 746mm 
bg 740mm 
mass 1245 kg 
ay 1100 mm 
ag 1323 mm 
h 580 mm 
I, 335 kgm 
ly 1095 kg m 


Determine the period of oscillation when the car is on a solid steel 
platform with dimension 2000 mm x 3800mm x 35mm, 


(a) laterally 
(b) longitudinally. 


18. % Optimal vibration absorber. 
Consider a primary system with m1 = 250kg and k = 8000 N/m. 
(a) Determine the best suspension for the secondary system with 
meg = 1kg to act as a vibration absorber. 


(b) Determine the natural frequencies of the two system for the 
optimized vibration absorber. 


(c) Determine the nodal frequencies and amplitudes of the primary 
system. 
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19. ¥% Frequency response. 


Prove the following equations: 


_ Frys 
Sd al ay 
eo ae 
a ew? Me 
eos oem 


13 


Vehicle Vibrations 


Vehicles are multiple-DOF systems as the one that is shown in Figure 13.1. 
The vibration behavior of a vehicle, which is called ride or ride comfort, is 
highly dependent on the natural frequencies and mode shapes of the vehicle. 
In this chapter, we review and examine the applied methods of determining 
the equations of motion, natural frequencies, and mode shapes of different 
models of vehicles. 


. 


& 


( 


‘ 


te 


FIGURE 13.1. A full car vibrating model of a vehicle. 


13.1 Lagrange Method and Dissipation Function 


Lagrange equation, 


d (OK OK 

a (aa) ie Caio (13.1) 
or, 

d (OL OL 

aan) am 7% ae cls ce 


as introduced in Equations (9.243) and (9.298), can both be applied to 
find the equations of motion for a vibrating system. However, for small 
and linear vibrations, we may use a simpler and more practical Lagrange 
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equation such as 


d (0K _OK aD | wv _ 
dt \ 04, Ogr Or Oder 


fii r=1,2,---n (13.3) 


where K is the kinetic energy, V is the potential energy, and D is the 
dissipation function of the system 


ce [m] x 


= 5 tamits (13.4) 


a 5 bi ticity (13.6) 


and f, is the applied force on the mass m,.. 


Proof. Consider a one-DOF mass-spring-damper vibrating system. When 
viscous damping is the only type of damping in the system, we may employ 
a function known as Rayleigh dissipation function 


1 
p= 5c (13.7) 


to find the damping force f, by differentiation. 


OD 
c= -s: 13. 
f=-F (13.8) 
Remembering the elastic force f; can be found from a potential energy 
V 
OV 
Ie=— 95 
then, the generalized force F' can be separated to 
Fo= Te tr cr f 
OD OV 


= Pg oa te (13.9) 
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FIGURE 13.2. A one DOF forced mass-spring-damper system. 


where f is the non-conservative applied force on mass m. Substituting 
(13.9) in (13.1) 


a) dK aD av 


dt \ 0a Ox ——iCKKs—“(isié iL +H ore) 


gives us the Lagrange equation for a viscous damped vibrating system. 


(ae aD wv _, aati 


Wi ge) Oe. Oe on 


When the vibrating system has n DOF, then the kinetic energy K, po- 
tential energy V, and dissipating function D are as (13.4)-(13.6). Applying 
the Lagrange equation to the n-DOF system would result n second-order 
differential equations (13.3). ™ 


Example 472 A one-DOF forced mass-spring-damper system. 

Figure 13.2 illustrates a single DOF mass-spring-damper system with an 
external force f applied on the mass m. The kinetic and potential energies 
of the system, when it is in motion, are 


K = =mz? (13.12) 
Sek (13.13) 
and its dissipation function is 


1 
Rye ae (13.14) 
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FIGURE 13.3. An undamped three-DOF system. 


Substituting (13.12)-(13.14) in Lagrange equation (13.3), generates the fol- 
lowing equation of motion: 


“ (ma) + cé + kx = f, (13.15) 
because 
“ Said (13.16) 
“ _ 9 (13.17) 
a ne (13.18) 
av = ke. (13.19) 


Example 473 An undamped three-DOF system. 
Figure 13.8 illustrates an undamped three-DOF linear vibrating system. 
The kinetic and potential energies of the system are: 


1 Va es 1, 

K = sme} + a maity + xmas (13.20) 
1 1 1 1 

Ve= shri + ake (a1 — ar)" + 5k (xo = r3)" + 5 hae’ (13.21) 


Because there is no damping in the system, we may find the Lagrangean L 
L=K-V (13.22) 
and use Equation (18.2) with Q, = 0 
OL 


aT = ky xy ko (xy x2) (13.23) 

Oxy 

OL 

Dis = ko (v1 az x2) = kg (xo = x3) (13.24) 
v2 

On = kg (xo = x3) = k4x3 (13.25) 


Ox 
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Ox 
OL : 
OL ; 


to find the equations of motion: 


mi%1 + kyr, +ko(a1- 22) = 0 (13.29) 
Ma%2 — ko (v1 — 2) + kg (t2-23) = O (13.30) 
m3r3 — kg (x9 _ x3) t+tkar3 = O (13.31) 


These equations can be rewritten in matrix form for simpler calculation. 


my 0 0 L1 
0 msg 0 LQ 
0 0 m3 £3 
ky + ko —ko 0 Vy 
0 —kg kg + ka x3 


Example 474 An eccentric excited one-DOF system. 

An eccentric excited one-DOF system is shown in Figure 12.31 with mass 
m supported by a suspension made up of a spring k and a damper c. There 
is also a mass Me at a distance e that is rotating with an angular velocity 
w. We may find the equation of motion by applying the Lagrange method. 

The kinetic energy of the system is 


1 1 
K==(m—m)#? + zie (& + ew coswt)? + ime (—ew sin wt)? 
(13.33) 
because the velocity of the main vibrating mass m—™mMe_ is £, and the velocity 
of the eccentric mass me has two components «+ ew coswt and —ew sinwt. 


The potential energy and dissipation function of the system are: 


Nle 


1 
= aha (13.34) 


i 
D = 503". (13.35) 
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Applying the Lagrange equation (18.3), 


Ok : 

—_- S«- = _ -me+mMeew cos wt 

OL 
@ ae = mt— mew’ sinwt 
dt \ 0« = i 

OD . 

dt CO 

OV 

Be = kx 


provides the equation of motion 
mé+cé+ka = m-ew’ sinwt 
that is the same as Equation (12.208). 


Example 475 An eccentric base excited vibrating system. 


(13.36) 
(13.37) 


(13.38) 


(13.39) 


(13.40) 


Figure 12.85 illustrates a one DOF eccentric base excited vibrating sys- 
tem. A mass m is mounted on an eccentric excited base by a spring k and 
a damper c. The base has a mass my with an attached unbalance mass Me 
at a distance e. The mass me is rotating with an angular velocity w. 

We may derive the equation of motion of the system by applying Lagrange 


method. The required functions are: 


te ie al 4 
K = aint +5 (ms Me) ¥ 
1 
+5Me (4 — ew cos wt)” + zie (ew sin wt)? 
1 
V= 5h(e—y) 
D = 1 (¢—4) 
= 5c(@-9)- 
Applying the Lagrange method (13.3), provides the equations 
méi+c(z—-y)+k(ex-y) = 0 
moi + meew" sinwt —c(4-—y)—k(a@—y) = 0 
because 
Ok | 
cs 
d (OK ee 
meets fia cia) ee 
dt \ 0a 
D 
a = e(é-9) 
OV 
v= k(e—y) 


(13.41) 
(13.42) 


(13.43) 


(13.44) 
(13.45) 


(13.46) 
(13.47) 
(13.48) 


(13.49) 
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FIGURE 13.4. A uniform disc, rolling in a circular path. 


OK 


— = My — Meew coswt (13.50) 
Oy 

d (OK “. : 

it (=) = meyt mew” sin wt (13.51) 
ae (13.52) 
Oy 
capone ee (13.53) 
Oy 


Using z = x—y, we may combine Equations (13.44) and (18.45) to find 
the equation of relative motion 


ee ees the = ew? sinwt (13.54) 
mp +m mp +m 
that is equal to 
24 2%wnztw%z = cew*sinwt (13.55) 
eee ee (13.56) 
™Mb 


Example 476 * A rolling disc in a circular path. 

Figure 18.4 illustrates a uniform disc with mass m and radius r. The 
disc is rolling without slip in a circular path with radius R. The disc may 
have a free oscillation around 6 = 0. 

When the oscillation is very small, we may substitute the oscillating disc 
with an equivalent mass-spring system. To find the equation of motion, we 
employ the Lagrange method. The energies of the system are 


1 1 
k= sme + slow 
a Tel le UN phy gs 
= 5m(R-r)'O + = (Sr ) ( 6) (13.57) 
V = —mg(R-—1) cos. (13.58) 


When there is no slip, there is a constraint between 60 and y 


RO=re (13.59) 
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FIGURE 13.5. A double pendulum. 


which can be used to eliminate yp from K. 


Based on the following partial derivatives: 


d (AL\ _ 3 
OL : 
OT mg(R—r) sind 


we find the equation of motion for the oscillating disc. 


(R—r)60+gsin9d =0 


No] w 


(13.60) 


(13.61) 


(13.62) 


(13.63) 


When 0 is very small, this equation is equivalent to a mass-spring system 


with Meq = 3(R—1r) and keq = 2g. 


Example 477 * A double pendulum. 


Figure 13.5 illustrates a double pendulum made by a series of two pen- 
dulums. There are two massless rods with lengths |, and lg, and two point 
masses m1 and mz. The variables 0, and 02 can be used as the generalized 
coordinates to express the system configuration. To calculate the Lagrangean 
of the system and find the equations of motion, we start by defining the 


global position of the masses. 
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Ly ly sin O41 (13.64) 
yi = —l, cos, (13.65) 
tw = sinO, +lesin A>. (13.66) 
y2 = —Il,cos6, — lp cos 2 (13.67) 
Time derivatives of the coordinates are 
é, = 10, cos6, (13.68) 
y = 1,6,sin6, (13.69) 
2 = 1161 cos 0; + lo6o cos 04 (13.70) 
Yo Lié, sin 0 + bebo sin 05 (13.71) 
and therefore, the squares of the masses’ velocities are 
y= eto 
= (6! (13.72) 
= #+% 
= 1265 +1265 + 21108100 cos (6, — 02). (13.73) 
The kinetic energy of the pendulum is then equal to 
1 1 
K = smi + Ee 
1 2 +2 1 2 2 2 “2 els 
= smilidy + 5m (i 8. + 1265 + 2120100 cos (01 — 02)) _ (13.74) 


The potential energy of the pendulum is equal to sum of the potentials of 
each mass. 


Vio = migyi + magye 

= —mygl, cos, — mag (li cos 61 + 2 cos 82) (13.75) 

The kinetic and potential energies make the following Lagrangean: 

L = K-V 
1 2 +2 1 2 +2 2 +2 ees 

= gmat 0; + gi" G 0, + I5 05 + 214120109 COs (01 = 02)) 
+mygl, cos 6, + mag (1, cos 0, + lz cos @2) (13.76) 
Employing Lagrange method (13.2) we find the following equations of mo- 


tion: 


d (OL OL ; 4 
er (=) _ 30, = (my, + m2) i? 0; + Mogll249 COs (01 — 62) 
1 


~malylo05 sin (A, = 02) + (m4 + mz) lig sin 0, 
= 0 (13.77) 


836 13. Vehicle Vibrations 


y 


\ : 
\ 
Fe a 


FIGURE 13.6. A chain pendulum. 


dt 002 002 


4malile6; sin (O1 = 02) + mMegleg sin Oo 


= 0 


Example 478 * Chain pendulum. 


d (=) ge = mol? 65 + molylo61 cos (01 — 02) 


(13.78) 


Consider an n-chain-pendulum as shown in Figure 18.6. Fach pendulum 
has a massless length |; with a concentrated point mass m;, and a general- 


ized angular coordinate 0; measured from the vertical direction. 


The x; and y; components of the mass m; are 


a 
i ) lL; sin 0; 
j=l 


i 
Y= -Sol cos 6;. 
j=l 


We find their time derivatives 
4 . 
Li = a 1,0; cos 0; 
j=l 


Yi = > 546; sin 0; 
j=l 


(13.79) 


(13.80) 


(13.81) 


(13.82) 
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and the square of x; and Y; 


i = SoG cos 0; (>: nO x costs) 
=a k=1 


n 


SG 1.0 50% cos 6; cos 6, (13.83) 
j=1 k=1 


&. 


= 1,0; sin 0; (>: 1,0, sin o) 
g=l k=1 
= 1 1,00 sin 0; sin 0; (13.84) 


j=1k=1 


w 


to calculate the velocity v; of the mass m,. 


2 _ 72) 22 
Ui = Ty; 


a 


= Ds S> 11.0; (cos 6; cos 0; + sin 8; sin 6x) 


j=l k=1 

= S218 9x cos (8; — Ox) 
j=l k=1 

= S726-+237 S72 4)l8;0xc08(0; — Ox) (13.88) 
r=1 j=l k=j+1 


Now, we may calculate the kinetic energy, K, of the chain. 


= som : (sone +25> 1146 ;0% cos (8; — x.) 


‘= j=l k=jt+l1 


= sym SS miljli8;0x cos (0; — 9%) (13.86) 


i=1 g=1 k=j4+1 


The potential energy of the ith pendulum is related to m; 
Vi = migyi 


(13.87) 


II 
| 
& 
Ss 
le} 
eo) 
a 
pS 
S 
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and therefore, the potential energy of the chain is 
n 
Vi= dimign 
i=1 


ya cos 6; (13.88) 


i=1 j=l 


To find the equations of motion for the chain, we may use the Lagrangean 


L 


L=kKk-V (13.89) 
and apply the Lagrange equation 
d (OL OL 
— - = =1,2,--- 13.90 
G (Se) —gen8 se bdeven (13.90) 


or 


=0 s=1,2,--n. (13.91) 


d (0K OK i OV 
dt \ 0s Ods O4s 


13.2 ¥ Quadratures 


If [m] is an n x n square matrix and x is an n x 1 vector, then S is a scalar 
function called quadrature and is defined by 


S =x" [m]x. (13.92) 
The derivative of the quadrature $ with respect to the vector x is 
Os 
== (ra = [m") x. (13.93) 


Kinetic energy K, potential energy V, and dissipation function D, are 
quadratures 


K = SXT [mm] (13.94) 
= 5x7 [kx (13.95) 
De 2s ax [ds (13.96) 
and therefore, 
~ = 5 (len) + (mJ) (13.97) 
av = 5 (Ih + (al") x (13.98) 
a = 5 (il +d") & (13.99) 
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Employing quadrature derivatives and the Lagrange method, 


dok OK OD OV 
dont Ox t ot ox ey 


the equation of motion for a linear n degree-of-freedom vibrating system 
becomes 
[mJ ¥ + [qx + [k]x = F (13.101) 


where, [mJ], [c], [&] are symmetric matrices. 


[m] = 5 ((rnl + bl”) (13.102) 
[J = 5 (Id + 1a”) (13.103) 
[kK] = 5 ((# + I") (13.104) 


Quadratures are also called Hermitian form. 


Proof. Let’s define a general asymmetric quadrature as 
S = x [aly 


= Sy wiauy- (13.105) 
J 


i 
If the quadrature is symmetric, then x = y and 
So =. eal 


j 


a 


The vectors x and y may be functions of n generalized coordinates q; and 
time ft. 


x = x (G1, 92," re »Qn>t) (13.107) 

Y = y(%,49,°"+ .d,t) (13.108) 
T 

q=[% » - @ | (13.109) 


The derivative of x with respect to q is a square matrix 


Om Oq Og 
pq OB OR ee 
Ox, OL, 
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that can also be expressed by 


or 


Ox 


ae 


0x1 


| 


oq 


(13.111) 


eee 
0q 


OL, 


=— 13.112 
sa (13.112) 


F 


Now a derivative of S with respect to an element of gz is 


as 
Oqk 


(13.113) 


and hence, the derivative of S with respect to q is 


Os 


= 
aq aq 


Oy 


y+—[a]’ x. 
oq 


(13.114) 


If S is a symmetric quadrature then, 


Os’ 
Oq 


2 (x" [a] x) 


Ox 
se lalx + 5 fl 


Oq 


Ox T 


x. (13.115) 


and if q = x, then the derivative of a symmetric S with respect to x is 


Os 
Ox 


fe) 
Ox 
Ox 
Ox 


(x" [a] x) 


(13.116) 
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If [a] is a symmetric matrix, then 


[a] + [a] = 2 [a] (13.117) 
however, if [a] is not a symmetric matrix, then [a] = [a]+[a]” is a symmetric 
matrix because 

Big = Gig T O54 
= asi 1 Qig 
= ay; (13.118) 
and therefore, 
[a] = [a]”. (13.119) 


Kinetic energy K, potential energy V, and dissipation function D can 
be expressed by quadratures. 


K = Si? [mx (13.120) 
a 5x7 [kx (13.121) 
Ds 5X [ex (13.122) 


Substituting kK, V, and D in the Lagrange equation provides the equations 
of motion: 


doK OK OD OV 


Pa ae Oe Oe Oe Oe 

= FSR RF lm]x) + 55 (Rd) + SS (RT A) 

= 5/5 ( (oma + tm) x) + ((a + 0a”) + (CH + 181”) x 

= 5 (lon) + mJ”) 845 (lel + lel”) s+ ([h] + (AI") x 

= [m)X+ [qx + [k] (13.123) 

where 

[m] = 5 ((rn] + bm") (13.124) 
[ce] = 5 ((h + I”) (13.125) 
[k] = 5 (Id+ ld"). (13.126) 


From now on, we assume that every equation of motion is found from the 
Lagrange method to have symmetric coefficient matrices. Hence, we show 
the equations of motion as, 


[m] & + []& + [k]x =F (13.127) 
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Driver 


Seat 


Body 


Suspension 


Wheel 


Tire 


Road 


FIGURE 13.7. A quarter car model with driver. 


and use [ml, [c], [k] as a substitute for [ml], [c], [k] 


[m] = [mJ (13.128) 
Ic] = {d (13.129) 
[kK] = [k). (13.130) 


Example 479 *% A quarter car model with driver’s chair. 

Figure 18.7 illustrates a quarter car model plus a driver, which is modeled 
by a mass mq over a linear cushion above the sprung mass mg. 

Assuming 


y=0 (13.131) 


we can find the free vibration equations of motion by the Lagrange method 
and quadrature derivative. 
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The kinetic energy K of the system can be expressed by 


1 a) oe) 1 +2 
ZMyXy, + ZMsl, + =MaxXG 


6 D) 5) 
1 My,  O 0 Ly 
— 5 | tu Ls ta | 0 Mes 0 Ls 
0 0 Md La 
1 
= 5x [mx (13.132) 


1 1 
V= aku (xy)° + aks (as Lu) + ~ka (Xa — Xs) 
l ku + ks —ks 0 Lay 
_ 5 Li. Us Le | —ksz kg +ka —ka Ls 
0 —ka ka Xd 
= ax [k] x. (13.133) 


1 : 2 1 : A 2 1 . 2 2 
D= = U u avs s— tu 5. ws 
5K (fu) + 5k (fs — Ly) + pha (ea Ls) 
Cu ts —Cs 0 Ly 
Lies : : : 
= al Diy oe 0H | —Cs Cg + Ca Ca Ls 
0 =Ed Cd Ld 
a 
= aX [c] x. (13.134) 


Employing the quadrature derivative method, we may find derivatives of K, 
V, and D with respect to their variable vectors as follow: 


OK 
Ox 


ms 0 és (13.135) 
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OV 1 
ae = (+I?) x 
1 we | 
= 5(i+I") | 
La 
ky + Ks —k, 0 Ly, 
= —ksz kz +ka —ka Ls (13.136) 
0 —kqa ka vd 
OD 1 7 
me = z(d+la")s 
1 r\ | 7 
= 5(Id+ld")| @. 
La 
Cuts  —Cs 0 Ly 
= —Cs  CgtCa —Ca ts (13.137) 
0 —Cq Cd La 


Therefore, we find the system’s free vibration equations of motion. 


[m] ¥ + [ce] x + [k] x = 0 (13.138) 
M, O 0 Ly Cu + Cs —Cs 0 La 
0 ms, O fs | + —Cy Cs +Cqg —Cq hie 
0 0 Mad Ld 0 —Cq Cd Xd 
kyu + ks —ks 0 Di 
+ —ks kg tka —ka ts | =O (13.139) 
0 —kaq ka Xd 


Example 480 * Different [ml], [c], and [k] arrangements. 

Mass, damping, and stiffness matrices [m], |c], [k] for a vibrating system 
may be arranged in different forms with the same overall kinetic energy 
K, potential energy V, and dissipation function D. As an example, the 
potential energy V for the quarter car model that is shown in Figure 18.7 
may be expressed by different |k]. 


1 1 i 
V = oka (ay)? + ake (te — tu) + 5 ha (a - ts)” (13.140) 


V==x? | -k, ketka —ka |x (13.141) 
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ku tk, —2k, 0 


a nad 0 ke+ka —2ka | x (13.142) 
0 0 ka 
ky + ks 0 0 

a a —2k, kstka 0 |x (13.143) 
0 —2ka ka 


The matrices |m], [c], and [k], in K, D, and V, may not be symmet- 
ric however, the matrices [m], [c], and [k] in OK/O0x, OD/Ox, OV/Ox are 
symmetric. 

When a matria [a] is diagonal, it is symmetric and 


[a] = [a]. (13.144) 


A diagonal matrix cannot be written in different forms. The matrix [m] in 
Example 479 is diagonal and hence, K has only one form (13.182). 


Example 481 * Positive definite matriz. 

A matriz [a] is called positive definite if x? [a]x > 0 for allx £40. A 
matrix [a] is called positive semidefinite if x7 [a] x > 0 for all x. Kinetic 
energy is positive definite and it means we cannot have K = 0 unless x = 0. 
Potential energy is positive semidefinite and it means we have V > 0 as 
long as x > 0, however, it is possible to have a especial x9 > 0 at which 
V=0. 


13.3 Natural Frequencies and Mode Shapes 


Unforced and undamped vibrations of a system is a basic response of the 
system which expresses its natural behavior. We call a system with no 
damping and no external excitation, a free system. A free system is governed 
by the following set of differential equations. 


[m] & + [k] x = 0 (13.145) 


The response of the free system is harmonic 


a Sou; (A; sinw,t + B; cos w;t) 4=1,2,3,---n 
i=1 
= So Cujsinwit-y;)  1=1,2,3,---n (13.146) 
i=1 


where, w; are the natural frequencies and u; are the mode shapes of the 
system. 
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The natural frequencies w; are solutions of the characteristic equation of 
the system 
det [[k] — w? [m]] = 0 (13.147) 


and the mode shapes u,;, corresponding to w,, are solutions of the following 
equation. 
[[k] — w? [m]] u; = 0 (13.148) 


The unknown coefficients A; and B;, or C; and y;, must be determined 
from the initial conditions. 


Proof. By eliminating the force and damping terms from the general equa- 
tions of motion 
[m] &+ [c] x + [k]x =F (13.149) 


we find the equations for free systems. 
[m] X + [k]x =0 (13.150) 
Let’s search for a possible solution of the following form 


x = ud(t) (13.151) 
X= UW (t) 4=1,2,3,---n. (13.152) 


This solution implies that the amplitude ratio of two coordinates during 
motion does not depend on time. Substituting (13.151) in Equation (13.150) 


[m] ug(t) + [k] ug(t) =0 (13.153) 


and separating the time dependent terms, ends up with the following equa- 
tion. 


qt) _ isin 
“ay ee ere 
dja ity 
= SS ey a cai (13.154) 


Because the right hand side of this equation is time independent and the 
left hand side is independent of the index i, both sides must be equal to 
a constant. Let’s assume the constant be a positive number w?. Hence, 
Equation (13.154) can be separated into two equations 


q(t) + wq(t) = 0 (13.155) 

and 
[[] — w? [mJ] u =0 (13.156) 
- (kij = w*mi;) Uj = 0 = 1, 2,3, oN. (13.157) 


fat 
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The solution of (13.155) is 


q(t) sin wt + cos wt 


= sin (wt — y) (13.158) 


which shows that all the coordinates of the system, x;, have harmonic mo- 
tion with identical frequency w and identical phase angle y. The frequency 
w can be determined from Equation (13.156) which is a set of homogeneous 
equations for the unknown u. 

The set of equations (13.156) has a solution u = 0, which is the rest 
position of the system and shows no motion. This solution is called trivial 
solution and is unimportant. To have a nontrivial solution, the determinant 
of the coefficient matrix must be zero. 


det | [k] — w? [m]] =0 (13.159) 


Determining the constant w, such that the set of equations (13.156) provide 
a nontrivial solution, is called eigenvalue problem. Expanding the determi- 
nant (13.159) provides an algebraic equation that is called the characteristic 
equation. The characteristic equation is an nth order equation in w?, and 
provides n natural frequencies w;. The natural frequencies w; can be set in 
the following order. 

Wy Swe <w3 <-++<w, (13.160) 


Having n values for w indicates that the solution (13.158) is possible with 
n different frequencies w;, i = 1,2,3,---n. 


We may multiply the Equation (13.150) by [m]~" 


¥ + [m]~* [k]x =0 (13.161) 
and find the the characteristic equation (13.159) as 
det [[A] — AI] = 0 (13.162) 
where 
[A] = [m]7* [A]. (13.163) 


So, determination of the natural frequencies w; would be equivalent to 
determining the eigenvalues A; of the matrix [A] = [m]~* [A]. 


wee (13.164) 


Determining the vectors u; to satisfy Equation (13.156) is called the 
eigenvector problem. To determine u;, we may solve Equation (13.156) for 
every W; 

[A] — we [m]] u; = 0 (13.165) 


and find n different u,;. In vibrations and vehicle dynamics, the eigenvector 
u,; corresponding to the eigenvalue w; is called the mode shape. 
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Alternatively, we may find the eigenvectors of matrix [A] = [m]7* [k] 
[[A] — A,I] u; = 0 (13.166) 


instead of finding the mode shapes from ((13.165)). 

Equations (13.165) are homogeneous so, if u; is a solution, then au, is also 
a solution. Hence, the eigenvectors are not unique and may be expressed 
with any length. However, the ratio of any two elements of an eigenvector 
is unique and therefore, u; has a unique shape. If one of the elements of 
u, is assigned, the remaining n — 1 elements are uniquely determined. The 
shape of an eigenvector indicates the relative amplitudes of the coordinates 
of the system in vibration. 

Because the length of an eigenvector is not uniquely defined, there are 
many options to express u;. The most common expressions are: 


1— normalization, 
2— normal form, 
3— high-unit, 

4— first-unit, 

5— last-unit. 


In the normalization expression, we may adjust the length of u; such 
that 


 [m] ua; = 1 (13.167) 


or 
u; [kJ u; = 1 (13.168) 

and call u; a normal mode with respect to [m] or [k] respectively. 

In the normal form expression, we adjust u; such that its length has a 
unity value. 

In the high-unit expression, we adjust the length of u; such that the 
largest element has a unity value. 

In the first-unit expression, we adjust the length of u; such that the first 
element has a unity value. 

In the last-unit expression, we adjust the length of u; such that the last 
element has a unity value. 


Example 482 Figenvalues and eigenvectors of a 2 x 2 matriz. 


Consider a 2 x 2 matrix is given as 


[A] = | : : , (13.169) 


To find the eigenvalues A; of |A], we find the characteristic equation of the 
matrix by subtracting an unknown » from the main diagonal, and taking 
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the determinant. 


det [A] — AT] = aet|| ee | -a| a | 
= det | : 3 ‘ 6 ¢ | 
= \?—11421 (13.170) 
The solution of the characteristic equation (18.170) are 
MA = 8.5414 (13.171) 
do = 2.4586. (13.172) 


To find the corresponding eigenvectors u, and ug we solve the following 
equations. 


[4] —AiT]u = 0 (13.173) 
[LA] —AaI]u, = 0 (13.174) 
Let’s denote the eigenvectors by 
w= [2] — 
U12 
uu = Bea (13.176) 
U22 
therefore, 
= 5 3 = 1 0 a 
as = (ES 2am STC 
= 3ui2 — 3.541401, | 
7 bee ae =o (13.177) 
= x2 1 0 U21 
ste = (ame TE 
_ [ 2.5414u91 + 3u22 ] _ 
- iis = 0. (13.178) 
Assigning last-unit eigenvectors 
mae (13.179) 
ct (13.180) 
provides 
—1.1805 
a 1.0 (13.181) 


uw = | ae ' (13.182) 
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Example 483 * Unique ratio of the eigenvectors’ elements. 
To show an example that the ratio of the elements of eigenvectors is 
unique, we examine the eigenvectors uy and ug in Example 482. 


= 3u42 — 3.9414u41 

an | 3u11 — 2.5414uy2 | (13.183) 
= 2.5414u91 + 3u22 

a | 3ug1 + 3.5414u22 | (13.184) 


The ratio uy,/ui2 may be found from the first row of uy in (13.188) 


U11 


a = 0.84712 13.185 
Uj12 3.5414 ( ) 
or from the second row 
2.5414 
ui _ 2.5414 _ 0.84713 (13.186) 
U12 


to examine their equality. 
The ratio u21/u22 may also be found from the first or second row of U2 
in (18.184) to check their equality. 


u24 3 3.5414 


i OSL” 3 


= —1.1805 (13.187) 


Example 484 * Characteristics of free systems. 

Free systems have two characteristics: 1—natural frequencies, and 2—mode 
shapes. Ann DOF vibrating system will have n natural frequencies w; and 
n mode shapes u;. The natural frequencies w; are cores for the system’s 
resonance zones, and the eigenvectors u; show the relative vibration of dif- 
ferent coordinates of the system at the resonance w;. The highest element 
of each mode shape u;, indicates the coordinate or the component of the 
system which is most willing to vibrate at w;. 


Example 485 Importance of free systems. 

The response of free systems is the core for all other responses of the 
vibrating system. When there is damping, then the response of the system 
is bounded by the free undamped solution. When there is a forcing function, 
the natural frequencies of the free response indicate the resonance zones at 
which the amplitude of the response may go to infinity if an excitation 
frequency of the force function matches. 


Example 486 % Sign of the separation constant w°. 

Both, left and right sides of Equation (18.154) must be equal to a con- 
stant. The sign of the constant is dictated by physical considerations. A free 
and undamped vibrating system is conservative and as a constant mechan- 
ical energy, so the amplitude of vibration must remain finite when t — oo. 
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FIGURE 13.8. A quarter car model. 


If the constant is positive, then the response is harmonic with a constant 
amplitude, however, if the constant is negative, the response is hyperbolic 
with an exponentially increasing amplitude. 


Example 487 ¥% Quarter car natural frequencies and mode shapes. 

Figure 18.8 illustrates a quarter car model which is made of two solid 
masses m, and m, denoted as sprung and unsprung masses, respectively. 
The sprung mass m, represents 1/4 of the body of the vehicle, and the 
unsprung mass My, represents one wheel of the vehicle. A spring of stiffness 
ks;, and a shock absorber with viscous damping coefficient cs support the 
sprung mass. The unsprung mass my, is in direct contact with the ground 
through a spring k,, and a damper c, representing the tire stiffness and 
damping. 

The governing differential equations of motion for the quarter car model 
are 


Ms, = —ks (ts — tu) — Cs (fs — Su) (13.188) 
Mutu = ks (@s — Lu) + Cs (Ls — Lu) 
ku (fu — Y) — Cu (Lu — Y) (13.189) 
which can be expressed in a matrix form 
[M]x+ [c]x+ [k]x =F (13.190) 
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To find the natural frequencies and mode shapes of the quarter car model, 
we have to drop the damping and forcing terms and analyze the following 
set of equations. 


ae : es Kis wks Us = 
Pellet ctal[z]-* oom 


Consider a vehicle with the following characteristics. 


ms, = 375kg 
M, = T5kg 
ky = 193000N/m 
k, = 35000N/m. (13.193) 


The equations of motion for this vehicle are 


375 0 #. |, [ 35000 — —35000 eer 
0 75 || ey —35000 2.28x 10° || a, | 
(13.194) 


The natural frequencies of the vehicle can be found by solving its charac- 
teristic equation. 


det [[k] —w2[m]] = det | 35000 —35000 j-# | 3? | 


—35000 2.28 x 10° O 75 


aa 35 000 — 375w —35 000 
—35 000 2.28 x 10° — 75w? 


= 28125w* — 8.8125 x 10’w? + 6.755 x 109 = (13.195) 


w, = 8.867lrad/s 
1.41 Hz (13.196) 
wa = 55.269rad/s 

~ 8.79Hz (13.197) 


2 


To a“ the ate mode shapes, we use Equation (13.165). 
— wi [m]] uw 
35000 —35000 S 375 «(0 U11 
—35000 2.28 x 105 | 3054.7 | 0 75 | | ui 
—1.1105 x 10°44 _— 35000u42 = 
—35000u11 — 1102.52 ~ 


(13.198) 


—35000 2.28 x 10° 


5515.6u21 — 35000u22 _ 
2.221 x 10° u29 = 35000u21 = 


35000 —35000 _ 78 625 375 0 u21 
0 75 U22 


| 
| 
[5] — 0 bl] wo 
| 
| 
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FIGURE 13.9. A bicycle vibrating model of a vehicle. 


Searching for the first-unit expression of u, and ug provides the following 
mode shapes. 


1 
a | —3.1729 x 1073 | ee) 
1 
Me sree vey) 


Therefore, the free vibrations of the quarter car is 


x = Sou (Aisinwit+ Bycoswit)  %=1,2 (13.202) 
i=1 
| i | = | a ion as | (A; sin 8.8671t + By cos 8.8671t) 


1 : 
* | 0.15758 | (Az sin 55.269t¢ + Bo cos 55.269¢) (13.203) 


13.4 Bicycle Car and Body Pitch Mode 


Quarter car model is excellent to examine and optimize the body bounce 
mode of vibrations. However, we may expand the vibrating model of a 
vehicle to include pitch and other modes of vibrations as well. Figure 13.9 
illustrates a bicycle vibrating model of a vehicle. This model includes the 
body bounce x, body pitch 6, wheels hop x, and x2 and independent road 
excitations y; and y2. 

The equations of motion for the bicycle vibrating model of a vehicle are 
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as follow. 
mz + C1 (é = £41 = aid) + C2 (é = £2 +r a20) 
+k, (@ — 21 — 410) + kg (x@-—2@24+ 426) = 0 (13.204) 
1.0 —ajicy (é —%1- a,6) + a2C2 (é — + a20) 


—ay,ky (x —@4- a0) + agke (a —Xo+ a2) = 0 (13.205) 
myX4 —C, (é = Ly — ai) baits Ke, (11 = y1) 
—ki(a@—21—-a,0) = 0 (13.206) 
MX — C2 (é = LQ + a20) Te kts (xo = y2) 
—kp (a —Xo+ a2) = 0 (13.207) 


As a reminder, the definition of the employed parameters are indicated 
in Table 13.1. 


Table 13.1 - Parameters of a bicycle vibrating vehicle. 


Parameter Meaning 
m half of body mass 
m4 mass of a front wheel 
meg mass of a rear wheel 
x body vertical motion coordinate 
Ly front wheel vertical motion coordinate 
L2 rear wheel vertical motion coordinate 
0 body pitch motion coordinate 
YI road excitation at the front wheel 
yo road excitation at the rear wheel 
ly half of body lateral mass moment of inertia 
ay distance of C from front axle 
ag distance of C’ from rear axle 


Proof. Figure 13.10 shows a better vibrating model of the system. The 
body of the vehicle is assumed to be a rigid bar. This bar has a mass m, 
which is half of the total body mass, and a lateral mass moment of inertia 
I,, which is half of the total body mass moment of inertia. The front and 
real wheels have a mass m, and mg respectively. The tires stiffness are 
indicated by different parameters k;, and k;,. It is because the rear tires 
are usually stiffer than the fronts, although in a simpler model we may 
assume ky, = k;,. Damping of tires are much smaller than the damping of 
shock absorbers so, we may ignore the tire damping for simpler calculation. 


To find the equations of motion for the bicycle vibrating model, we use 


13. Vehicle Vibrations 855 


FIGURE 13.10. Bicycle model for a vehicle vibrations. 


the Lagrange method. The kinetic and potential energies of the system are 


lee ds Te ipa 

KkKo= ai + gmty + a maity + iz? (13.208) 
1 1 

Vos oka (a1 ya) + 5 Mts (x2 yo)” 


iL 1 
thi (a = = a0)" + ge (a —Xo+ a20) (13.209) 
and the dissipation function is 
1 eS \2 1 sae ; 
D= ria. (« —4£1- a0) + 5° (« —fo+ a20) . (13.210) 
Applying Lagrange method 


d (OK OK 26 OD f. OV 
0Gr 04r 04, OGr 


=f, r=1,2,---4 (13.211) 


provides the following equations of motion (13.204)-(13.207). These set of 
equations may be rearranged in a matrix form 


[m] ¥ + [c]& + [k]x =F (13.212) 
where, 
aH (13.213) 
m 0 0 0 
O? Fe Os 40 
m=! 9 0 m oO (13.214) 
0 0 0 m 
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Cy + C2 a2C2 — a,Cy, —Cy, —C2 
(d] = agcC2g — a,c, ca? + ca ajCy —agC2 (13 215) 
—Cy1 atc, C1 0 : 
—C2 ac 0 C2 
ky + ko agke a ayky —k, —ko 
agk, = ayky kia? + koas ayky —agke 
k] = 13.216 
| —ky ayky ky + ke, 0 ( ) 
—ko —agke 0 ko + kts 
0 
Fe|.° (13.217) 
yike, 
yok, 
| 


Example 488 Natural frequencies and mode shapes of a bicycle car model. 


Consider a vehicle with a heavy solid axle in the rear and independent 
suspensions in front. the vehicle has the following characteristics. 


840 
ee 
m 5 1a 
152 
mg = ere: 
I, = 1100kgm? (13.218) 
ay = 14m 
az 1.47m (13.219) 
= 10000N/m 
= 13000N/m 
= ki, =200000N/m (13.220) 


The natural frequencies of this vehicle can be found by using the undamped 
and free vibration equations of motion. The characteristic equation of the 


system is 


det [[k] — w? [m]] 


8609 x 10°w® — 1.2747 x 108w® 


+2.1708 x 10'%w* — 1.676 x 10'8w? + 2.9848 x 1019 


(13.221) 
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because 
20 0 0 0 
0 1100 0 0 
m=] 9 9 59 9 (13.222) 
0 0 0 
23000 5110  —10000  —13000 
5110 47692 14000 19110 
=| 10000 14000 2.1 x 10° 0 (13.223) 
13000 —19110 0 2.13 x 10° 


To find the natural frequencies we may solve the characteristic equation 
(13.221) or search for eigenvalues of [A] = [m]~* [k]. 


-1 
[A] = [mm] [AI 
54.762 12.167 —23.810 —30.952 
4.6455 43.356 12.727 —17.373 
- —188.68 264.15 3962.3 0 Ga) 
—171.05 —251.45 0 2802.6 
The eigenvalues of [A] are 
Ay = 37.657 
Ag = 54.943 
A3 = 2806.1 
Aa = 3964.3 (13.225) 
therefore, the natural frequencies of the bicycle car model are 
wy = VA1 = 6.1365 rad/s % 0.97665 Hz 
we = VrAg=7.4124rad/s = 1.1797 Hz 
w3 = VA3 = 52.973 rad/s & 8.4309 Hz 
ws = Vda = 62.963rad/s © 10.021 Hz. (13.226) 
The normal form of the mode shapes of the system are 
0.61258 
—0.7854 
uL= | 8.9312 x 10-2 (220) 
—3.353 x 107? 
0.95459 
0.28415 
m2 | 2.6886 x 1072 eee) 


0.08543 
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1.1273 x 10~? 

6.3085 x 1073 

3.9841 x 10-4 
—0.99992 


6.0815 x 1073 
—3.2378 x 1073 
—0.99998 
—1.9464 x 10-4 


The biggest element of the fourth mode shape uy belongs to x1. It shows 
that in the fourth mode of vibrations at w4 * 10.021 Hz the front wheel will 
have the largest amplitude, while the amplitude of the other components are 


—3.2378 x 1073 


(13.229) 


Ww = (13.230) 


UA2 =3 
Se }= X) = 3.2379 x 1073X 13.231 
oeekin —0.99998 - : ( ) 

us 6.0815 x 10-3 pa 
ee X) = —6.0816 x 10-3X 13.232 
his —0.99998 ~*t . : ( ) 

UWA4 —3.2378 x 1073 3 
Se X) = 3.2379 x 1073X). 13.233 
edie —0.99998 ‘ : ( ) 


Example 489 Comparison of the mode shapes of a bicycle car model. 

In Example 488, the biggest element of the first mode shape uy, belongs 
to 0, the biggest element of the second mode shape ug belongs to x, and 
the biggest element of the first mode shape uz belongs to x2. Similar to 
the fourth mode shape u4, we can find the relative amplitude of different 
coordinates at each mode. Consider a car starts to move on a bumpy road at 
a very small acceleration. By increasing the speed, the first resonance occurs 
at wy & 0.97665 Hz, at which the pitch vibration is the most observable 
vibration. The second resonance occurs at Ww & 1.1797 Hz when the bounce 
vibration of the body is the most observable vibration. The third and fourth 
resonances at w3 & 8.4309 Hz and wa & 10.021 Hz are related to rear and 
front wheels respectively. 

When the excitation frequency of a multiple DOF system increases, we 
will see that observable vibration moves from a coordinate to the others in 
the order of natural frequencies and associated mode shapes. When the ex- 
citation frequency is exactly at a natural frequency, the relative amplitudes 
of vibration are exactly similar to the associated mode shape. If the excita- 
tion frequency is not on a natural frequency, then vibration of the system 
is a combination of all modes of vibration. However, the weight factor of 
the closer modes are higher. 


13.5 Half Car and Body Roll Mode 


To examine and optimize the roll vibration of a vehicle we may use a half 
car vibrating model. Figure 13.11 illustrates a half car model of a vehicle. 


13. Vehicle Vibrations 859 


FIGURE 13.11. A half car vibrating model of a vehicle. 


This model includes the body bounce z, body roll y, wheels hop x; and x 
and independent road excitations y; and yo. 

The equations of motion for the half car vibrating model of a vehicle are 
as follow. 


mé + c(& — 4&1 + bip) + c(& — £2 — bay) 


+k(a@—2, +69) +k(a@—-a22-boy) = 0 (13.234) 
In@ + bye (& — &1 + bp) — bee (& — dey — ba) 
+bk (a — 21 +b1y) — bok (a —a22-boy)+krep = 0 (13.235) 
mya — c(&@ — & + bp) + ki (a1 — yr) 
-k(a2-a1+biy) = 0 (13.236) 
Mat — c(& — Lo — bap) + ky (x2 — ya) 
—k(x—22—boy) = 0 (13.237) 


The half car model may be different for the front half and rear half due to 
different suspensions and mass distribution. Furthermore, different antiroll 
bars with different torsional stiffness may be used in the front and rear 
halves. 

Proof. Figure 13.12 shows a better vibrating model of the system. The 
body of the vehicle is assumed to be a rigid bar. This bar has a mass m, 
which is the front or rear half of the total body mass, and a longitudinal 
mass moment of inertia J,, which is half of the total body mass moment 
of inertia. The left and right wheels have a mass m, and mz respectively, 
although they are usually equal. The tires stiffness are indicated by ky. 
Damping of tires are much smaller than the damping of shock absorbers 
so, we may ignore the tire damping for simpler calculation. The suspension 
of the car has stiffness k and damping c for the left and right wheels. It 
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FIGURE 13.12. Half car model for a vehicle vibrations. 


is common to make the suspension of the left and right wheels mirror. 
So, their stiffness and damping are equal. However, the half car model has 
different k, c, and k; for front or rear. 

The vehicle may also have an antiroll bar with a torsional stiffness kr in 
front and or rear. Using a simple model, the antiroll bar provides a torque 
Mr proportional to the roll angle vy. 


Mr=-—kre (13.238) 
However, a better model of the antiroll bar effect is 
Ma =hp (v ss ad) ; (13.239) 


To find the equations of motion for the half car vibrating model, we use 
the Lagrange method. The kinetic and potential energies of the system are 


1 1 1 1 
K = sma? + =m, 4? + =e? + =I, (13.240) 

2 2 2 2 

1 1 1 

= =k (a1 — yi) + =k (%2 — yo) + =kry* 
2 2 2 
1 1 

+5k (2 a1 + by)? + 5h (w— #2 — bey) — (18.241) 

and the dissipation function is 


1 1 
D= xe(¢- a + bip)? + 50 (é — da — bag). (13.242) 
Applying the Lagrange method 
d (OK OK OD OV 
5 Tiga oe 
dt \ 04r Oqr Odr Or 


=f, r=1,2,---4 (13.243) 
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provides the following equations of motion (13.234)-(13.237). The set of 
equations of motion may be rearranged in a matrix form 


[m] ¥+ [ce] x + [k]x =F (13.244) 
where, 
x 
= yp 
xe] oo (13.245) 
v2 
m 0 0O 0 
0 I, O 0 
m=! 90 0 m 0 (13.246) 
0 0 O me 
2c cby —cbp  -cC -Cc 
= cb, — cb cb? + cb3 —cb; cbo 
[e] = s as poor (13.247) 
—¢ chy 0) Cc 
2k kb, — kbe —k —k 
<> kb, — kbo kb? + kb3 +kr —kb; kb 
= | =k -kh kth: OO vere 
—k kbo 0 k+ ky 
0 
pe, 20> i. (13.249) 
yike 
yoke 
| 


Example 490 Natural frequencies and mode shapes of a half car model. 
Consider a vehicle with the following characteristics. 


840 
=k 
m 5) 2 
I, = 820kgm? (13.250) 
by = 0.7m 
by = 0.75m (13.251) 
k = 10000N/m 
ky = k, =200000N/m 


kre = 25000Nm/rad (13.252) 
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The natural frequency of this vehicle is found by using the undamped and 
free vibration equations of motion. 


[m] & + [k]x = 0 (13.253) 


The characteristic equation of the system is 


det [[k] —w? [m]] = 6742 x 108w® — 8.1920 x 10’7w® 
+1.9363 x 10!w* — 8.3728 x 1018w? 
+3.2287 x 107° (13.254) 
because 
4200 0 O O 
0 820 0 O 
[m] = Oc Tae ee us (13.255) 
0 oO O 53 
2.1x 10° —500 —10000 —10000 
—500 35525  —7000 7500 
Kl=| _19000 —7000 2.1 x 10° 0 (13.256) 
—10000 7500 0 2.1 x 10° 


To find the natural frequencies we may solve the characteristic equation 
(13.221) or search for eigenvalues of [A] = [m]~* [k]. 


[A] = [m)-* [A] 
500.0 —1.1905 —23.810 —23.810 
—0.60976 43.323 —8.5366 9.1463 
7 —188.68 —132.08 3962.3 0 Go) 0) 
—188.68 141.51 0 3962.3 
The eigenvalues of [A] are 
Ay = 42.702 
Ag = 497.32 
dy = 3962.9 
Me = 3964.9 (13.258) 


therefore, the natural frequencies of the half car model are 


wy = VA, = 6.5347 rad/s ¥ 1.04 Hz 
wa = vVWrAgq = 22.301 rad/s ~ 3.5493 Hz 
w3 = vVA3 = 62.952rad/s = 10.019 Hz 


wa = Vdq = 62.967 rad/s © 10.022 Hz. (13.259) 


13. Vehicle Vibrations 863 
The normal form of the mode shapes of the system are 


2.4875 x 1073 
0.99878 
3.3776 x 107? 
—3.5939 x 107? 


uj = 


(13.260) 


—1.264 x 107% 
5.4246 x 10~? 
5.4346 x 10-? 


Ug = 


(13.261) 


1.0488 x 10-4 
3.1886 x 1073 
—0.71477 
0.69935 


u3 = (13.262) 


| 
| 


7172510 2 
—1.462 x 10-4 
—0.69932 
—0.71474 


Ww = (13.263) 


Example 491 Comparison of the mode shapes of a half car model. 

In example 490, the biggest element of the first mode shape u, belongs to 
yp, the biggest element of the second mode shape uz belongs to x, the biggest 
element of the third mode shape ug belongs to x2, and the biggest element of 
the fourth mode shape u4 belongs to x1. Consider a car that starts to move 
on a bumpy road at a very small acceleration. By increasing the speed, the 
first resonance occurs at w, * 1.04Hz, at which the roll vibration is the 
most observable vibration. The second resonance occurs at wo & 3.5493 Hz 
when the bounce vibration of the body is the most observable vibration. The 
third and fourth resonances at w3 ~ 10.019Hz and w4 % 10.022 Hz are 
related to right and left wheels respectively. 


Example 492 Antiroll bar affects only the roll mode. 

If in example 490, we eliminate the antiroll bar by setting kp = 0, the 
natural frequencies and mode shapes of the half car model would be as fol- 
low. 


Ay = 12.221 
Ag = 497.41 
A3 = 3962.9 


My = 3964.9 (13.264) 
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w, = VA, = 3.4957 rad/s % 0.556 36 Hz 

wo = Wr = 22.301 rad/s & 3.5493 Hz 

w3 = wWrA3 = 62.967rad/s ~ 10.022 Hz 

we = WAq = 62.967 rad/s ~ 10.022 Hz. (13.265) 


2.382 2 10-2 
0.998 80 
3.3509 x 10-2 
—0.035 67 


(13.266) 


uy = 


0.997 05 
—1.1846 x 10-3 
5.4249 x 1072 
5.4342 x 1072 


(13.267) 


1.0382 x 10-4 
3.164 x 1073 
—0.71469 
0.699 43 


us = (13.268) 


9.7172 x 1073 
—1.4472 x 10-4 
—0.699 4 
—0.714 66 


Ww = (13.269) 


Comparing these results with the results in ecample 490, shows the antiroll 
bar affects only the roll mode of vibration. A half car model needs a proper 
antiroll bar to increase the roll natural frequency. 

It is recommended to have the roll mode as close as possible to the body 
bounce natural frequency to have narrow resonance zone around the body 
bounce. Avoiding a narrow resonance zone would be simpler. 


13.6 Full Car Vibrating Model 


A general vibrating model of a vehicle is called the full car model. Such 
a model, that is shown in Figure 13.13, includes the body bounce x, body 
roll y, body pitch 0, wheels hop x1, x2, x3, and x4 and independent road 
excitations y1, y2, y3, and y4. 

A full car vibrating model has seven DOF with the following equations 
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FIGURE 13.13. A full car vibrating model of a vehicle. 


of motion. 
mii + cf (@ — 1 + np — aid) + cf (@ tea — bap — an) 
ter (& — tes — ip + 28) + cy (&- da + op + a20) 
+ke (a —ay+ by = ay0) + kr (a — ©2—- bop = ay0) 


+k, (@ — #3 — bip + a20) + kp (x — v4 + boy + a28) 
0 (13.270) 


Ip + bics (é — #, + bp — a0) — beer (é — 2 — bap — aid) 


—bic, (é = r3 = big ae a20) + boc, (@ = EA + bop + a20) 
+by ky (x = EI + by <= a;0) <= bok g (a = 09. boy oe a10) 
—b k, (a — @3 — by ar a2) + bok, (a — 4+ bop + a2) 


be (v _ a2) 


= (13.271) 


1y8 — rey (& — by + bap - a0) — acy (a — da — bop — 18) 


+a9C, (é —%3—-—b)p+ a20) + aoc, (@ —&4+bo9p+ a20) 
—ayks (a —ay+ biy _ a10) — ayks (a — @2—- bop _ a0) 
+agk, (x — x3 — bp + a26) + agk, (a — x4 + bop + a26) 
= (13.272) 
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mt, — cr (é —%,+bip a0) ky (aw — 21 + b1y — ay8) 


1 fi-2 
kp— (v = ) +k, (21 — 91) 


2, (13.273) 


M fx2 Cf (é LQ bop a0) kr (a v2 bop ay0) 


1 ty— 2x 
tkae— (v : :) + ke; (2 — y2) 
w w 


=; 6 (13.274) 


MrXL3 — Cr (« —t3 —b)p+ a20) 
—k,. (a — 23 — bip + a20) + ke, (v3 —y3) = 0 (13.275) 


mydtg — Cp (é — tg + bop + a20) 
—k, (a — x4 + bop +420) + kt, (a1 -— ys) = O (13.276) 


Proof. Figure 13.14 shows a better vibrating model of the system. The 
body of the vehicle is assumed to be a rigid slab. This slab has a mass m, 
which is the total body mass, a longitudinal mass moment of inertia J, and 
a lateral mass moment of inertia Iy. the moments of inertia are only the 
body mass moments of inertia not the vehicle’s mass moments of inertia. 
The wheels have a mass m1, m2, m3, and m4 respectively. However, it is 
common to have 


mi = m= MF (13.277) 
ms = My. (13.278) 


m3 


The front and rear tires stiffness are indicated by k;, and k;,,, respectively. 
Because the damping of tires are much smaller than the damping of shock 
absorbers, we may ignore the tires’ damping for simpler calculation. 

The suspension of the car has stiffness ky and damping cy in the front and 
stiffness k, and damping c, in the rear. It is common to make the suspension 
of the left and right wheels mirror. So, their stiffness and damping are equal. 
The vehicle may also have an antiroll bar in front and in the back, with 
a torsional stiffness kr, and kr,. Using a simple model, the antiroll bar 
provides a torque Mp proportional to the roll angle vy. 


Mr = — (kr, +kr,) ¢ 
= —kpry (13.279) 


13. Vehicle Vibrations 867 


x 
a 
a2_ 
pa ee 
m, I, I, 
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y S== yi = 
SS 
FIGURE 13.14. Full car model for a vehicle vibrations. 
However, a better model of the antiroll bar reaction is 
ty-—2x t4—2 
Mr =~—kr, ¢ - aa —kpr, ¢ = na) (13.280) 
Wr Wr 


Most cars only have an antiroll bar in front. For these cars, the moment of 
the antiroll bar simplifies to 


en (v a — 2) (13.281) 

if we use 
wr = w=b,+be (13.282) 
kr; = kr. (13.283) 


To find the equations of motion for the full car vibrating model, we use 
the Lagrange method. The kinetic and potential energies of the system are 


1, Le, 1, .2 


+5my (7 + 43) + 5m (43 + £3) (13.284) 
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Ogr 


1 1 
V= al (e—a1+ bp — a0)” + al (a — x2 — boy — a,0)” 
1 Ben, 2 
take (a — a3 — by + a2)" + ahr (a — a4 + boy + a28) 
1 v1 — v9 
gta (9 AS) 
1 1 
takes (fy =i) + 5 hey (x2 yo) 
1 1 
take, (a3 — ys)” + 5 ht. (4 — ys)” (13.285) 
and the dissipation function is 
1 oo : \2 1 ae : »\ 2 
D = act (é —%£,+619—- a:6) + act (é Lo — bop a0) 
1 cee : »\ 2 
+5 (é —%3—b)o+ a20) 
1 se kl : »\2 
+5er (é —t4+ bop + a20) (13.286) 
Applying Lagrange method 
d (OK OK OD OV 
ze = =f, =1,2,---7 13.287 
dt ( ) 0dr is OGr - 0dr f e ( ) 


provides the following equations of motion (13.270)-(13.276). 
The set of equations of motion may be rearranged in a matrix form 


[m] & + [ce] x + [k]x =F 


where, 


w 


Ss 


3 

lI 
ooocoooos 
SOS: -S 
os co00c00 
Scoocococceo 


s 


(13.288) 


(13.289) 


(13.290) 
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C42 C13 Cr Cf Cr Cr 
C22 C23 —bicr boc bic, —boc, 
C32 C33 aiCf Q1Cf —A2Cr, —A2QCr 
—bics aiCf Cf 0 0 0 
boc aiCf 0 Cf 0 0 
bic, = —G2C, 0 0 Cr 0 
—bocp —a2Cp 0 0 0 om 
(13.291) 
= 2c + 2c, 
= C2 = byc¢ — boc — bic, + boc, 
= c3> 202Cp = 2a1cf 
= dics + b3cy + bic + b3cy 
= ¢3= aybocr = abc — agbic, + agbec, 
= 2craz + 2c,a3 (13.292) 
Kyo ki3 ke kr kp —k,. 
kao kag koa kas bik, —byk;,. 
k39 k33 aks ayks —agk, —agk, 
k 
kao ayks kaa = 0 0 
k 
ks ayks <A ks55 0 0 
bik, —agk, 0 0 k,. + Kz, 0 
—bok, —agk, 0 0 0 kp the, 
(13.293) 
= 2k + 2k, 
ky = bike _ bok — byk, + bok, 
= ki3 = 2agk;,. = Zaks 
= kptbiky + b3ky + bik, + b3k, 
= ko3 = ay bok _ aby kf = a2byk;, + agbok;. 
1 
= ko = —biky — —kr 
W 
i: 
= ko = bok + —kpr 
W 
= 2kypat + 2k,a3 
1 
= kp thy, + kr 
1 
= kpt+h,+—kr (13.294) 


we 
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0 
0 
0 
F=| ywke, | - (13.295) 
Yoke; 
y3ke,. 
yake,, 


Example 493 Natural frequencies and mode shapes of a full car model. 
Consider a vehicle with a the following characteristics. 


m = 840kg 

mf = 53 kg 

mM, = T6kg 

I, = 820kgm? 

I, = 1100kem? (13.296) 


ay = 14m 
1.47m 
0.7m 
bg = 0.75m (13.297) 


a= & 
Loa bo 
oll 


ky = 10000N/m 

13000 N/m 

ky, = 200000 N/m 

kre = 25000Nm/rad (13.298) 


> 
Se or 
ll 


Using the matrix [A] = [m|~* [k] and solving the associated eigenvalue and 
eigenvector problems, we find the following natural frequencies, and mode 
shapes for the full car model. 


w, = 1.11274Hz 
wo = 1.15405 Hz 
w3 = 1.46412Hz 
ws = 8.42729Hz 
ws = 8.43346 Hz 
ws = 10.0219Hz 


wr = 10.5779Hz. (13.299) 
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1 
0.0871235 
—0.257739 
u; = | 0.0747553 (13.300) 
0.0562862 
0.0347648 
0.0426351 


—0.0927632 
1 
—0.0222029 
wu =| 0.101837 (13.301) 
—0.110205 
—0.0514524 
0.0389078 


331817 
0.0611334 
1 
u3 = | —0.0453749 (13.302) 
—0.0585134 
0.110767 
0.116324 


—0.0000730868 
0.00826940 
—0.0000799890 
uy = 0.00233206 (13.303) 
—0.00241445 
1 
—.986988 


—0.0111901 
—0.000380648 
—0.0126628 
us = 0.000965144 (13.304) 
0.00118508 
0.978914 
1 


—0.00606295e — 2 
0.000156931e — 3 
0.00655247e — 2 
Us = 1 (13.305) 
0.99966 
—0.000528339e — 3 
—0.000566133e — 3 
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@, = 1.11274 [Hz] 


FIGURE 13.15. 1st mode shape of a full car model. 


@, = 1.15405 [Hz] 


FIGURE 13.16. 2nd mode shape of a full car model. 


—0.000000327006 
0.0137130 
0.00000560144 
uz = —0.999745 (13.306) 
1 
0.00103530 
—0.00107039 


A visual illustration of the mode shapes are shown in Figures 18.15 to 
18.21. The biggest element of the mode shapes uy to uz are x, ~, 0, X3, 
L4, %1, C2 respectively. These figures depict the relative amplitude of each 
coordinate of the full car model at a resonance frequency. 

The natural frequencies of a full car can be separated in two classes. The 
first class is the natural frequencies of the body: body bounce, body roll, and 
body pitch. Body related natural frequencies are always around 1 Hz. The 
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@, = 1.46412 [Hz] 


FIGURE 13.17. 3rd mode shape of a full car model. 


@y = 8.42729 [Hz] 


FIGURE 13.18. 4th mode shape of a full car model. 


©, = 8.43346 [Hz] 


FIGURE 13.19. 5th mode shape of a full car model. 
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©, = 10.0219 [Hz] 


FIGURE 13.20. 6th mode shape of a full car model. 


©, = 10.5779 [Hz] 


FIGURE 13.21. 7th mode shape of a full car model. 
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second class is the natural frequencies of the wheels bounce. Wheel related 
natural frequencies are always around 10 Hz. 

In this ecample, we assumed the car has independent suspension in front 
and rear. So, each wheel has only vertical displacement. In case of a solid 
axle, the left and right wheels make a rigid body with a roll and bounce 
motion. The energies and hence, the equations of motion should be revised 
accordingly to show the bounce and roll of the solid aale. 


13.7 Summary 


Vehicles are connected multi-body dynamic systems and hence, their vi- 
brating model has multiple DOF system. The vibrating behavior of mul- 
tiple DOF systems are very much dependent to their natural frequencies 
and mode shapes. These characteristics can be determined by solving an 
eigenvalue and an eigenvector problems. 

The most practical vibrating model of vehicles, starting from the simplest 
to more complex, are the one-eight car, quarter car, bicycle car, half car, 
and full car models. 

Having symmetric mass, stiffness, and damping matrices of multiple DOF 
system simplifies the calculation of the eigenvalue and eigenvector prob- 
lems. To have symmetric coefficient matrices, we may define the kinetic 
energy, potential energy, and dissipation function of the system by quadra- 
tures and derive the equations of motion by applying the Lagrange method. 
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13.8 Key Symbols 


be 


Sa? Sy isiae @ 


Poet 
I by 
AR 


by hy 
o 


Ss! 8 
S38 


CS ee Bs el 


aw 


[Esa 


ae 


ind 


ER 


acceleration 

distance from mass center to front axle 
distance from mass center to rear axle 
coefficient matrix 

coefficient matrix of characteristic equation 
distance from mass center to left wheel 
distance from mass center to right wheel 
damping 

equivalent damping 

element of row i and column j of [c] 
damping matrix 

symmetric damping matrix 

mass center 

dissipation function 

eccentricity arm 

mechanical energy 

harmonic force 

cyclic frequency | Hz] 

damper force 

spring force 

amplitude of a harmonic force f 
generalized force 

gravitational acceleration 

mass moment of inertia 

identity matrix 

stiffness 

equivalent stiffness 

element of row i and column j of [k] 
antiroll bar torsional stiffness 

stiffness matrix 

symmetric stiffness matrix 

kinetic energy 

length 

wheelbase 

Lagrangean 

mass 

eccentric mass 

element of row i and column j of [m] 
sprung mass 

unsprung mass 

mass matrix 

symmetric mass matrix 


< 
8. 
me 


>) 2 


NNWE MB ESS ESE 


Subscript 


ee we 
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number of DOF 
momentum 

generalized force 

frequency ratio 

radius 

quadrature 

time 

period 

jth element of the ith mode shape 
mode shape, eigenvector 
ith eigenvector 

velocity 

potential energy 

track 

absolute displacement 
steady-state amplitude of x 
base excitation displacement 
steady-state amplitude of y 
relative displacement 
steady-state amplitude of z 
short notation parameter 


deflection 

damping ratio 

eigenvalue 

ith eigenvalue 

angular frequency [rad/s] 
natural frequency 

ith natural frequency 


driver 
front 

rear 
sprung 
unsprung 
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Exercises 


1. Equation of motion of a multiple DOF system. 
Figure 13.22 illustrates a two DOF vibrating system. 


FIGURE 13.22. A two DOF vibrating system. 


(a) Determine kK, V, and D functions. 

(b) 

(c) 

(d) Determine the natural frequencies and mode shapes of the sys- 
tem. 


Determine the equations of motion using the Lagrange method. 
* Rewrite K, V, and D in quadrature form. 


2. Absolute and relative coordinates. 


Figure 13.23 illustrates two similar double pendulums. We express 
the motion of the left one using absolute coordinates 0; and 02, and 
express the motion of the right one with absolute coordinate 0; and 
relative coordinate 02. 


(a) Determine the equation of motion of the absolute coordinate 
double pendulum. 


(b) Determine the equation of motion of the relative coordinate dou- 
ble pendulum. 


(c) Compare their mass and stiffness matrices. 
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FIGURE 13.23. Two similar double pendulums, expressed by absolute and rela- 
tive coordinates. 


3. One-eight car model. 


Consider a one-eight car model as a base excited one DOF system. 
Determine its natural w, and damped natural frequencies wg if 


m = 1245kg 
k = 60000N/m 
c = 2400Ns/m. 


4. Quarter car model. 


Consider a quarter car model. Determine its natural frequencies and 
mode shapes if 


ms = 1085/4kg 
My. = 40kg 
k, = 10000N/m 
ky = 150000N/m 
cs = 800Ns/m. 


5. Bicycle car model. 
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Consider a bicycle car model with the following characteristics: 


m = 1085/2kg 
m, = 40kg 
me = A0kg 
I, = 1100kgm? 
a, = 14m 
ag = 147m 
k,y = 10000N/m 
ki, = kty = 150000N/m 


Determine its natural frequencies and mode shapes for 


(a) kz = 8000N/m 

(b) ke = 10000 N/m 

(c) ky = 12000N/m. 

(d) Compare the natural frequencies for different k;/k2 and express 
the effect of increasing stiffness ratio on the pitch mode. 

6. Half car model. 


Consider a bicycle car model with the following characteristics: 


m = 1085/2keg 
mo = 40kg 
Ip = 820kgm? 
by = 0.7m 
bo = 0.75m 
ky = 10000N/m 
ki, = kt, = 150000N/m 


Determine its natural frequencies and mode shapes for 
(a) kr = 0 
(b) kr = 10000 N m/ rad 
(c) ke = 50000 N m/ rad. 
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(d) Compare the natural frequencies for different kp and express the 
effect of increasing roll stiffness on the roll mode. 


(e) Determine kp such that the roll natural frequency be equal to 
the bounce natural frequency and determine the mode shapes 
of the half car for that kr. 

7. Full car model. 


Consider a full car model with the following characteristics: 


m = 1085kg 
mp = 40kg 
m, = 40kg 
I, = 820kgm? 
I, = 1100kgm? (13.307) 
a, = 14m 
ag = 147m 
b, = 0.7m 
bo = 0.75m (13.308) 
kp = 10000N/m 
k, = 10000N/m 
kt, = kt, = 150000N/m 
kre = 20000Nm/rad (13.309) 


(a) Determine its natural frequencies and mode shapes. 


(b) Change kr such that the roll mode and pitch modes have the 
same frequency. 


(c) Determine the mode shapes of the car for that kr. 
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Suspension Optimization 


In this chapter, we examine a linear, one degree-of-freedom, base excited 
vibration isolator system as the simplest model for a vibration isolator 
and vehicle suspension. Based on a root mean square (RMS) optimization 
method, we develop a design chart to determine the optimal damper and 
spring for the best vibration isolation and ride comfort. 


14.1 Mathematical Model 


Figure 14.1 illustrates a single-DOF base excited linear vibrating system. 
It can represent a model for the vertical vibrations of a vehicle. 


FIGURE 14.1. A base excited linear suspension. 


A one-fourth (1/4) of the mass of the body is modeled as a solid mass 
m denoted as sprung mass. A spring of stiffness k, and a shock absorber 
with viscous damping c, support the sprung mass and represent the main 
suspension of the vehicle. The suspension parameters k and ¢ are the equiv- 
alent stiffness and damping for one wheel, measured at the center of the 
wheel. Because we ignore the wheel mass and tire stiffness, this model is 
sometimes called one-eighth (1/8) car model. 

The equation of motion for the system is 


mitce+kx=cy+ky (14.1) 
which can be transformed to the equation, 


mz+cz+kz=—-—my (14.2) 
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using a relative displacement variable z. 
Z=@-y (14.3) 


The variable x is the absolute displacement of the body, and y is the ab- 
solute displacement of the ground. 

The equation of motion (14.1) and (14.2), which are dependent on three 
parameters (m,c,k) can be transformed to the following equations: 


$+ Muntt+wre = wunytwry (14.4) 
Z+ wy Z+ we z -¥j (14.5) 


by introducing natural frequency wp, and damping ratio €. 
c 
= 14.6 
g Rima (14.6) 


Wy = [Eat (14.7) 


Proof. The kinetic energy, potential energy, and dissipation function of 
the system are: 


K = smi? (14.8) 
V = ska)? (14.9) 
D = sc(e— a)" (14.10) 


Employing the Lagrange method, 


d (OK OK OD OV 

yf a) ee 4.11 

a (or) Ge) a aE et) 
we find the equation of motion 

d 

—(mé)+c(a-—y)+k(x-—y) =0 (14.12) 


dt 


which can be transformed to Equation (14.1). Introducing a relative posi- 
tion variable, z = x — y, we have 


b= b-y (14.13) 
z= #-9 (14.14) 
to write Equation (14.12) as 
d 
m—(Z+9)+cze+kz=0 (14.15) 


dt 


which is equivalent to (14.2). 
Dividing Equations (14.1) and (14.2) by m and using (14.6) and (14.7), 
generate their equivalent Equations (14.4) and (14.5), respectively. m 
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(6) 


FIGURE 14.2. A tilted spring and its equivalent stiffness. 


Example 494 Different model for front and rear parts of a vehicle. 
Consider a car with the following information: 


car mass = 1500kg (14.16) 
wheel mass = 50kg (14.17) 
F., = 3941.78N (14.18) 

F., = 3415.6N (14.19) 


where F,, and F,, are the front and rear tire loads, respectively. The mass 
m of a1/8 vibrating model for the front of the car must be 
F., 
= = x (1500-4 x 50 
m Foe ae, ( ) 


= 696.49ke (14.20) 


and for the rear of the car must be 


F. 
m = —— x (1500-4 x 50 
E + F,, ( ) 


= 603.51kg. (14.21) 


Example 495 Tilted spring. 

Consider a mass-spring system such that the spring makes an angle a 
with the axis of mass translation, as shown in Figure 14.2(a). We may 
substitute such a tilted spring with an equivalent spring keq that is on the 
same axis of mass translation, as shown in Figure 14.2(b). 


keq © k cos? (14.22) 


When the mass m is in motion, such as is shown in Figure 14.3(a), its 
free body diagram is as shown in Figure 14.8(b). If the motion of mass m is 
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(a) 
(d) 

kd 

it eer ee 
(c) x 


FIGURE 14.3. A mass-spring system such that the spring makes and angle a 
with directing of mass translation. 


x << 1, we ignore any changes in a and then, as shown in Figure 14.3(c), 
the spring elongation is 
6 xcosa. (14.23) 


Therefore, the spring force fy is 


fe = kd & kx cosa. (14.24) 


The spring force may be projected on the x-axis to find the x component, 
fx, that moves the mass m. 


fe = freosa 
= (kcos? a) « (14.25) 


The tilted spring can be substituted with an equivalent spring keq on the 
x-axis that needs the same force f, to elongate the same amount as the 
mass moves. 


fe = Kae (14.26) 
keq © kcos?a (14.27) 
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(0) 


FIGURE 14.4. A mass m attached to the tip of a massless bar with length b. 


Example 496 Alternative proof for a tilted spring. 

Consider a spring that makes an angle a with a direction of motion as 
shown in Figure 14.2(a). When the moving end translates x, the elongation 
of the spring is 

6% xcosa. (14.28) 


The potential energy of such a spring would be 
1 1 
V = 5hd° = 5 (kcos? a) a”. (14.29) 


An equivalent spring with stiffness keq must collect the same amount of 
potential energy for the same displacement x. 


1 
Vo 5 heat (14.30) 
Therefore, the equivalent stiffness keq is 
hop = GOs" Gi. (14.31) 


Example 497 Displaced spring. 

Figure 14.4(a) illustrates a mass m attached to the tip of a massless bar 
with length b. The bar is pivoted to the wall and a spring k is attached to 
the bar at a distance a from the pivot. 

When the mass oscillates with displacement x << 1, the elongation 6 of 
the spring is 

5x et (14.32) 


We may substitute the system with a translational mass-spring system such 
as shown in Figure 14.4(b). The new system has the same mass m and an 
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(5) 


FIGURE 14.5. A MacPherson suspenssion and its equivalent vibrating system. 


equivalent spring Keq. 


a\2 
keq = (=) k (14.33) 
The equivalent spring provides the same potential energy as the original 


spring, when the mass moves. 


V = weg? ~ she = sk ($2) 
= sf (¢) 2 (14.34) 


Example 498 Equivalent spring and damper for a McPherson suspension. 


Figure 14.5 illustrates a McPherson strut mechanism and its equivalent 
vibrating system. 

We assume the tire is stiff and therefore, the wheel center gets the same 
motion y. Furthermore, we assume the wheel and and body of the vehicle 
move only vertically. 

To find the equivalent parameters for a 1/8 vibrating model, we use m 
equal to 1/4 of the body mass. The spring k and damper c make an angle a 
with the direction of wheel motion. They are also displaced b — a from the 
wheel center. So, the equivalent spring keq and damper Ceq are 


keg = k (- cos a). (14.35) 
Coq (= 2€ (5 cos a). : (14.36) 
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FIGURE 14.6. A 1/8 car model moving with speed v on a wavy road. 


For example assume that we have determined the following stiffness and 
damping as a result of optimization. 


keq = 9869.6N/m (14.37) 
Ceq = 87.965Ns/m. (14.38) 


The actual k and c for a McPherson suspension with 


= 19cm (14.39) 
= 32cm (14.40) 
a = 27deg (14.41) 
would be 
k = 28489N/m (14.42) 
c = 253.9Ns/m. (14.43) 


Example 499 Wavy road and excitation frequency. 

Figure 14.6 illustrates a 1/8 car model moving with speed v on a wavy 
road with length d, and peak-to-peak height dy. Assuming a stiff tire with a 
small radius compared to the road waves, we may consider y as the fluctu- 
ation of the road. 

The required time to pass one length d, is the period of the excitation 


f= (14.44) 
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which can be used to find the frequency of excitation 


27 = 2rv 
eee aang 14.45 
Oar (14.45) 
Therefore, the excitation y = Y sinwt is 
d 2 
y = > sin oo (14.46) 


Example 500 Function of an isolator 

The function of an isolator is to reduce the magnitude of motion trans- 
mitted from a vibrating foundation to the equipment, or to reduce the mag- 
nitude of force transmitted from the equipment to its foundation, both in 
time and frequency domain. 


Example 501 Rubber mount. 

In the simplest approach to suspension analysis, the parameters m, k, 
and c are considered constant and independent of the excitation frequency 
or behavior of the foundation. This assumption is equivalent to considering 
an infinitely stiff and massive foundation. For rubber mounts, the damping 
coefficient usually decreases, and the stiffness coefficient increases with ex- 
citation frequency. Moreover, neither the engine nor body can be assumed 
an infinitely stiff rigid body at high frequencies. 


14.2 Frequency Response 
The most important frequency responses of a 1/8 car model, shown in 


Figure 14.1, are: absolute displacement Go, relative displacement $2, and 
absolute acceleration G'g 


Q x|-e ants 

gale 
YI = 92)? + (2€r)? 

So = | 2 ii (14.48) 


rl V(t= 02)? + (ery? 


x r2s/1 + (26r)° 
G@=|F5/= ; ; (14.49) 
ml] [= r2)? + (2€r) 


where 


WwW Cc lk 
— — n= —, 14.50 
- Wn é 2Vkm i m ( ) 
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Proof. Applying a harmonic excitation 
y=Ysinwt (14.51) 
the equation of motion (14.5) reduces to 
E+ Mwy et+w%z=w°Y sinwt. (14.52) 
Now, we may consider a harmonic solution such as 
z= A3sinwt + B3 coswt (14.53) 
to substitute in the equation of motion 


—A3w” sinwt — B3w? cos wt 
+26w,, (Agw coswt — Bw sin wt) 
+w? (Az sinwt + B3 cos wt) 
= w’Ysinwt (14.54) 
and find a set of equations to calculate A3 and B3. 
we—w? eww, A3 ¥ar 
| Mwwy, we —w? Bz | 0 (14.55) 


The first row of the set (14.55) is a balance of the coefficients of sin wt 
in Equation (14.54), and the second row is a balance of the coefficients of 
coswt. Therefore, the coefficients A3 and B3 can be found as follow. 


[a] = [aa gee] |* 


Bg QEWWn, w —w? 0 
2 2 
Ww — we 


7 AE“ ww? + wt — 2Qw2w% + wt (14.56) 
2Ewwy, Vw ; 


~ ¢e2 
AE“ ww? + wt — 2Qw2w? + we 


These equations may be transformed to this simpler form, by using r and 


1-r? 


Any Gea? nD 5 ad 
| |= ( =1?) + (2&r) (14.57) 
Bs —2ér 2 
Sn na. 
(1 —r?)” + (2ér)? 
The relative displacement amplitude Z is then equal to 
Z = \(/A3+ B3 
2 
2) == (14.58) 
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which provides Sz = |Z/Y| in Equation (14.48). 
To find the absolute frequency response Go, we may assume 


x = Agsinwt + Bo coswt 


X sin (wt — yz) 


and write 
zZ = “£-y 
A3sinwt+ Bs coswt = Agsinwt+ Bycoswt — Y sinwt 
which shows 
Ap = Agt+Y 
By = Bs. 


The absolute displacement amplitude is then equal to 


/ A + BB 


= 4/(43+Y)? +B? 


xX 


1 + (2ér)? 
(1-12)? + (2€r)? 


which provides Go = |X/Y| in Equation (14.47). 
The absolute acceleration frequency response 


&£ = —Xw’*sin (wt — y,) 
= —Xsin(wt—y,) 


(14.59) 


(14.60) 
(14.61) 


(14.62) 
(14.63) 


(14.64) 


(14.65) 
(14.66) 


can be found by twice differentiating from the displacement frequency re- 
sponse (14.59). If we show the amplitude of the absolute acceleration by 


X, then we may define X by 


Rolls ey ee 
Yom) [= 12)? + er? 


which provides G2 = Ix/ (W2¥)| as in Equation (14.49). = 


Example 502 Principal method for absolute motion X. 
To find the absolute frequency response Gp, we may substitute 


y =Y sinwt 


(14.67) 
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and a harmonic solution for x 
vw = Aosinwt + Bo coswt (14.68) 
in Equation (14.4) 
#+ wy +w2 x = kun ytwry (14.69) 


and solve for X = \/A3 + Bé. 


—w? Ao sinwt — w? Bo cos wt 
+2, w (Ag coswt — Bz sinwt) 


+w? (Ag sinwt + Bo cos wt) 
= wy wY coswt + w2 Y sinwt (14.70) 


The set of equations for Ag and By from the coefficients of sin and cos 


Yu? 


we —w ww Ag Pa 
| Qwwy, we —w? Bo | | 2¥Ewwn ao) 
results in the following solution: 
Ag — fw -w? —2éwwn > Yu 
Bo = Mwwy, we —w? 2Y Eww, 
= (w? os w) ww? + 4E7 Wy? 
7 47 ww2 + wt — 2w®w2 +04 
—2éww> 
AE? w2w2 + wt — Qw2w2 + w4 
(2€r)” — (1 - i) Vv 
1—r?)? + (2€r)? 
_ | GPF +e) ie 


—2€&r 
- z¥ 
(=r)? + (2r) 
Therefore, the amplitude of the absolute displacement X would be the same 
as (14.64). 


Example 503 Go 4 S2+1 
We may try to find the absolute frequency response Go = |X/Y|, from 
the result for Sz. The frequency response S2 is 


Z 
So = y (14.73) 
however, 
xX 
So # Y7 1 


# Go-1 (14.74) 
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ZIY 
X/Y 


f [Hz] 


FIGURE 14.7. Absolute and relative displacement frequency responses for a ve- 
hicle. 


because the amplitude of the relative displacement Z is not equal to the am- 
plitude of absolute displacement X minus the amplitude of road excitation 
Y. 

ZEX-Y (14.75) 


Example 504 A sample of frequency responses. 
Consider a vehicle with the following natural frequency f, and damping 
ratio €: 


fn = 10.2Hz (14.76) 
€ = 0.08 (14.77) 


The absolute and relative displacements frequency responses of the vehicle 
are shown in Figure 14.7. The relative displacement starts at zero and 
ends up at one, while the absolute displacement starts at one and ends up 
at zero. 


14.3. RMS Optimization 


Figure 14.8 is a design chart for optimal suspension parameters of base 
excited systems. The horizontal axis is the root mean square of relative 
displacement, Sz = RMS(S$9), and the vertical axis is the root mean square 
of absolute acceleration, Sy = RMS(G»2). There are two sets of curves 
that make a mesh. The first set, which is almost parallel at the right end, 
is constant natural frequency f,, and the second set, which spread from 
Sz = 1, is a constant damping ratio €. There is a curve, called optimal 
design curve, which indicates the optimal suspension parameters. 
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Optimal design curve 
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Sz 


FIGURE 14.8. Design chart for optimal suspension parameters of equipments. 
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FIGURE 14.9. Design chart for optimal suspension parameters of vehicles. 
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Most equipment that are mounted on vehicles have natural frequencies 
around f, = 10Hz, while the main natural frequencies of the vehicle are 
around f, = 1Hz. So, we use Figure 14.8 to design the suspension of base 
excited equipment, and use the magnified chart shown in the Figure 14.9 
to design vehicle suspensions. 

The optimal design curve is the result of the following optimization strat- 
egy: 

Minimize Sx with respect to Sz (14.78) 
which states that the minimum absolute acceleration with respect to the 
relative displacement, if there is any, makes a suspension optimal. Mathe- 
matically it is equivalent to the following minimization problem: 


OS x 

cee, 2: 14. 
5a. 0 (14.79) 
Sx 

ae 0 (14.80) 


To determine the optimal stiffness k and damping c, we start from an 
estimated value for Sy on the horizontal axis and draw a vertical line to 
hit the optimal curve. The intersection point indicates the optimal f,, and 
€ for the Sx, to have the best vibration isolation. 

Figure 14.10 illustrates a sample application for Sx = 1, which indicates 
€ = 0.4 and f,, ~ 10 Hz make the optimal suspension. f,,, €, and the mass 
of the equipment determine the optimal value of & and c. 


Proof. Let’s define a working frequency range 0 < f < 20Hz to include 
almost all ground vehicles, especially road vehicles, and show the RMS of 
Sp and G2 by 


Sz RMS(S2) (14.81) 
Sy = RMS(G2). (14.82) 


In applied vehicle dynamics, we usually measure frequencies in [ Hz], instead 
of [rad/s], so we perform design calculations based on cyclic frequencies f 
and f,, in [Hz], and analytic calculations based on angular frequencies w 
and wy, in [rad/s]. 

To calculate Sz and Sy over the working frequency range 


1 407m 

82 = Wa i S2dw (14.83) 
1 4070 

Sx = ae ; Godu (14.84) 


we first find integrals of $3 and Go. 


Zo _ W Z5 = W 
Sedw = Zw — tat ek tan” + —— 14.85 
[ Ste = Ze ~ 7 ppton! + potion! (1485) 
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FIGURE 14.10. Application of the design chart for Sx = 1, that indicates the 
optimal values € + 0.4 and f, ~ 10 Hz. 


wh f Gade = Zewt Zou + nee i 
+7 tan-} rom (14.86) 
The parameters Z, through Z15 are as follows: 
4 = 1 (14.87) 


Z, = wi (se — 12¢4 + 4¢? — (—8€4 + 8€? — 1) &/1- ?) (14.88) 
Zs —4€? (1 — £7) (14.89) 


w? (-1 + 2€? + 264/1 — ) (14.90) 


l 


Z4 


I 


Ze = w (se — 12¢4 + 4¢? — (8é4 — 86? +1) &\/1- ?) (14.91) 


—4€? (1 — €*) (14.92) 


w2 (-1 + 26? — 24/1 — *) (14.93) 


g 
I 


l 


898 14. Suspension Optimization 


Za = we (—16¢* + 8¢? +1) (14.94) 

Zo = Awe? (14.95) 

Zig = wey, (128¢" — an6e® + 144¢° — 12¢* — 4¢?) (14.96) 
—w* (—128¢* + 192€° — 64€* — 4€? +1) €\/1-€? (14.97) 

Zy, = —4€? (1-€7) (14.98) 

Zig Se (-1 + 26? + 264/1— °) (14.99) 

Zig = we, (128¢"° — anee® + 144¢° — 12¢4 — 4¢?) (14.100) 


—w°® (128¢8 — 192¢° + 64¢4 + 4€? — 1) &\/1-€? (14.101) 


Zia —4€? (1 — €°) (14.102) 


w? (-1 + 2€? — 26/1 — °) (14.103) 


Therefore, Sz and Sy over the frequency range 0 < f < 20Hz can be 
calculated analytically from Equations (14.83) and (14.84). 

Equations (14.85) and (14.86) show that both Sy and Sz are functions 
of only two variables w,, and €. 


215 


Sz = Sz (wn,&) (14.105) 
Therefore, any pair of design parameters (w,,€) determines Sy and Sz 


uniquely. It is also possible theoretically to define w,, and € as two functions 
of the variables Sy and Sz. 


Wy = Wy (Se, Sz) (14.106) 
€ = €(Sx,Sz) (14.107) 
So, we would be able to determine the required w,, and € for a specific value 


of Sz and Sz. 

Using Equations (14.104) and (14.105), we may draw Figure 14.11 to 
illustrate how Sy behaves with respect to Sz when f, and € vary. Keeping 
fn constant and varying €, it is possible to minimize Sy with respect to Sz. 
The minimum points make the optimal curve and determine the best f,, 
and €. The key to use the optimal design curve is to adjust, determine, or 
estimate a value for Sz or Sx and find the associated point on the design 
curve. 

To justify the optimization principle (14.78), we plot w2,Sy/Siz versus fn 
in Figure 14.12 for different values of €. It shows that increasing either one 
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FIGURE 14.11. Behavior of Sx with respect to Sz when fp and € are varied. 
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FIGURE 14.12. A plot of ratio w?.Sz/Sz versus fn for different values of €. 
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of € or f, increases the value of w2.Sx/Sz. It is equivalent to making the 
suspension more rigid, which causes an increase in acceleration or decrease 
in relative displacement. On the contrary, decreasing € or f, decreases the 
value of w?.S%/Sz, which is equivalent to making the suspension softer. 

Softening of a suspension decreases the body acceleration, however it 
requires a large room for relative displacement. Due to physical constraints 
the wheel travel is limited and hence, we must design the suspension to use 
the available suspension travel as much as possible, and decrease the body 
acceleration as low as possible. Mathematically it is equivalent to (14.79) 
and (14.80). 


Example 505 Wheel travel calculation. 

Figure 14.13(a) illustrates a double A-arm suspension mechanism at its 
equilibrium position. To limit the motion of the wheel with respect to the 
body, two stoppers must be employed. There are many possible options for 
the type and position of stoppers. Most stoppers are made of stiff rubber 
balls and mounted somewhere on the body or suspension mechanism or 
both. It is also possible that the damper acts as a stopper. Figure 14.13(a) 
shows an example. 

The gap sizes 6, and 6, indicate the upper and lower distances that a 
mechanism can move. However, the maximum motion of the wheel must be 
calculated at the center of the wheel. So, we transfer 6, and 6, to the center 
of the wheel and show them by d, and d,. 


és, (14.108) 
Qu 
by 

dy wo 6; (14.109) 
Qi 


Figure 14.13(b) and (c) show the mechanism at the upper and lower limits 
respectively. The distance d, is called the upper wheel travel, and d; is 
called the lower wheel travel. The upper wheel travel is important in ride 
comfort and the lower wheel travel is important for safety. To have better 
ride comfort, the upper wheel travel should be as high as possible to make 
the suspension as soft as possible. 

Although the upper and lower wheel travels may be different, for practical 
purposes, we may assume d; = dy, and design the suspension based on a 
unique wheel travel. Wheel travel is also called suspension travel, suspension 
room, and suspension clearance. 


Example 506 Soft and hard suspensions. 

Consider two pieces of equipment, A and B, under a base excitation with 
an average amplitude Y = lcm & 0.5in. Equipment A has a suspension 
travel dg = 1.2cm & 0.6in and equipment B has dg = 0.8cm & 0.4 in. 
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FIGURE 14.13. A double A-arm suspension mechanism at (a)- equilibrium, (b)- 
upper limit, and (c)- lower limit. 
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FIGURE 14.14. Comparing two suspensions A and B with Sz, = 1.2 and 


Szpz = 0.8. 


Let’s assume Sz = d,/Y. Therefore, 


Sz, = 12 
Stn, = 


(14.110) 
(14.111) 


Using the design chart in Figure 14.14, the optimal suspensions for A 


and B are 


fn, ® 8.53Hz 
0.29 
10.8 Hz 
Ep & 0.56. 


wn 
> 
2 


3° 
ivy 
re 


Assuming a mass m 


m = 300kg ~ 660 1b 
we calculate the optimal spring and dampers as follows: 
ka = (20fn,)? m = 8.6175 x 10°N/m 
kp = (20fng)’ m= 13.814 x 10°N/m 


Ca = 26 4,/kam = 9325.7Ns/m 
cp = 2&pVkem = 22800Ns/m 


14.112 
14.113 
14.114 


) 
) 
) 
14.115) 


( 
( 
( 
( 
(14.116) 


(14.117) 
(14.118) 


(14.119) 
(14.120) 
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Optimal design curve 
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FIGURE 14.15. Comparing two suspensions, A and B, with Sz, = 1.4772 and 
Szp = 14714. 


Equipment B has a harder suspension compared to equipment A. This is 
because equipment B has less suspension travel, and hence, it has more 
acceleration level w2 Sy. Figure 14.14 shows that 


2 


4700 1/s? (14.121) 
6650 1/s?. (14.122) 


20. 
Wr SX, 


2 


20. 
Wn SX, 


Example 507 Soft and hard vehicle suspensions. 

Consider two vehicles A and B that are moving on a bumpy road with an 
average amplitude Y = 10cm & 3.937in. Vehicle A has a suspension travel 
da = 14.772cm & 5.816in and vehicle B has dg = 14.714cm & 5.793 in. 
Let’s assume Sz = d,/Y. Therefore, 


Sz, = 1.4772 (14.123) 
Sz, = 1.4714. (14.124) 


Using design chart 14.15, the optimal suspensions for vehicles A and B 
are: 


fna © 0.7Hz (14.125) 
£4, © 0.023 (14.126) 
fng © 1.85Hz (14.127) 
fp = 0.06. (14.128) 
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Assuming a mass m 
m = 300 kg ~ 660 1b (14.129) 


we calculate the optimal spring and dampers as follows: 


ka = (2tfng)’m®& 5803N/m (14.130) 
kp = (2nfn,)’ m* 40534N/m (14.131) 
ca = 2€4r/kam& 60.7Ns/m (14.132) 
cp = 2€pVkgm~ 418.5Ns/m (14.133) 


These are equivalent dampers and springs at the center of the wheel. The 
actual value of the suspension parameters depends on the geometry of the 
suspension mechanism and installment of the spring and damper. Because 
kp > ka and cp > ca, suspension of vehicle B is harder than that of 
vehicle A. This is because vehicle B has less wheel travel, and hence, it has 
more acceleration level w2 Sx. Figure 14.15 shows that 


220 1/s? (14.134) 
28 1/s°. (14.135) 


2 


20. 
Wn SX. 


2 


20. 
Wn SX 


Example 508 Average vehicle suspension design. 
Most street cars with good ride comfort have a natural frequency equal or 
less than one Hertz. Optimal suspension characteristics of such a car are 


fn © 1Hz (14.136) 
€ & 0.028 (14.137) 
Sz = 1.47644 (14.138) 
wrSg, = 66 1/s* (14.139) 
and therefore, 
k = (2rf,)? me 42m (14.140) 
c = 2éVkm = 4ném & 0.1120m. (14.141) 


Both k and c are proportional to the mass of the car, m. So, as a good 
estimate, we may use Figures 14.16 and 14.17 to design a car suspension. 

For example, the optimalk and c for a car with m = 250kg and f, = 1 Hz 
are 


k = 9869.6N/m (14.142) 
c = 87.96Ns/m. (14.143) 
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FIGURE 14.16. Optimal & as a function of m for a car with f, = 1 Hz. 
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FIGURE 14.17. Optimal c as a function of m for a car with f,, = 1 Hz. 
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Optimal design curve 


FIGURE 14.18. The optimal design curve in plane (Sx, Sz). 


Example 509 Graphical representation of optimal characteristics. 

To visualize how the optimal parameters vary with respect to each other, 
we draw them in different coordinates. Figure 14.18 illustrates the optimal 
curve in plane (Sx,Sz). Figure 14.19 shows the optimal fr, and € versus 
Sz, and Figure 14.20 shows the optimal f, and € versus each other. The 
optimal € increases slightly with fn for fn < 10Hz and it increases rapidly 
for fn 2 10Hz. So, as a general rule, when we change the spring of an 
optimal suspension with a harder spring, the damper should also be changed 
for a harder one. 


Example 510 Examination of the optimization of the design curve. 

To examine the optimal design curve and compare practical ways to make 
a suspension optimal, we assume that there is equipment with an off-optimal 
suspension, indicated by point P, in Figure 14.21. 


fn = 10Hz (14.144) 
€ = 015 (14.145) 


To optimize the suspension practically, we may keep the stiffness constant 
and change the damper to a corresponding optimal value, or keep the damp- 
ing constant and change the stiffness to a corresponding optimal value. 
However, if it is possible, we may change both the stiffness and damping 
to a point on the optimal curve depending on the physical constraints and 
requirements. 

Point Pz in Figure 14.21 has the same fn as point P, with an optimal 
damping ratio € = 0.4. Point P3 in Figure 14.21 has the same € as point 
pi with an optimal natural frequency fy ~ 5Hz. Hence, points Py and Ps 
are two alternative optimal designs for the off-optimal point P,. 
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FIGURE 14.19. The optimal f, and € versus Sz. 
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FIGURE 14.20. The optimal € versus optimal f,,. 
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FIGURE 14.21. Two alternative optimal designs at points P, and P3 for an 
off-optimal design at point P,. 


Figure 14.22 compares the acceleration frequency response G2 for the 
three points P,, P2, and P3. Point P3 has the minimum acceleration fre- 
quency response. Figure 14.28 depicts the absolute displacement frequency 
response Go and Figure 14.24 compares the relative displacement frequency 
response Sz for points P,, P2, and P3. These Figure show that both points 
P, and P3 introduce better suspension than point P,. Suspension Pz has a 
higher level of acceleration but needs less relative suspension travel. Suspen- 
sion P; has a lower acceleration, however it needs more room for suspension 
travel. 


Example 511 Sensitivity of Sz with respect to Sz on the optimal curve. 

Because Sx is minimum on the optimal curve, the sensitivity of acceler- 
ation RMS with respect to relative displacement RMS is minimum at any 
point on the optimal curve. Therefore, an optimal suspension has the least 
sensitivity to mass variation. If a suspension is optimized for one passen- 
ger, it is still near optimal when the number of passengers, and hence the 
body mass, is changed. 


Example 512 Application of the optimal chart. 

Select a desired value for the relative displacement as a traveling space 
(or a desired value for the maximum absolute acceleration), and find the 
associated values for wy, and € at the intersection of the associated vertical 
(or horizontal) line with the optimal curve. 
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FIGURE 14.22. Acceleration frequency response Gz for points P;, P2, and P3 
shown in Figure 14.21. 
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FIGURE 14.23. Absolute displacement frequency response G2 for points P;, P2, 
and P3 shown in Figure 14.21. 
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FIGURE 14.24. Relative displacement frequency response $2 for points Pi, P2, 
and P3 shown in Figure 14.21. 


Example 513 *% Three-dimensional view of the optimal curve. 

Figure 14.25 illustrates a 3D view of Sy for different Sz and f,, to show 
the optimal curve in 3D. 

Theoretically, we may show the surface by 


Sz =Sy(Sz, fn) (14.146) 
and therefore, the optimal curve can be shown by the condition 
VSx-és, =0 (14.147) 


where €5, is the unit vector along the Sz-axis and VS x is the gradient of 
the surface Sy. 


Example 514 * Suspension trade-off and trivial optimization. 

Reduction of the absolute acceleration is the main goal in the optimization 
of suspensions, because it represents the transmitted force to the body. A 
vibration isolator reduces the absolute acceleration by increasing deflection 
of the isolator. The relative deflection is a measure of the clearance known 
as the working space of the isolator. The clearance should be minimized 
due to safety and the physical constraints in the mechanical design. 

There is a trade-off between the acceleration and relative motion. The 
ratio of wS% to Sz is a monotonically increasing function of wy and €. 
Keeping Sz constant increases wi Sy by increasing both wy, and €. However, 
keeping wh Sx constant, decrease Siz by increasing w, and €. Hence, wi Sz 
and Sz have opposite behaviors. These behaviors show that w, = 0 and 
€ =0 are the trivial and non practical solutions for the best isolation. 
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Optimal design curve 


FIGURE 14.25. A three-dimensional view of Sy for different Sz and f,, to show 
the optimal curve. 


Example 515 * Plot for RMS of absolute acceleration RM S(G2) = Sx. 

Figures 14.26 and 14.27 illustrate the root mean square of absolute accel- 
eration RMS(G2) = Sx graphically. In Figure 14.26, Sx is plotted versus 
€ with fr, as a parameter, and in Figure 14.27, Sx is plotted versus fr, with 
€ as a parameter. 


Example 516 % Plot for RMS of relative displacement RM S(S2) = Sz. 

Figures 14.28 and 14.29 illustrate the root mean square of relative dis- 
placement RM S(S2) = Sz. In Figure 14.28, Sz is plotted versus € with fr 
as a parameter and in Figure 14.29, Sz is plotted versus fy, with € as a 
parameter. 


Example 517 * RMS(Go) = RMS(X/Y). 
RMS of the absolute displacement, Sx, needs the integral of Go = 
(X/Y)?, which is determined as follows: 


Ww Zi9 1 


Z16 —1 
Godw = tan + tan 14.148 
/ Daal fis Vis Zo0V/Za1 ( ) 


=m 
V 21 
Ze = we (—se° + 8é4 — (864 — 4¢? — 1) 4/1 - *) (14.149) 
Zz = —4€? (1-7) (14.150) 


Zig =u (1-26? - 26 1-€) 
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FIGURE 14.26. Plot of root mean square of absolute acceleration RMS(S3) = Sx 
versus € with fn as a parameter. 
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FIGURE 14.27. Plot of root mean square of absolute acceleration RMS(S3) = Sx 
versus f,, with € as a parameter. 
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FIGURE 14.28. Plot of root mean square of relative displacement RM S(S2) = Sz 
versus € with f, as a parameter. 
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FIGURE 14.29. Plot of root mean square of relative displacement RMS(S2) = Sz 
versus fn with € as a parameter. 
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FIGURE 14.30. Plot of root mean square of absolute displacement 
RMS(Si) = Sx versus € with fn 


= 
o 
I 


oe (s«° gé* — (8é* — 467-1) € 1-#) (14.151) 
Zo = Zy7 = —4€? (1- €’) (14.152) 


Zy = —we (1 2€7 — 2€4/1 2) (14.153) 


Now the RMS of absolute displacement Sx can be determined analytically. 
Figures 14.80 and 14.81 illustrate the root mean square of relative displace- 
ment RMS(Go) = Sx. In Figure 14.80, Sx is plotted versus € with fr 
as a parameter and in Figure 14.31, Sx is plotted versus f, with € as a 
parameter. 


Example 518 *% Plot of RMS(G2) = Sx versus RM S(S2) = Sz. 

Figures 14.32 and 14.33 show RMS(G2) = Sx versus RMS(S2) = Sz 
graphically. In Figure 14.32, w2Sz is plotted for constant natural frequen- 
cies fn, and in Figure 14.83 for constant €. Some of the curves in Figure 
14.382 have a minimum, which shows that we may minimize Sx versus Sz 
for constant fr. Such a minimum is the goal of optimization. 

Figure 14.83 shows that there is a maximum on some of the constant &€ 
curves. These maximums indicate the worst suspension design. 

Figure 14.34 illustrates the behavior of Sy, instead of w2 Sy, versus Sz. 
The minimum point on each curve occurs at the same Sz as in Figure 
14.32. 
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FIGURE 14.31. Plot of root mean square of absolute displacement 
RMS(Si) = Sx versus fn with € as a parameter. 
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FIGURE 14.32. Plot of w2RMS(G2) = w2S% versus RMS(S2) = Sz for con- 
stant natural frequencies fn. 
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FIGURE 14.33. Plot of w2RMS(G2) = w2S% versus RMS(S2) = Sz for con- 
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FIGURE 14.34. Plot of RMS(G2) = Sx versus RMS(S2) = Sz for constant 
natural frequencies fr. 
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Example 519 * Alternative optimization methods. 

There are various approaches and suggested methods for vibration iso- 
lator optimization, depending on the application. However, there is not a 
universally accepted method applicable to every application. Every optimiza- 
tion strategy can be transformed to a minimization of a function called the 
cost function. Considerable attention has been given to minimization of 
the absolute displacement, known as the main transmissibility. However, 
for a vibration isolator, the cost function may include any state variables 
such as absolute and relative displacements, velocities, accelerations, and 
even jerks. 

Constraints may determine the domain of acceptable design parameters 
by dictating an upper and lower limit for wy, and €. For vehicle suspension, 
it is generally desired to select wp, and € such that the absolute acceleration 
of the system is minimized and the relative displacement does not exceed a 
prescribed level. The most common optimization strategies are as follow: 

Minimax absolute acceleration Sy for specified relative dis- 
placement Sz,. Specify the allowable relative displacement, and then find 
the minimax of absolute acceleration 


Be (14.154) 
Own 

OSx _ 

oo (14.155) 
Sz = Sz. (14.156) 


Minimaz relative displacement Sz for specified absolute accel- 
eration Sx. Specify the allowable absolute acceleration, and then find the 
minimasx relative displacement. 


OSz 

= 8 (14.157) 
dSz 

ae = 14.1 
5E 0 (14.158) 
Se SB ys (14.159) 


Example 520 *% More application of the design chart. 
The optimization criterion 


Sx 
pla: 14.1 
= 0 (14.160) 

OS z 

—— 14.161 
ae. ( ) 


is based on the root mean square of Sz and G2 over a working frequency 


918 14. Suspension Optimization 


range. 
1 407m 
Sz = af S2du (14.162) 
1 407m 
8% = Wao h Godw (14.163) 


The optimal design curve is the optimal condition for suspension of a base 
excited system using the following functions: 


Z 
So = aa 
Xp 
G2 weV 
However, because 
Xp ZB XE ZR 
Ss = — Se ee ee 14.164 
F/m Y €CEg €ER ( 
Xe Fr, Fr, Fr, ( Ma 
Ge w2V kY ew2Me  ewW2Me = m ( 65) 


the optimal design curve can also be expressed as a minimization condition 
for any other G2-function with respect to any other S2-function, such as 
transmitted force to the base ee fe for an eccentric excited system — 


This minimization is equivalent to the optimization of an engine mount. 


14.4. ¥ Time Response Optimization 


Transient response optimization depends on the type of transient excita- 
tion, as well as cost function definition. Figure 14.35 illustrates a 1/8 car 
model and a unit step displacement. 


_f 1 t>0 
v={ 4 2G (14.166) 


If the transient excitation is a step function, and the optimization crite- 
ria is minimization of the peak value of acceleration versus peak value of 
relative displacement, then there is optimal €* for any f, that provides 
the best transient behavior of a 1/8 car model. This behavior is shown in 
Figure 14.36. 

é* =0.4 (14.167) 
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FIGURE 14.35. A 1/8 car model and a unit step displacement base excitation. 
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FIGURE 14.36. Peak value of acceleration versus peak value of relative displace- 
ment for different € and fn. 
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Proof. The equation of motion for the base excited one-DOF system shown 
in Figure 14.35, is 


#+ Mwy, t+ wre = wunytwry (14.168) 


Substituting y = 1 in Equation (14.168) provides the following initial value 
problem to determine the absolute outplacement of the mass m: 


E+ 2Uwyzt+wrer = we (14.169) 
y(0) = 0 (14.170) 
y(0) = 0 (14.171) 


Solution of the differential equation with zero initial conditions is 


1A 1A 5 
yp nem Awnt 4 2 —Awnt 14.172 
r aC Aa ( ) 


where A and A are two complex conjugate numbers. 


A = €4+%/1-2 (14.173) 
A = €-iw/1-@ (14.174) 


Having x and y = 1 are enough to calculate the relative displacement 
Z=X2-—yY. 


Zz = x£2-y 
ae Or me oe te 
SE ethdet al Aly 14.1 
Dib = op Ce) 


The absolute velocity and acceleration of the mass m can be obtained 
from equation (14.172). 


DA ip carn 1Aw rae 
ao Ma Awat _ © Wn p- Awa 14.176 
. a a 2. 4b ( ) 
1 A8w? Aiscé PA we ee 
f 2 aoe Abt Oe Wn Ade 14.1 
7 2 ib © 2 ib eee 


The peak value of the relative displacement is 


al 2 = 
zp = exp (ee) (14.178) 


which occurs when z = 0 at time f, 


= 2 
t= ~§ cos! (26° = 1) (14.179) 


rs e 
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The peak value of the absolute acceleration is 
9608" (26? = 1) =a 
ap = w? exp oy ia Gc 
ay Ig 


which occurs at the beginning of the excitation, t = 0, or at the time instant 
when x = 0 at time tz 


(14.180) 


fee 2cos~! (267 — 1) —7 
—" ssgeqftere 


Figure 14.36 is a plot for ap versus zp for different € and f,. The min- 
imum of the curves occur at € = 0.4 for every f,. The optimal € can be 
found analytically by finding the minimum point of ap versus zp. The 
optimal € is the solution of the transcendental equation 


(14.181) 


2€ cos! (2€? — 1) — w — 4£)/1- € =0 (14.182) 


which is € = 0.4. The minimum peak value of the absolute acceleration 
with respect to relative displacement is independent of the value of natural 
frequency fn. lm 


Example 521 * Optimal design curve and time response. 

To examine transient response of suspensions on the optimal design curve, 
we compare a base excited equipment having an off-optimal suspension, at 
point P,, with optimal suspensions at points Pz and P3 in Figure 14.21. 
Point P, is at 


2 


Fn 
g 


Points Pz and P3 are two alternative optimizations for point P,. Point 
Py has € & 0.4 with the same natural frequency as P, and point Pz has 
fn © 5Hz with the same damping as point P,. 

Figure 14.87 illustrates a base excited one-DOF system and a sine square 
bump input. 


10 Hz (14.183) 
0.15. (14.184) 


2 


2 
djsin? "t O<t<0.1 


y = di (14.185) 
0 t<0,t>01 

dy = 0.05m (14.186) 

v = 10m/s (14.187) 


d, = Im (14.188) 
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FIGURE 14.37. A base excited one-DOF system and a sine square bump input. 
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FIGURE 14.38. Absolute displacement time response of the system for three 
different suspensions. 
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FIGURE 14.39. Relative displacement time response of the system for three dif- 
ferent suspensions. 
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FIGURE 14.40. Absolute acceleration time response of the system for three dif- 
ferent suspensions. 
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The absolute and relative displacement time responses of the system at 
points 1, 2, and 3 are shown in Figures 14.88, and 14.89, respectively. The 
absolute acceleration of m is shown in Figure 14.40. 

System 3 has a lower relative displacement peak value and a lower ab- 
solute acceleration peak value, but it takes more time to settle down. 


14.5 Summary 


A one-DOF base excited system with the equation of motion 
H+ Uwy tt w2a = wun ytury (14.189) 


is an applied model for equipment mounted on a vibrating base, as well as 
a model for vertical vibration of vehicles. Assuming a variable excitation 
frequency, we may determine the relative displacement S. = |Z/Y| and 
absolute acceleration Gy = |x io; ) 
the system. The optimization criterion is 


frequency responses to optimize 


OSx 

= (14.190) 
OS 

552 «> (14.191) 


where Sz and Sx are the root mean square of Sz and G»2 over a working 
frequency range. 


1 407m 

82 = Wao ; S2dw (14.192) 
1 4070 

Sz = Wa A Godu (14.193) 


The optimization criterion states that the minimum absolute acceleration 
RMS with respect to the relative displacement RMS, makes a suspension 
optimal. The result of optimization may be cast in a design chart to visu- 
alize the relationship of optimal € and wy. 
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14.6 Key Symbols 


Go = |X/Y| 
Go = |X/Yur 


—} 
bei 


NNN XS MESES 


a) 


< 
8 
x 


acceleration 

arm length of displaced spring 
damping 

optimum damping 

equivalent damping 

road wave length 

road wave amplitude 
dissipation function 

force 

cyclic frequency [| Hz] 

damper force 

spring force 

cyclic natural frequency [ Hz] 
amplitude of a harmonic force f 
gravitational acceleration 
absolute displacement frequency response 


absolute acceleration frequency response 


stiffness 

optimum stiffness 
equivalent stiffness 

kinetic energy 

Lagrangean 

mass 

frequency ratio 

relative displacement frequency response 
RMS of $2 

RMS of G2 

time 

period 

velocity 

potential energy 

absolute displacement 
steady-state amplitude of x 
base excitation displacement 
steady-state amplitude of y 
relative displacement 
steady-state amplitude of z 
short notation parameter 


tilted spring angle 
spring deflection 
displacement 


925 
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o= im 
w=2rf 
Wn 
Subscript 
eq 

hi 

l 

Z 

8 

u 

u 


damping ratio 
angular frequency [rad/s] 
natural frequency 


equivalent 
front 

low 

rear 
sprung 
unsprung 
up 
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Exercises 


1. Equivalent McPherson suspension parameters. 
Figure 14.41(a) illustrates a McPherson suspension. Its equivalent 
vibrating system is shown in Figure 14.41(b). 


Qa 


el. 4 2 


i 


( 
=a 
TT yy 
t 
a 
t 


ga | y ] y 
eli - 
(a) (b) 


FIGURE 14.41. A McPherson suspension and its equivalent vibrating system. 


(a) Determine keg and Ceq if 


a = 22cm 

b = 45cm 

k; 10000 N/m 
c = 1000Ns/m 
a = 12deg. 


(b) Determine the stiffness k such that the natural frequency of the 
vibrating system is f, = 1 Hz, if 

= 22cm 

= 45cm 
1000/4 kg 

= l2deg. 


2 3S cea 
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Keg Ceq 


(a) (b) 
FIGURE 14.42. A double A-arm suspension and its equivalent vibrating system. 


(c) Determine the damping c such that the damping ratio of the 
vibrating system is € = 0.4, if 


a = 22cm 
b = 45cm 

m = 1000/4kg 
a = 12deg 

fn = 14:2. 


2. Equivalent double A-arm suspension parameters. 


Figure 14.42(a) illustrates a double A-arm suspension. Its equivalent 
vibrating system is shown in Figure 14.42(b). 


(a) Determine keg and Ceq if 


a = 32cm 

b = 45cm 

k = 8000N/m 
c = 1000Ns/m 
a = 10deg. 


(b) Determine the stiffness k such that the natural frequency of the 
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vibrating system is f, = 1 Hz, if 


2 Ss cea 


32cm 
45cm 
1000/4 kg 
10deg. 


929 


(c) Determine the damping c such that the damping ratio of the 


vibrating system is € = 0.4, if 


2 Ss oa 
Il 


Fn 


3. Road excitation frequency. 


32cm 
45cm 
1000/4 kg 
10 deg 

1 Hz. 


A car is moving on a wavy road. What is the wave length d; if the 
excitation frequency is f, = 5 Hz and 


(a) v = 30km/h 
(b) v = 60km/h 
(c) v= 100km/h. 


4. % Road excitation frequency and wheelbase. 


A car is moving on a wavy road. 


(a) What is the wave length d, if the excitation frequency is f, = 


8 Hz and v = 60km/h? 


(b) What is the phase difference between the front and rear wheel 
excitations if car’s wheelbase is | = 2.82 m? 


(c) At what speed the front and rear wheel excitations have no phase 


difference? 


5. % Road excitation amplitude. 


A car is moving on a wavy road with a wave length d; = 25m. What 
is the damping ratio € if Sg = Z/Y = 1.02 when the car is moving 


with v = 120km/h? 


k = 10000N/m 
m = 1000/4kg 
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10. 
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. Optimized suspension comparison. 


A car with m = 1000/4kg is moving on a wavy road with a wave 
length d; = 45m and wave amplitude dz = 8cm at v = 120km/h. 
What is the best suspension parameters if the equivalent wheel travel 
of the car at the wheel center is 


. Suspension optimization and keeping k or c. 


Consider a base excited system with 


k = 10000N/m 
m = 1000/4kg 
c = 1000Ns/m. 


(a) Determine the best k for the same c. 
(b) Determine the best c for the same k. 
(c) Determine the value of Sz and Sx in each case. 


. Suspension optimization for minimum Sz. 
A base excited system has 
k = 250000N/m 
m = 2000kg 
c = 2000Ns/m. 


Determine the level of acceleration RMS Sy that transfers to the 
system. 


. Peak values and step input. 
A base excited system has 
k = 10000N/m 
m = 1000/4kg 
c = 1000Ns/m. 


What is the acceleration and relative displacement peak values for a 
unit step input? 

* Acceleration peak value and spring stiffness. 

Explain why the €-constant curves are vertical lines in the plane 
(ap, zp) : 


15 
*% Quarter Car 


The most employed and useful model of a vehicle suspension system is 
a quarter car model, shown in Figure 15.1. We introduce, examine, and 
optimize the quarter car model in this chapter. 


FIGURE 15.1. A quarter car model. 


15.1 Mathematical Model 


We may represent the vertical vibration of a vehicle using a quarter car 
model made of two solid masses m, and m, denoted as sprung and un- 
sprung masses, respectively. The sprung mass m, represents 1/4 of the 
body of the vehicle, and the unsprung mass m,, represents one wheel of 
the vehicle. A spring of stiffness k,, and a shock absorber with viscous 
damping coefficient c,, support the sprung mass and are called the main 
suspension. The unsprung mass m,, is in direct contact with the ground 
through a spring k,, representing the tire stiffness. 

The governing differential equations of motion for the quarter car model 
shown in Figure 15.1, are: 


MsLs + Cg (is ~ a) =F: ks (25 4 Li) = 0 (15.1) 
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Proof. The kinetic energy, potential energy, and dissipation function of 
the system are as below. 


Tes, Sega" day os 
= — Ss —, Ss 1 . 
K qmsts t 5Msh, (15.3) 
1 1 
Vo = 5hs(as— ty) + 5hu (tu y) (15.4) 
i 
D = 5s (ts— iy) (15.5) 


Employing the Lagrange method, 


(8) OK 0. 5 ay 


dt\0z,) Ox, O&, Ox. 
d (OK OK OD OV 
di (5) ny ont oan to) 
we find the equations of motion 
Mshs = —ky (@s — Vu) — Cs (Hs — Lu) (15.8) 
which can be expressed in a matrix form 
[m] x + [ce] x + [k]x =F (15.10) 
oom iL +L SEE] 
¥ + te 
0 Muy Lu —Cg Cs Lu 
ke —k, Le | 0 


Example 522 Tire damping. 

We may add a damper c, in parallel to ky, as shown in Figure, to model 
any damping in tires. However, the value of c, for tires, compared to Cz, 
are very small, and hence, we may ignore Cc, to simplify the model. Having 
the damper c, in parallel to k,, makes the equation of motion the same as 
Equations (12.47) and (12.48) with a matrix form as Equation (12.50). 


Example 523 Mathematical model’s limitations. 

The quarter car model contains no representation of the geometric effects 
of the full car and offers no possibility of studying longitudinal and lateral 
interconnections. However, it contains the most basic features of the real 
problem and includes a proper representation of the problem of controlling 
wheel and wheel-body load variations. 
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In the quarter car model, we assume that the tire is always in contact 
with the ground, which is true at low frequency but might not be true at 
high frequency. A better model must be able to include the possibility of 
separation between the tire and ground. 


Example 524 *% History of quarter car model optimization. 

Optimal design of two-DOF vibration systems, including a quarter car 
model, is the subject of numerous investigations since the invention of the 
vibration absorber theory by Frahm in 1909. It seems that the first analytical 
investigation on the damping properties of two-DOF systems is due to Den 
Hartog (1901 — 1989). 


15.2 Frequency Response 


To find the frequency response, we consider a harmonic excitation, 
y = Y coswt (15.12) 


and look for a harmonic solution in the form 


ts = Aj,sinwt+ By coswt 
= X,sin(wt — »,) (15.13) 
ty, = Agsinwt+ Bocoswt 
= X, sin (wt — y,,) (15.14) 
Z = @e—Vy 


= As3sinwt + B3 coswt 
= Zsin(wt— y,) (15.15) 


where X,, X,, and Z are complex amplitudes. 
By introducing the following dimensionless characteristics: 


Ms 
ee (15.16) 
ie. Sra (15.17) 
Ms 
Ku 
=e 15.1 
Wy = (15.18) 
Boe toe (15.19) 
Wa 
WwW 
by 15.2 
r = (15.20) 
f=. (15.21) 
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we may search for the following frequency responses: 


x 
i= = (15.22) 
Xu 
A 
7 = | (15.24) 
and obtain the following functions: 
Ag? 7? +1 
a= Se 15.2 
. Ze + ae 29) 
A4€*r? +1497? (r? -2 
2g ee aa lu (15.26) 
Zi + 23 
2 fe 
Sees 15,27 
Zi+ Za rey 
ZA, = [r* (r?a*-1) + (1-(1+e)r*a%)] (15.28) 
Za = 2€r(1—-(1+e)r?a’) (15.29) 


The absolute acceleration of sprung mass and unsprung mass may be 
defined by the following equations: 


“= no (15.30) 
= rary (15.31) 
v= zs, (15.32) 
= ra’r (15.33) 


Proof. To find the frequency responses, let’s apply a harmonic excitation 
y = Y coswt (15.34) 


and assume that the solutions are harmonic functions with unknown coef- 
ficients. 


Ls A; sinwt + By, coswt (15.35) 
Ly, = Agsinwt+ Bo coswt. (15.36) 


Substituting the solutions in the equations of motion (15.1)-(15.2) and 
collecting the coefficients of sinwt and coswt in both equations provides 
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the following set of algebraic equations for A;, By, Ao, Bo: 


Ay 0 
A 0 
[A] B al ee (15.37) 
By 0 
where [A] is the coefficient matrix. 
ks — Mew? —k, —CsW CW 
[4] = Cow —CeW ke — Mew? —k, 
~ —k. kg + ky — Myw? Co ~C,W 
—C,W Co —k, kg + ky — My,w? 
(15.38) 
The unknowns may be found by matrix inversion 
A, 0 
Ag -1 0 
eal ia [A] kuY (15.39) 
Bo 0 
and therefore,the amplitudes X, and X,, can be found. 
XxX? = A?+B? 
ky (w2c2 + k2) 
= —-— SY 15.40 
ks 22+ 23 ( ) 
Xi = AD+B3 
= fy (wtm? + wc? — Qw*kems + k2) y2 (15.41) 
Rs Z3 + 2} 
Z3 = —(w?(ksms +ksmy + kums) — ksku —wimsm,) — (15.42) 
Z, = —(w3 (cgms + ¢sMu) — wesku) (15.43) 
Having X, and X,, helps us to calculate z and its amplitude Z. 
2 = 0s = Ly 
= (Ai = Ag) sin wt + (By ne Bo) cos wt 
= Ag3sinwt + B3coswt 
= Zsin(wt — y,) (15.44) 
Z? = AZ+ BS 
Ay 2 
_ ku_wims yo (15.45) 
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FIGURE 15.2. A sample for the sprung mass displacement frequency response, 
Xs 
w= |4? 


Taking twice the derivative of j1 and 7 ends up the acceleration frequency 
responses u and v for the unsprung and sprung masses. Equations (15.30)- 
(15.33) express u and v. 

Using the definitions (15.16)-(15.21), we may transform Equations (15.40), 
(15.41), and (15.45) to (15.25), (15.26), and (15.27). Figures 15.2, 15.3, and 
15.4, are samples of the frequency responses p, 7, and 7 for « = 3, and 
a= 0.2. 

| 


Example 525 Average value of parameters for street cars. 

Equations (15.25)-(15.27) indicate that the frequency responses [4, T, and 
7 are functions of four parameters: mass ratio ce, damping ratio €, natural 
frequency ratio a, and excitation frequency ratio r. The average, minimum, 
and maximum of practical values of the included parameters are indicated 
in Table 14.1. 

For a quarter car model, it is known that ms > my, and therefore, € > 1. 
Typical mass ratio, €, for vehicles lies in the range 3 to 8, with small cars 
closer to 8 and large cars near 3. The excitation frequency w is equal to wy, 
when r = 1/a, and equal to w,, when r = 1. For a real model, the order of 
magnitude of the stiffness is ky > kg, $0 Wy > Ws, anda <1. Therefore, 
r>1atw=w,. So, we expect to have two resonant frequencies greater 
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FIGURE 15.3. A sample of the unsprung mass displacement frequency response, 
x 
r= |>H|. 


FIGURE 15.4. A sample of the relative displacement frequency response, 7 = |Z |. 
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than r = 1. 


Table 14.1 - Average value of quarter car parameters. 


Parameter | Average | Minimum | Maximum 


i = om 
mM. 

ks 

Ws =4/— i 
Ms 
ku 

Og aa 20 
My 


WwW 
WwW 
Ws 
= : 
WwW 


é=— 0.55 2 


Example 526 * Three-dimensional visualization for frequency responses. 


To get a sense about the behavior of different frequency responses of a 
quarter car model, Figures 15.5 to 15.8 are plotted for 


ms = 375kg 

My = THkg 
ky = 193000N/m 
k, = 35000N/m. 


15.3 ¥% Natural and Invariant Frequencies 


The system is a two-DOF system and therefore it has two natural frequen- 
cies. The natural frequencies rp,, Tn,, of a quarter car are 


Mm, = 


Fe) a2)? — 10) (15.46) 


Fe) a2)" — 1a). (15.47) 


Tn. = 


The family of response curves for the displacement frequency response of 
the sprung mass, 4, are obtained by keeping ¢ and € constant, and varying 
€. This family has several points in common, which are at frequencies 11, 
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FIGURE 15.5. Three-dimensional view of the frequency response ps = |= 
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FIGURE 15.6. Three-dimensional view of the frequency response T = |=+. 
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FIGURE 15.7. Three-dimensional view of the frequency response 7 = 


FIGURE 15.8. Three-dimensional view of the frequency response u = | 
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T2, 73, 74, and fy, Ha, M3; Ma- 


ry =0 yy =1 
1 1 
Bo Mas 
= 1 (15.48) 
fa 2 ale |S (1+) r3a? 
-1 
s na 1—(1+e)ra? 
1 
= fig 23 4 oe cme 
m= ea (1 2(1+e)a2— V1 +2(1 +2) 02) ba? (15.49) 
1 
m= a2 (1 +2(1+e)a0?+4+1/(14+2(1 +e) a2)? — 80°) (15.50) 
where 
1 1 
ee as A are pera =a <4 (15.51) 


the corresponding transmissivities at rg and r4 are 


1 


oy Sareea, ee (1 +e) r3a? 22) 
—1 
Ma 1—(1+e)r3a? oe) 


The frequencies 71, T2, 73, and rq are called invariant frequencies, and their 
corresponding amplitudes are called invariant amplitudes because they are 
not dependent on €. However, they are dependent on the values of ¢ and 
a. The order of magnitude of the natural and invariant frequencies are: 


ry, (=0) <tr, <T2< <Tno <4 (15.54) 


1 1 

aVvl+e peice (- 

The curves for ys have no other common points except 71, r2, 73, and 4. 
The order of frequencies along with the order of corresponding amplitudes 
can be used to predict the shape of the frequency response curves of the 
sprung mass pu. Figure 15.9 shows schematically the shape of the amplitude 
versus excitation frequency ratio r. 
Proof. Natural and resonant frequencies of a system are where the ampli- 
tude goes to infinity when damping is zero. Hence, the natural frequencies 
would be the roots of the denominator of the jy function. 


g(r?) = 1? (r?a? —1) + (1-(1+e)r7a’) 
a’r? — (14+ (1+e)a”)+1=0 (15.55) 
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0 


FIGURE 15.9. Schematic illustration of the amplitude yz versus excitation fre- 
quency ratio r. 


The solution of this equation are the natural frequencies given in Equations 
(15.46) and (15.47). 


Ag? 7? + 1 
2 
Se 15. 
i Zi + ae eee) 
2 ne 2 2 
a2 See) (15.57) 
Zi + Z3 
2 ie 
= 7 15. 
‘ Zit ZB eee) 


The invariant frequencies are not dependent €, so they can be found by 
intersecting the y curves for € = 0 and € = 0. 


1 
lim = $——__-_____ (15.59) 
£0 (r? (r2a? — 1) — r2a? (e +1) +1) 
1 
lim = $——___. (15.60) 
E00 (r20? (e + 1) - 1) 


Therefore, the invariant frequencies, r;, can be determined by solving the 
following equation: 


r? (r?0? —1) + (1-(1+e)r’a’) = + (1- (1 +€)r’a’) (15.61) 


Using the (+) sign, we find r; and rs with their corresponding transmis- 
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Sivities 4, and jis, 


yy =1 (15.62) 


TL = 


r= fs = (15.63) 


Q[R cS 
mM) rR 


and, with the (—) sign, we find the following equation for rz, and r4: 
a’rt — (14+2(1+e)a?)r?+2=0 (15.64) 


Equation (15.64) has two real positive roots, ro and r4, 


T2 


\a (1 +2(1+e)a?— va +2(1+e)a2)? — ba? (15.65) 


fi cies las (142046) a? + 4/(14+2(1 +e) a2)” bo? (15.66) 


with the following relative order of magnitude: 


1 (=0) <r < (15.67) 


1 1 
——— <r3(=-]}< 
avl+e ee ( =) "a 
The corresponding amplitudes at rz, and rg can be found by substituting 
Equations (15.65) and (15.66) in (15.25). 


1 
Spat ek 15. 
Ha Tate (15.68) 
—1 
= 15. 
Pa 1—(1+.e)ria? Ue:e2) 


It can be checked that 
(lte)a’r? -1l>e>1 (15.70) 
and hence, 
\ra| < “(= [3) <1 < |r| (15.71) 
and therefore, 


My > 1 
Mag < 1. 


15.72) 
15.73) 


g(r3) = (1+e)o7r2-1<0 
(l+e)a°r7-1>0 


15.74) 
15.75) 


S 

— 
3 

dO 

wa 
l| 


( 

( 
Using Equation (15.55), we can evaluate g (r3), g (r7), and g(r?) as 

( 

( 

( 


15.76) 


Ka) 
Cs 
3 
wo 
—" 

II 

Nea} 
oS 
8,| a 
NY 
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FIGURE 15.10. A magnification around the nodes for the sprung mass displace- 


ment frequency response, u = |< 


therefore, the two positive roots of Equation (15.55), rn, and rp, (> J2> r2), 
have the order of magnitudes as follows: 


ry (=0) < rn, <T2< <Tno <a (15.77) 


1 1 
—_ <r3<(=5 
av/l+te 7 ( =) 
| 


Example 527 * Nodes of the absolute displacement frequency response 
LL. 

There are four nodes in the absolute displacement frequency response of 
a quarter car. The first node is at a trivial point (r1 = 0,u, = 1), which 
shows that X,; = Y when the excitation frequency is zero. The fourth 
node is at (14, {44 <1). There are also two middle nodes at (r2, py > 1) 
and (rs = + [bg — +). 

Because pty < 1 and py < 1, the middle nodes are important in opti- 
mization. To have a better view at the middle nodes, Figure 15.10 illus- 
trates a magnification of the sprung mass displacement frequency response, 


b= |< around the middle nodes. 


Example 528 * There is no Frahm optimal quarter car. 

Reduction in absolute amplitude is the first attempt at optimization. If the 
amplitude frequency response 4 = u(r) contains fixed points with respect to 
some parameters, then using the Frahm method, the optimization process 
is carried out in two steps: 
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FIGURE 15.11. The natural frequency rn, as a function of ¢ and a. 


1— We select the parameters that control the position of the invariant 
points to equalize the corresponding height at the invariant frequencies, and 
minimize the height of the fixed points as far as possible. 

2— We find the remaining parameters such that the maximum amplitude 
coincides precisely at the invariant points. 

For a real problem, the values of mass ratio e, and tire frequency wy 
are fixed and we are trying to find the optimum values of a and &. The 
parameters a and € include the unknown stiffness of the main spring and 
the unknown damping of the main shock absorber, respectively. 

The amplitude 1; at invariant frequencies r;, shows that the first invari- 
ant point (r; = 0, u, = 1) is always fixed, and the fourth one (ra, 4 < 1) 
happens after the natural frequencies. Therefore, the second and third nodes 
are the suitable nodes for applying the above optimization steps. However, 


jes LA ps Ve>1 (15.78) 


and hence, we cannot apply the above optimization method. It is because 
[tg and 3 can never be equated by varying a. Ever so, we can still find the 
optimum value of € by evaluating a based on other constraints. 


Example 529 Natural frequency variation. 

The natural frequencies rn, and rn,, as given in Equations (15.46) and 
(15.47), are functions of « and a. Figures 15.11 and 15.12 illustrate the 
effect of these two parameters on the variation of the natural frequencies. 

The first natural frequency Tp, <1 decreases by increasing the mass ratio 
E. Tp, 18 Close to the natural frequency of a 1/8 car model and indicates the 
principal natural frequency of a car. Hence, it is called the body bounce 
natural frequency. The second natural frequency, Tn., approaches infinity 
when a decreases. However, rn, © 10 Hz for street cars with acceptable ride 
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FIGURE 15.12. The natural frequency r,, as a function of ¢ and a. 


comfort. Tn, relates to the unsprung mass, and is called the wheel hop 
natural frequency. 

Figure 15.13 that plots the natural frequency ratio Tn, /Tn, shows their 
relative behavior better. 


Example 530 Invariant frequencies variation. 

The invariant frequencies rg, r3, and r4, as given in Equation (15.48), 
are functions ofc and a. Figures 15.14 to 15.18 illustrate the effect of these 
two parameters on the invariant frequencies. 

The second invariant frequency r2, as shown in Figure 15.14, is always 
less than \/2 because 


lim r2 = V/2. (15.79) 


So, whatever the value of the mass ratio, rg cannot be greater than V2. 
Such a behavior may not let us control the position of second node freely. 

The third invariant frequency r3 as shown in Figure 15.15 is not a func- 
tion of the mass ratio and may have any value depending on a. The fourth 
invariant frequency r4 is shown in Figure 15.15. r4 increases when a de- 
creases. However, r4 settles when a = 0.6. 


lim, r2 = 0 (15.80) 


To have a better idea about the behavior of invariant frequencies, Figures 
15.17 and 15.18 depict the relative frequency ratio r4/r3 and r3/T2. 


Example 531 Frequency response at invariant frequencies. 
The frequency response yt is a function of a, c, and €. Damping always 
diminishes the amplitude of vibration, so we set € = 0 and plot the behavior 
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FIGURE 15.13. The natural frequency ratio rn, /rn, as a function of € and a. 
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FIGURE 15.14. The second invariant frequency rz as a function of € and a. 
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FIGURE 15.15. The third invariant frequency r3 as a function of ¢ and a. 
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FIGURE 15.16. The fourth invariant frequency r4 as a function of ¢ and a. 
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FIGURE 15.17. The ratio of ra/r3 as a function of € and a. 


FIGURE 15.18. The ratio of r3/r2 as a function of € and a. 
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FIGURE 15.19. Behavior of yy as a function of a, e. 


of ps is a function of a, ¢. Figure 15.19 illustrates the behavior of 1 at the 
second invariant frequency rz. Because 


lim fly = 1 (15.81) 


[ly starts at one regardless of the value of c. The value of pig is always an 
greater than one and is an increasing function. 

Figure 15.20 shows that jig is not a function of a and a decreasing func- 
tion of c. Figure 15.21 shows that 4, <1 regardless of the value of a and 
é. The relative behavior of U2, Lz, and py is shown in Figures 15.22 and 
15.28. 


Example 532 Natural frequencies and vibration isolation of a quarter car. 

For a modern, typical passenger car, the values of natural frequencies 
are around 1Hz and 10Hz respectively. The former is due to the bounce 
of sprung mass and the latter belongs to the unsprung mass. At average 
speed, bumps of wavelengths, which are much greater than the wheelbase of 
the vehicle, will excite bounce motion of the body, whereas at higher speed, 
bumps of wavelengths, which become shorter than a wheelbase length, will 
cause heavy vibrations of the unsprung. Therefore, when the wheels hit a 
single bump on the road, the impulse will set the wheels into oscillation 
at the natural frequency of the unsprung mass around 10 Hz. In turn, for 
the sprung mass, the excitation will be the frequency of vibration of the 
unsprung around 10 Hz. Because the natural frequency of the sprung is ap- 
proximately 1Hz, then the excellent isolation for sprung mass occurs and 
the frequency range around 10 Hz has no essential influence on the sprung 
discomfort. When the wheel runs over a rough undulating surface, the ex- 
citation will consists of a wide range of frequencies. Again, high excitation 
frequency at 5Hz to 20Hz means high frequency input to the sprung mass, 
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FIGURE 15.20. Behavior of uz as a function of e. 
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FIGURE 15.21. Behavior of yw, as a function of a, «. 
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FIGURE 15.22. Behavior of “4 as a function of Q, €. 
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FIGURE 15.23. Behavior of 43 as a function of Q, €. 
Me 
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FIGURE 15.24. Root mean square of absolute acceleration, S, = RMS(w) vreus 
root mean square of relative displacement S, = RMS(n), for a quarter car model 
and the optimal curve. 


which can effectively be isolated. Low frequency excitation, however, will 
cause resonance in the sprung mass. 


15.4. ¥% RMS Optimization 


Figure 15.24 is a design chart for optimal suspension parameters of a base 
excited two-DOF system such as a quarter car model. The horizontal axis is 
the root mean square of relative displacement, S,, = RM S(n), and the ver- 
tical axis is the root mean square of absolute acceleration, S,, = RMS(u). 


There are two sets of curves that make a mesh. The first set, which is al- 
most parallel at the right end, are constant damping ratio €, and the second 
set is constant natural frequency ratio a. There is a curve, called the opti- 
mal design curve, which indicates the optimal main suspension parameters: 


The optimal design curve is the result of the following RMS optimization 
strategy 
Minimize Sy with respect to Sz (15.82) 


which states that the minimum absolute acceleration with respect to the 
relative displacement, if there is any, makes the suspension of a quarter 
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FIGURE 15.25. Application of the design chart for S;, = 1, which indicates the 
optimal values € 0.3 and a & 0.35. 


car optimal. Mathematically, it is equivalent to the following minimization 
problem: 


OSy 

38, = 0 (15.83) 
oS, 

Us > 0 (15.84) 


To use the design curve and determine optimal stiffness k, and damping 
cs for the main suspension of the system, we start from an estimate value 
for S, on the horizontal axis and draw a vertical line to hit the optimal 
curve. The intersection point indicates the optimal a and € for the S;. 

Figure 15.25 illustrates a sample application for S$, = 0.75, which in- 
dicates € 0.3 and a *& 0.35 for optimal suspension. Having a, and €, 
determines the optimal value of k, and cz. 


key (15.85) 


Cs = 2Vksms (15.86) 


Proof. The RMS of a function g (a, &,¢,w), is defined by 


RMS (g) = Jal g? (a, €,€,w) dw 


27-W1 Jw, 
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where wg <w < wy is called the working frequency range. Let’s consider a 
working range for the excitation frequency 0 < f ie #) < 20 Hz to include 
almost all ground vehicles, especially road vehicles, and show the RMS of 
7 and wu by 


S, = RMS(n) (15.87) 
S, = RMS(u). (15.88) 


In applied vehicle dynamics, we usually measure frequencies in | Hz], instead 
of [rad/s], we perform design calculations based on cyclic frequencies f and 
fn in [Hz], and we do analytic calculation based on angular frequencies w 
and w,, in [rad/s]. 

To calculate S, and S,, over the working frequency range 


1 AOn 
— = 2q 1 . 
Sy a, ny? dr (15.89) 
1 AOn 
= —_ 2d 
Su ue u*dr 
407 
pe ii r2p2dr (15.90) 
On Jo 


we first find integrals of 7? and u?. 


1 1 r—Z 
2G SS es Se Ge z 
[ew 26 (z+ : 5) in (A 
ot 

+ — 


( 
ie (F+ 425) in (—%) (15.91) 


ZB r—-Z Z3 r— Z 
2 = 1} 1 2 2 
[re on (2 By Alece 
vi r— Z3 Zi r—Z4 
£3 | | 15.92 
tyes (A) + in peat ee 


The parameters Z, through Zp are as follows: 


1 —Zy9 + VZ23 1 Z15 
4, = £5. 
a 2 Fis car (75:98) 


1 -Zy9 — V 423 1 Z15 
Zy2 = 15.94 
: 2 Zio AZia ee) 


956 
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414 = 


1 —Z 9 + V VAT 1 Z15 


BS Yee As 
7, = brie V%al Zs 
2 Z19 4 Z14 
45 4€? 
Zo = (Z}- 23) (Zi - Z3) (2 — 22) 
Zr = (23-23) (23 — Z3) (22 - Zi) 
Ze = (23 - Zi) (23 - 21) (23 - 23) 
Zy = (24-21) (Z4 — 23) (Za — 23) 
272 
Z\0 = 5 Vag + BOB oa 
7, = S4%0%a-32}y 
S25) 


4216414215 — Z3s — 822 Zi7 


823, 
—6423,217Z15 + 2562}, Zig + 1624427, Z16 — 3Z 15 
25624, 
at 
= —2a4(1+¢)—207+4(1+.)? até? 
= -807é7 (14+e)+(1+e)?at—207(2+e)41 
= 4€7-207(1+.6)-2 
= 1 
Z19 — Z10 y= Zi 
29 = 4Zy + 12/222 
Zo = —288211213 + 108Z2, + 823, 
3 2 2 4 
Zon = —71682Z3, + 38422, 22, — 4821327, 
—432211 277,213 + 81Z}, + 1223, 22, 
Zag = Dag (Zin = Bio) 27 AP 


Zo = Li9(Z11+ Z10) + DAU ed 
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FIGURE 15.26. RMS of absolute acceleration, S, = RMS(u) vreus RMS of 
relative displacement S;, = RM S(n), for a quarter car model. 


Now the required RMS, S,,, and S,,, over the frequency range 0 < f < 
20 Hz, can be calculated analytically from Equations (15.89) and (15.90). 

Equations (15.89) and (15.90) show that both S, and S,, are functions 
of only three variables: ¢, a, and €. 


Sy = Sn (€,a,8) (15.117) 
Su (15.118) 


] 
x 
@ 
& 


In applied vehicle dynamics, ¢ is usually a fixed parameter, so, any pair of 
design parameters (a,€) determines S, and S,, uniquely. Let’s set 


e=3 (15.119) 


Using Equations (15.89) and (15.90), we may draw Figure 15.26 to illus- 
trate how 5, behaves with respect to S, when a and € vary. Keeping a 
constant and varying €, it is possible to minimize S,, with respect to S,. 
The minimum points make the optimal curve and determine the best a 
and €. The way to use the optimal design curve is to estimate a value for 
S,, or S,, and find the associated point on the design curve. A magnified 
picture is shown in Figure 15.24. 

The horizontal axis is the root mean square of relative displacement, 
S,, = RMS(n), and the vertical axis is the root mean square of absolute 
acceleration, S, = RMS(u). 
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FIGURE 15.27. Two optimal designs at points P2 and P3 for an off-optimal design 
quarter car at point P;. 


The optimal curve indicates that softening a suspension decreases the 
body acceleration, however, it requires a large room for relative displace- 
ment. Due to physical constraints, the wheel travel is limited, and hence, we 
must design the suspension such that to use the available suspension travel, 
and decrease the body acceleration as low as possible. Mathematically it is 
equivalent to (15.83) and (15.84). 


Example 533 Examination of the optimal quarter car model. 

To examine the optimal design curve and compare practical ways to make 
a suspension optimal, we assume that there is a quarter car with an off- 
optimal suspension, indicated by point Py in Figure 15.27. 


e = 3 (15.120) 
a = 0.35 (15.121) 
€é = 04 (15.122) 


To optimize the suspension practically, we may keep the stiffness constant 
and change the damper to a corresponding optimal value, or keep the damp- 
ing constant and change the stiffness to a corresponding optimal value. 
However, if it is possible, we may change both, stiffness and damping to 
a point on the optimal curve depending on the physical constraints and 
requirements. 

Point Pp in Figure 15.27 has the same a as point P, with an optimal 
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FIGURE 15.28. Absolute displacement frequency response yp for points P;, P2, 
and P3 shown in Figure 15.27. 


damping ratio € © 0.3. Point P3 in Figure 15.27 has the same € as point P, 
with an optimal natural frequency ratio a * 0.452. Hence, points Pz and 
P3 are two alternative optimal designs for the off-optimal point P,. 

Figure 15.28 compares the acceleration frequency response logu for the 
three points P,, Py, and P3. Point P3 has the minimum acceleration fre- 
quency response. Figure 15.29 depicts the absolute displacement frequency 
response logy and Figure 15.30 compares the relative displacement fre- 
quency response logn for the there points P,, Pz, P3. These Figures show 
that both points Py and P3 introduce better suspension than point P,. Sus- 
pension Pz has a higher level of acceleration but needs less relative sus- 
pension travel than suspension P3. Suspension P3 has a lower level of ac- 
celeration, but it needs more room for suspension travel than suspension 
Py. 


Example 534 Comparison of an off-optimal quarter car model with two 
optimal. 

An alternative method to optimize an off-optimal suspension is to keep 
the RMS of relative displacement S,, or absolute acceleration S, constant 
and find the associated point on the optimal design curve. Figure 15.31 
illustrates two alternative optimal designs, points Py and P3, for an off- 
optimal design at point Py. 

The mass ratio is assumed to be 


e=3 (15.123) 
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FIGURE 15.29. Relative displacement frequency response 7 for points P;, P2, 
and P3 shown in Figure 15.27. 
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FIGURE 15.30. Absolute acceleration frequency response wu for points P,, P2, 
and P3 shown in Figure 15.27. 
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FIGURE 15.31. Two alternative optimal designs at points Py, and P3 for an 
off-optimal design quarter car at point P,. 


and the suspension characteristics at Py are 


€ = 0.0465 (15.124) 
a = 0.265 (15.125) 
Sy, = 2 (15.126) 
Sy = 0.15. (15.127) 


The optimal point corresponding to P, with the same S,, is at Pz with the 
characteristics 


€ = 0.23 (15.128) 

= 0.45 (15.129) 
Sy = 0.543 (15.130) 
Sy = 0.15 (15.131) 


and the optimal point with the same S,, as point P; is a point at Py with 
the characteristics: 


€ = 0.0949 (15.132) 

= 0.1858 (15.133) 
S, = 2 (15.134) 
Sy = 0.0982 (15.135) 
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FIGURE 15.32. Absolute displacement frequency response yp for points P;, P2, 
and P3 shown in Figure 15.31. 


Figure 15.82 depicts the sprung mass vibration amplitude , which shows 
that both points Py and P3 have lower overall amplitude specially at second 
resonance. Figure 15.38 shows the amplitude of relative displacement n be- 
tween sprung and unsprung masses. The amplitude of absolute acceleration 
of the sprung mass u is shown in Figure 15.34. 


Example 535 * Natural frequencies and vibration isolation requirements. 

Road irregularities are the most common destructive source of excitation 
for passenger cars. Therefore, the natural frequencies of vehicle system are 
the primary factors in determining design requirements for conventional 
isolators. The natural frequency of the vehicle body supported by the primary 
suspension is usually between 0.2 Hz and 2 Hz, and the natural frequency of 
the unsprung mass, called wheel hop frequency, usually is between 2 Hz and 
20 Hz. The higher values generally apply to military vehicles. 

The isolation of sprung mass from the uneven road can be improved by 
using a soft spring, which reduces the primary natural frequency. Lowering 
the natural frequency always improves the ride comfort, however it causes 
a design problem due to the large relative motion between the sprung and 
unsprung masses. One of the most important constraints that suspension 
system designers have to consider is the rattle-space constraint, the maxi- 
mum allowable relative displacement. Additional factors are imposed by the 
overall stability, reliability, and economic or cost factors. 
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FIGURE 15.33. Relative displacement frequency response 7 for points P;, P2, 
and P3 shown in Figure 15.31. 
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FIGURE 15.34. Absolute acceleration frequency response wu for points P;, P», 
and P3 shown in Figure 15.31. 
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FIGURE 15.35. The optimal value of a as a function of relative displacement 
RMS S,. 


Example 536 Optimal characteristics variation. 

We may collect the optimal a and € and plot them as shown in Figures 
15.85 and 15.36. These figures illustrate the trend of their variation. The 
optimal value of both a and € are decreasing functions of relative displace- 
ment RMS S,. So, when more room is available, we may reduce a and € 
and have a softer suspension for better ride comfort. Figure 15.387 shows 
how the optimal a and € change with each other. 


15.5 ¥ Optimization Based on Natural Frequency 
and Wheel Travel 


Assume a fixed value for the mass ratio « and natural frequency ratio a. 
So the position of nodes in the frequency response plot are fixed. Then, an 
optimal value for damping ratio € is 


/Z35, 2 
EX = VE 11/22, — 80? + Za7 — as (15.136) 
236 235 
where 
Z33 = o*(1+e)41 (15.137) 
Z3e = 4aV1+e (15.138) 
Z3r = (2a*(1+e)+1). (15.139) 


The optimal damping ratio ae causes the second resonant amplitude jt. to 
occur at the second invariant frequency rz. The value of relative displace- 
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FIGURE 15.36. The optimal value of € as a function of relative displacement 
RMS S,,. 
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FIGURE 15.37. The optimal a versus optimal € for a quarter car with ¢ = 3. 
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ment 7 at r=Tr2 for € = €* is, 


(ZF, — 8a? - Zs) VT-Fe 


Ne = (15.140) 
2a? (Zo8v Ze oo Zz0) 
where, 
fxg = Aa* (Ve)? = 407 Ape) =e) 4 (1 +e?) G41) 
Zoo = —808(1+¢)°+1204(1+ 2)? (1—«) 
—2a4 (1+) (1+ 3e? — 2e) + (1 +e”) (15.142) 


Proof. Natural frequencies of the sprung and unsprung masses, as given 
in Equations (15.46) and (15.47), are related to « and a. When ¢ is set, we 
can evaluate a@ by considering the maximum permissible static deflection, 
which in turn adjusts the value of natural frequencies. If the values of a 
and ¢€ are determined and kept fixed, then the value of damping ratio € 
which cause the first resonant amplitude to occur at the second node, can 
be determined as optimum damping. For a damping ratio less or greater 
than the optimum, the resonant amplitude would be greater. 

The frequencies related to the maximum of y are obtained by differenti- 
ating 44 with respect to r and setting the result equal to zero 


Ou _ 1 Op? 
Or Qe Or 
1 
= xp (86?rZ25 — Z26 — Zar) = 0 (15.143) 
25 
where 
Zo = [r?(r?a? —1) + (1-(1+6)r?a”)]° 
+4¢7r? (1— (1+e)r?a?)” (15.144) 
Zog = 8€?r (4€?r? + 1) (3r7.? (l+e)- 1) 
Mra? (te) 1) (15.145) 
Lor = A4r (4€?r? a 1) [r?a? (1 +4 €) ab 7 (1 7 ra?) = 1] 
x [a? (1+) — 2r?a? + 1). (15.146) 


Now, the optimal value €* in Equation (15.136) is obtained if the frequency 
ratio r in Equation (15.143) is replaced with rg given by Equation (15.65). 
The optimal damping ratio €* makes js have a maximum at the second 
invariant frequency rg. Figure 15.38 illustrates an example of frequency 
response 1 for different € including € = €*. 

Figure 15.39 shows the sensitivity of é* to a and «. 
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FIGURE 15.39. the optimal value €* as a function of a and e. 
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FIGURE 15.40. The behavior of 1, for € = €* as a function of a and e. 


Substituting €* in the general expression of 1, the absolute maximum 
value of ys would be equal to jug given by equation (15.52). Substituting 
r= ry and € = €® in Equation (15.25) gives us Equation (15.140) for 7. 
The lower the natural frequency of the suspension, the more effective the 
isolation from road irregularities. So, the stiffness of the main spring must 
be as low as possible. Figure 15.40 shows the behavior of 7 for € = co - 


Example 537 Nodes in no for € = é* 


The relative displacement at second node, N, 1s a monotonically increas- 
ing function of a, and has two invariant points. The invariant points of n 


may be found from 


+r? [(r?0* — 1) + (1 —(1+e) a’) | 


= [r? (P20? — 1) + (1- (1 +e) r?0?)]? 


+r? (1 —(1+e) ra?) 


that are, 


The value of 4 at Tp, 18, 


a? 3 2 2 
Hn = sy Ate) [4é* +07 (1+.e)]. 


(15.147) 


(15.148) 
(15.149) 


(15.150) 
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Example 538 * Maximum value of 7. 

Figure 15.4 shows that n has a node at the intersection of the curves for 
€=0 and&é=om. There might be a specific damping ratio to make n have 
a maximum at the node. To find the maximum value of n, we have to solve 
the following equation for r: 


On _ 1 Or? 
Or 2n Or 
= Zz (4r? Zo3 — Z30 — Z31) (15.151) 
where 
Zag = [r® (r?a* - 1) + (1-1 +2) r°a”)]” 
+4£?5? (1 — (1 +e) r20?)? (15.152) 
Z39 = 8€?r° [3r?a? (1+e)—1] (r?a*(1+e)—1) (15.153) 
Z3, = 4r°[r?a? (1t+e) +r? (1—r?a?) - 1] 
x [a? (1 +e) — 2r?a? + 1] (15.154) 
Therefore, the maximum 7 occurs at the roots of the equation: 
Zaor® + Zaar® + Zear? —1=0 (15.155) 
where 
Zz. = at (15.156) 
Z33 = 2a*€? (146)? +a4(1+¢e)- a? (15.157) 
Zag = of (1+e)+1—2€?. (15.158) 


Equation (15.155) has two positive roots when € is less than a specific value 
of damping ratio, €,,, and one positive root when € is greater than €,,, where, 


E, = €, (a, 6, €)- (15.159) 


The positive roots of Equation (15.155) are rs and rg, and the correspond- 
ing relative displacements are denoted by nx and ng, where r5 < r¢. The 
invariant frequencies rs and rg would be equal when € > ,, and they ap- 
proach Tn, when € goes to infinity. The invariant frequency ng is greater 
than 5 as long as € < €,, and they are equal when € > €,. The relative 
displacements nz and jg are monotonically decreasing functions of €, and 
they approach to ,,, when € goes to infinity. 

It is seen from (15.149) that the invariant point at r,,, depends on a and 
€, but the value of 7,,, depends only on e. Ife is given, then n,,, is fixed. 
Therefore, the maximum value of the relative displacement, n, cannot be less 
than 1,,, and we cannot find any real value for € that cause the maximum 
of n to occur at r,,. The optimum value of € could be found when we adjust 
the maximum value of ng, and is equated to the allowed wheel travel. 
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15.6 Summary 


The vertical vibration of vehicles may be modeled as a two-DOF linear 
system called quarter car model. One-fourth of the body mass, known as 
sprung mass, is suspended by the main suspension of the vehicle k, and 
cs. The main suspension k, and c, are mounted on a wheel of the vehicle, 
known as unsprung mass. The wheel is sitting on the road by a tire with 
stiffness k,,. 

Assuming the vehicle is running on a harmonically bumped road we are 
able to find the frequency responses of the sprung and unsprung masses, 
and relative displacement can be found analytically by taking advantage of 
the linearity of the system. The frequency response of the sprung mass has 
four nodes. The first and fourth nodes are usually out of resonance or of 
working frequency range. The middle nodes sit at different sides of 4 = 1, 
and therefore, they cannot be equated and Frahm optimization cannot be 
applied. 

The root mean square of the absolute acceleration and relative displace- 
ment can be found analytically by applying the RMS optimization method. 
The RMS optimization method is based on minimizing the absolute accel- 
eration RMS with respect to the relative displacement RMS. The result 
of RMS optimization introduces an optimal design curve for a fixed mass 
ratio. 


Tn = Wn/Ws 
S,, = RMS(u) 
Sy = RMS(n) 


8 
Ss 


w 


S'S PS PS PS 
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15.7 Key Symbols 


acceleration 

damping 

main suspension damper 
damping matrix 

road wave length 

road wave amplitude 
dissipation function 

force 

cyclic frequency [| Hz] 
damper force 

spring force 

cyclic natural frequency [ Hz] 
charactristic equation 
stiffness 

main suspension spring stiffness 
tire stiffness 

equivalent stiffness 
stiffness matrix 

kinetic energy 
Lagrangean 

mass 

sprung mass 

unsprung mass 

mass matrix 

excitation frequency ratio 
nodal frequency ratio 
natural frequency ratio 
RMS of u 

RMS of 7 

time 

period 

sprung mass acceleration frequency response 


unsprung mass acceleration frequency response 


potential energy 

absolute displacement 
sprung mass displacement 
unsprung mass displacement 
steady-state amplitude of x 
steady-state amplitude of a, 
steady-state amplitude of x, 
base excitation displacement 
steady-state amplitude of y 
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Zz 
Z 
Zi 
A= Ws/Wy 
E=mMs/My 
n=|Z/Y| 
= |X,/¥| 
f= c,/ (2i/Ktit,) 
es 
T= |X./Y| 
w= af 


Ws = V/ k,/Ms 
Wy = V¥ key /Mu 


Wn 


Subscript 
ie N 

n 

8 

u 


relative displacement 
steady-state amplitude of z 
short notation parameter 


sprung mass ratio 

sprung mass ratio 

sprung mass relative frequency response 
sprung mass frequency response 
damping ratio 

optimal damping ratio 

unsprung mass frequency response 
angular frequency [rad/s] 

sprung mass frequency 

unsprung mass frequency 

natural frequency 


node number 
natural 
sprung 
unsprung 


Exercises 
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1. 10Quarter car natural frequencies. 
Determine the natural frequencies of a quarter car with the following 


characteristics: 


2. Equations of motion. 


275 kg 

45 kg 

200000 N/m 
10000 N/m. 


Derive the equations of motion for the quarter car model that is shown 
in Figure 15.1, using the relative coordinates: 


(a) 


Zu 


z 


2s 


= Xs —Y 
—- Tu —Y 
= @s—-Ly 
= Lu-y 
= Lg Ly 
=. Ls —Y 


3. % Natural frequencies for different coordinates. 


Determine and compare the natural frequencies of the three cases in 
Exercise 2 and check their equality by employing the numerical data 


of Exercise 10. 


4. Quarter car nodal frequencies. 


Determine the nodal frequencies of a quarter car with the following 


characteristics: 
Ms, = 
My, = 
= 
on 


275 kg 

45 kg 
200000 N/m 
10000 N/m. 


Check the order of the nodal frequencies with the natural frequencies 


found in Exercise 10. 
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. Frequency responses of a quarter car. 


A car is moving on a wavy road with a wave length dj = 20m and 
wave amplitude dz = 0.08 m. 


ms = 200kg 

Mu. = 40kg 
ky, = 220000N/m 
k, = 8000N/m. 


Determine the steady-state amplitude X,, X,, and Z if the car is 
moving at: 

(a) v = 30km/h 

(b) v = 60km/h 

(c) v = 120km/h. 


. Quarter car suspension optimization. 


Consider a car with 


ms, = 200kg 

My, = 40kg 
ky = 220000N/m 
Sy = 0.75 


and determine the optimal suspension parameters. 


A quarter car has a = 0.45 and € = 0.4. What is the required wheel 
travel if the road excitation has an amplitude Y = 1 cm? 


. % Quarter car and time response. 


Find the optimal suspension of a quarter car with the following char- 
acteristics: 


Ms = 220kg 

My = 42keg 
ky = 150000N/m 
S, = 0.75 


and determine the response of the optimal quarter car to a unit step 
excitation. 


. %& Quarter car mathematical model. 


In the mathematical model of the quarter car, we assumed the tire 
is always sticking to the road. Determine the condition at which the 
tire leaves the surface of the road. 
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9. Optimal damping. 


Consider a quarter car with a = 0.45 and ¢ = 0.4. Determine the 
optimal damping ratio é*. 
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Appendix A 


Frequency Response Curves 


There are four types of one-DOF harmonically excited systems as shown 


in Figure 12.14: 


1— base excitation, 


2— eccentric excitation, 


3— eccentric base excitation, 


4— forced excitation. 


The frequency responses of the four systemscan be summarized, labeled 


and shown as follows: 


So 


Sy 


Sy = 


S3 


S4 
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FIGURE A.1. Frequency response for So. 
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FIGURE A.3. Frequency response for $9. 
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FIGURE A.5. Frequency response for $4. 
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FIGURE A.6. Frequency response for Go. 


FIGURE A.7. Frequency response for G1. 
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FIGURE A.8. Frequency response for G2. 


Appendix B 


Trigonometric Formulas 


Definitions in Terms of Exponentials 


el +e 7% 
Cos Zz = ee 
; tz e7 
sin z = Di 
UZ —1z 
tan z= = 


i (e’* + e~*) 
tz ‘alte 

e~ =cosz+2sIn Zz 

e ’* =cosz— isin z 


Angle Sum and Difference 


sin(a + 8) = sinacos 6 + cosasin 3 


cos(a + 8) = cosacos 3 F sinasin 8 


tana + tan 6 


tan(a + 8) = 1+ tanatanB 
_ cotacot BF 1 
cot(a + £) cot 6 + cot a 
Symmetry 
sin(—a) = — sina 


cos(—a@) = cosa 
tan(—a) = — tana 
Multiple Angles 


2 tana 


sin(2a@) = 2sinacosa = ae 
an* a 


cos(2a) = 2cos* a — 1 = 1 — 2sin? a = cos? a — sin? a 


2tana 
tan(2a) = ree 


cot?a—1 


eee = 2cot a 


(B.10) 
(B.11) 
(B.12) 


(B.13) 
(B.14) 


(B.15) 


(B.16) 
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sin(3a) = —4sin? a +3sina 
cos(3a) = 4cos? a — 3cosa 


—tan?a+3tana 


tan(3a) = 

ed —3tan*a+1 

sin(4a) = —8 sin? acosa + 4sinacosa 
cos(4a) = 8cos* a — 8 cos? a+ 1 


—Atan?a+4tana 
tan* a —6tan?a+1 


tan(4a) = 


sin(5a) = 16sin® a — 20sin?a + 5sina 


os(5a) = 16 cos” a — 20 cos* a + 5 cosa 


O° 


sin((n — 1)@) cosa — sin((n — 2)a) 
cos((n — 1)@) cos a — cos((n — 2)a) 


tan((n — l)a@) + tana 
1—tan((n — 1)a) tana 


tan(na) = 


Half Angle 


2 
: (=) 1—cosa 
sin caw en —— > 
am) V2 
Qa 1—cosa sina 1—cosa 
tan (5) Sa 
2 sina 1+cosa 1+cosa 


. 2tan > 

sin = 

Seen + tan? 

1 — tan? 7 

cosSQa = a ee 

1 + tan oy 

Powers of Functions 
ane ot 
sin* a = 5 (1 — cos(2a)) 


1 
sin a cos a = 5 sin(2a) 


cos? a = = (1 + cos(2a)) 


Nl re 


ws A Foes: : 
sin? a = 7 (3 sin(a) — sin(3a)) 
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1 
sin? acosa = ri (cos a — 3.cos(3@)) (B.37) 
2 Ls : 
sin @ cos” a = 7 (sin a + sin(3a)) (B.38) 
‘ 1 
cos? a = Z (cos(3a) + 3cos a)) (B.39) 
1 
sint a = 3 (3 — 4cos(2a@) + cos(4a)) (B.40) 
1 
sin? a cosa = 3 (2 sin(2a) — sin(4a)) (B.41) 
1 
sin? a cos? a = 3 (1 — cos(4a)) (B.42) 
‘ 1 
sina cos? a = 6 (2 sin(2a) + sin(4a)) (B.43) 
1 
cost a = 3 (3 + 4cos(2a) + cos(4a)) (B.44) 
1 
sin? a = Th (10sin a — 5sin(3a) + sin(5a)) (B.45) 
1 
sin* a cosa = 16 (2 cos a — 3cos(3a) + cos(5a)) (B.46) 
sin? a cos? a = 6 (2sina + sin(3a) — sin(5a)) (B.47) 
‘ 1 
sin? a cos? a = 6 (2 cos a — 3cos(3a) — 5 cos(5a)) (B.48) 
1 
sin acos* a = ie (2sina + 3sin(3a@) + sin(5a)) (B.49) 
1 
cos” a = 16 (10 cos @ + 5 cos(3a@) + cos(5a)) (B.50) 
1 — cos(2a) 
tan? a = B.51 
a ia cos(2a@) ( ) 
Products of sin and cos 
1 1 
cos acos 3 = 5 cos(a — 8) + 5 cos(a + £) (B.52) 
. 1 1 
sinasin 3B = 5 cos(a — (3) 5 cos(a + £) (B.53) 
; 1. oe 
sin acos B = 5 sin(a@ — 8) + 5 sin(@ + £) (B.54) 
: 1. Wp 
cosa sin B = 5 sin(a + 6) — 5 sin(@ — £) (B.55) 
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sin(a + 8) sin(a — 8) = cos? 8 — cos? a = sin? a — sin” B 


cos(a + 8) cos(a — 8) = cos? 8 + sin? a 


Sum of Functions 


enomsouing= tay Ee co 
2 2 
seine eoee Sou a B 
2 2 
5 OTP. & “ORS 
cos @ — cos 6 = —2sin sin —- 
tana + tan mee) 
cos a cos 3 
fietesp= ee) 
sinasin 3 


sina+sing tan 2 


sina — sin G = tan 212 


sina + sin 3 -—a+ fp 
(CO 
cos a — cos 3 


sina + sin 3 a+ p 

————— = tan 

cos a + cos 3 2 

sina — sin 8 a—p 
= tan 

cos a + cos 3 2 


Trigonometric Relations 


sin? a — sin? 6 = sin(a + 8) sin(a — 8) 


cos? a — cos” 8 = — sin(a + 8) sin(a — 8) 


Appendix C 


Unit Conversions 


General Conversion Formulas 


N@m?’s® x 4.448% x 0.3048 x Ib? ft? s° 
= 4.448% x 0.0254? x Ib7 in? s° 

Ib? "5° 0.22487 x 3.2808 x N* m? s° 

Ibtin’s® = 0.2248 x 39.379 x N*m?s° 


2 


2 


Conversion Factors 
Acceleration 


1 ft/s? ~ 0.3048 m/s? 1m/s? & 3.2808 ft / s? 


Angle 
1 deg ¥ 0.01745 rad lrad = 57.307 deg 
Area 
lin? = 6.4516 cm2 Lem? ~ 0.155 in? 
1 ft” = 0.09290304 m2 1m? ~ 10.764 ft” 
lacre = 4046.86 m? 1m? & 2.471 x 107“ acre 


lacre = 0.4047 hectare lhectare ~ 2.471 acre 
Damping 


1Ns/m ~% 6.85218 x 10-2 lbs/ ft LIbs/ ft © 14.594Ns/m 
INs/m~* 5.71015 x 10-3lbs/in ~~ 1Ibs/in # 175.13Ns/m 


Energy and Heat 


1 Btu © 1055.056 J 1J ~ 9.4782 x 10-4 Btu 
lcal = 4.1868 J 1J & 0.23885 cal 
1kWh® 3600kJ 1MJ © 0.27778 kWh 


Force 


1lb & 4.448222 N IN ® 0.22481 Ib 
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Length 
lin = 25.4mm 
1 ft ~ 30.48 cm 
1mi 1.609347 km 
Mass. 


1lb = 0.45359 kg 
1slug © 14.5939 kg 
1slug © 32.1741b 


Moment and Torque 
Llbft + 1.35582 Nm 
1lbin & 8.85075 Nm 
Moment of Inertia 


1 Ib ft? © 0.04214 kg m? 
Power 


1 Btu/h = 0.2930711 W 

Lhp = 745.6999 W 

Lhp ~ 550 1b ft/s 

1 lb ft/h ~ 3.76616 x 10-4 W 
11b ft / min ~ 2.2597 x 10-27 W 


Pressure and Stress 


11b/in? © 6894.757 Pa 
1lb/ ft? = 47.88 Pa 


Stiffness 


1N/m ® 6.85218 x 10-2 Ib/ ft 
1N/m ® 5.71015 x 107 Ib/in 


Temperature 


1lom & 0.3937 in 
1m & 3.28084 ft 
1km ®& 0.62137 mi 


Lkg & 2.204623 lb 
1lkg = 0.068522 slug 
1lb & 0.03.1081 slug 


1Nm # 0.73746 lb ft 
1Nm #& 0.11298 lb in 


1kg m? = 23.73 lb ft? 


1W * 3.4121 Btu/h 

LkW ~ 1.341 hp 

1 lb ft/s 1.8182 x 10-3 hp 
LW © 2655.2 Ib ft/h 

LW % 44.254 1b ft/min 


1 MPa © 145.04 1b/ in? 
1 Pa % 2.0886 x 107? Ib/ ft? 


1 lb/ft © 14.594N/m 
1Ib/in © 175.13N/m 


°C = (°F — 32)/1.8 
°F = 18°C +32 


Velocity 


1 mi/h © 1.60934km/h 
1mi/h = 0.44704 m/s 

1 ft/s = 0.3048 m/s 

1 ft/min © 5.08 x 10-3 m/s 


1km/h ®& 0.62137 mi/h 
1m/s & 2.2369 mi/h 
1m/s © 3.2808 ft/s 
1lm/s © 196.85 ft/ min 


Volume 


Lin? = 16.39 cm? 

1 ft? & 0.02831685 m3 
1 gal = 3.7851 

1 gal © 3785.41 cm? 
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lem? = 0.0061013 in? 
1m? = 35.315 ft® 

11 + 0.2642 gal 

11 1000 cm? 
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Index 


2R planar manipulator 


dynamics, 561 

equations of motion, 564 
ideal, 561 

joint 2 acceleration, 280 
kinetic energy, 562 
Lagrangean, 563 
potential energy, 563 


4-bar linkages, 309-311, 325, 326, 


330, 356 
acceleration analysis, 317, 318 
concave, 315 
convex, 315 
coupler angle, 310 
coupler link, 310 
coupler point, 356-358 
coupler point curve, 356-358, 
360-362 
crank-crank, 319 
crank-rocker, 319 
crossed, 315 
dead positions, 320 
designing, 321 
elbow-down, 315 
elbow-up, 315 
Grashoff criterion, 319 
input angle, 310 
input link, 310 
input variable, 310 
limit positions, 319 
non-crossed, 315 
output angle, 310 
output link, 310 
position analysis, 310 
possible configurations, 314 
rocker-rocker, 319 
spatial, 363 
sweep angles, 325 


velocity analysis, 315, 316 


Acceleration, 184 


angular, 272, 277, 278, 280, 
281 

body point, 263, 280, 281, 523 

capacity, 183 

centripetal, 280 

Coriolis, 525 

matrix, 273 

tangential, 280 


Acceleration 


power-limited, 184 
traction-limited, 184 


Acceleration capacity, 183 
Ackerman 


condition, 377 
history, 392 
mechanism, 424 


Ackerman 


geometry, 379 
mechanism, 379 
steering, 377, 379 


Ackerman condition, 377 
Angle 


attitude, 230 
bank, 230 
camber, 96 
heading, 230 
inclination, 46, 62 
pitch, 230 

roll, 230 
sideslip, 96 
spin, 230 
steering, 378 
tilting, 46 

tire contact, 111 
tireprint, 111 


998 Index 


yaw, 230 
Angular acceleration, 272, 273, 279, 
281 
combination, 277 
in terms of Euler parameters, 
278 
matrix, 273 
relative, 278 
vector, 273 
Angular momentum, 528, 530-532, 
537, 538 
2 link manipulator, 535 
Angular velocity, 236, 238, 239, 
248, 254 
alternative definition, 264, 265 
alternative proof, 265 
combination, 253, 254, 277 
coordinate transformation, 256 
decomposition, 253 
elements of matrix, 257 
Euler frequency, 236 
instantaneous, 250 
instantaneous axis, 251 
matrix, 249, 255 
principal matrix, 252 
transformation, 254 
vector, 236, 239, 248 
Atan2 function, 64 
Attitude angle, 583, 586 
Axis-angle rotation, 282-287 


B-derivative, 257 

Based excitation, 755 
acceleration, 761, 764 
frequency response, 755 
transmitted force, 764 
velocity, 761, 764 

Bicycle car 
mode shape, 854-856 
Natural frequency, 854-856 
vibration, 851-854 

Bicycle model, 599, 607, 615, 618, 

629, 682 

body force components, 599 
camber trust, 690 


characteristic equation, 640 

coefficient matrix, 634, 683 

constant lateral force, 628 

control variables, 610, 614, 683, 
685 

coordinate frame, 581, 582 

critical speed, 626 

curvature response, 619, 632, 
686 

eigenvalue, 640 

equations of motion, 682, 684 

force system coefficients, 604, 
620, 681 

free dynamics, 692 

free response, 636, 643, 692 

global sideslip angle, 602 

hatchback, notchback, station, 
699 

input vector, 610, 614, 685 

kinematic steering, 605 

lateral acceleration response, 
619, 632, 687 

linearized model, 629 

neutral distance, 628 

neutral steer, 625 

neutral steer point, 628 

Newton-Euler equations, 608 

oversteer, 625 

passing maneuver, 696, 699 

roll angle response, 687 

roll damping, 679 

roll steer, 690 

roll stiffness, 679 

rotation center, 649 

sideslip coefficient, 600, 677 

sideslip response, 619 

slip response, 686 

stability factor, 625 

steady state conditions, 632 

steady-state motion, 686 

steady-state response, 622, 628, 
686 

step input, 635, 644, 647, 693 

time response, 633, 691 

time series, 643 


torque coefficient, 679 
transient response, 634 
understeer, 625 
vehicle velocity vector, 601 
yaw rate response, 619, 687 
zero steer angle, 636 

Bump steering, 405 


Camber, 481 

angle, 96, 145, 148 

line, 505 

moment, 148 

stiffness, 145 

theory, 505 

torque, 147 

trail, 147 
Camber angle, 476 
Camber theory, 505 
Car 

classifications, 25 

flying, 81 
Cartesian 

angular velocity, 238 
Caster, 480 

negative, 480 

positive, 480 

theory, 495 
Caster theory, 495 
Catapults, 569 
Centrifugal moments, 540 
Characteristic equation, 786 
Chasles theorem, 288, 300 
Christoffel operator, 558 
Clutch, 182 

dynamics, 178 

Foettinger, 182, 183 

hydrodynamic, 182 
Coordinate frame 

body, 583 

global, 583 

rim, 491 

tire, 485 

vehicle, 485, 581, 583, 663 

wheel, 485 

wheel , 596 
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wheel-body, 485, 597 
Coriolis 

acceleration, 277, 281 

effect, 525 

force, 524 
Couple, 520, 521 
Critical speed, 626 
Critically-damped 

vibration, 789, 790 
Crouse angle, 583, 586 
Curvature response, 619, 632, 686 
Cycloid, 490, 491 

curtate, 491 

prolate, 491 


Damper, 727 
linear, 728 
parallel, 730, 731 
serial, 729 
viscous, 728 
Damping ratio, 745 
determination, 797 
Deviation moments, 540 
Differentiating, 257 
B-derivative, 257, 260 
G-derivative, 257, 263 
second, 266 
transformation formula, 262, 
263 
Directions 
cosine, 222 
principal, 544 
Dissipation function, 825, 826 
Driveline, 165, 173, 175 
clutch, 173 
differential, 173 
drive shafts, 173 
drive wheels, 174 
engine, 173 
gearbox, 173 
propeller shaft, 173 
Dynamics 
direct, 525 
forward, 525 


1000 Index 


Earth 
effect of rotation, 524 
kinetic energy, 557 
revolution, 557 
rotation, 557 
rotation effect, 277 
Eccentric base excitation, 773, 830 
frequency response, 773, 778 
mass ratio, 776 
Eccentric excitation, 767, 829 
acceleration, 772 
eccentric mass, 767 
eccentricity, 767 
frequency response, 767 
mass ratio, 768 
transmitted force, 773 
velocity, 772 
Eccentricity, 768 
Efficiency, 173 
convertor, 174 
differential, 179 
driveline, 175 
engine, 168 
mechanical, 177, 178 
overall, 174 
thermal, 177, 178 
transmission, 174 
volumetric, 177, 178 
Eigenvalue, 786 
Eigenvalue problem, 845 
characteristic equation, 845 
EKigenvector 
first-unit, 846 
high-unit, 846 
last-unit, 846 
normal form, 846 
normalization, 846 
Eigenvector problem, 845 
Ellipsoid 
energy, 537 
momentum, 537 
Energy 
conservation , 565, 567 
Earth kinetic, 557 
ellipsoid, 537 


kinetic, 521, 522, 525, 529, 
533, 537, 554, 727, 826 
mechanical, 564, 565 
potential, 559, 727, 826 
Engine, 165 
Diesel, 166 
dynamics, 165 
efficiency, 168 
front, 176 
gasoline, 166 
ideal, 171 
injection Diesel, 166 
maximum speed, 184 
performance, 165 
rear, 176 
spark ignition, 166 
speed, 179 
torque, 178, 179 
working range, 187, 200 
Envelope, 181 
Euler 
-Lexell-Rodriguez formula, 285 
angles, 231, 233-240 
coordinate frame, 238 
equation of motion, 528, 532— 
534, 538, 540 
frequencies, 236, 238, 254 
global rotation matrix, 233 
inverse matrix, 246 
local rotation matrix, 233 
rotation matrix, 231, 233, 234, 
246 
Euler equation 
body frame, 532, 533, 540 
Eulerian 
viewpoint, 271 
Excitation 
base, 742, 744, 755, 981 
eccentric, 742, 744, 981 
eccentric base, 742, 744, 981 
forced, 742, 744, 981 
harmonically, 742, 981 


Force, 519, 520, 523 
body, 519 


centrifugal, 524 
conservative, 559 
contact, 519 
Coriolis, 524, 525 
effective, 524 
external, 519 
generalized, 552, 555, 559, 826 
internal, 519 
moment of, 520 
potential, 559 
resultant, 520 
rotating, 533 
time varying, 525 
total, 520 
Force system, 520, 523 
equivalent, 520, 523 
Forced excitation, 744 
acceleration, 749 
fequency response, 744 
transmitted force, 751 
velocity, 749 
Formula 
Euler-Lexell-Rodriguez, 285 
Rodriguez, 285 
Four wheel steering, 407 
Frame 
central, 527 
principal, 529, 533, 541, 544 
Free dynamics, 692 
Free response, 636, 643, 692 
Free system, 843 
Frequency 
angular, 728 
cyclic, 728 
damped natural, 788 
natural , 787 
nodal, 807 
ratio, 745 
response, 742, 745 
Frequency ratio, 745 
Frequency response, 742 
Freudenstein’s equation, 312, 321 
Friction ellipse, 155, 156 
Friction mechanisms, 132 
Front-engined, 176 
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Front-wheel-drive, 176 
Front-wheel-steering, 377 
Fuel 
consumption, 170 
Full car 
mode shape, 868 
natural frequency, 868 
vibration, 862-865, 868 
Function 
dissipation, 826 
Rayleigh, 826 


G-derivative, 257 
Gear ratio, 179 
Gear reduction ratio, 174 
Gearbox, 178, 180, 184, 185, 187, 
188, 190, 191, 193, 196, 
200, 202 
design, 187, 188, 190, 191, 193, 
196, 200, 202 
dynamics, 178 
geometric, 188, 191, 193, 196, 
200, 202 
progressive, 190, 191 
stability condition, 184, 185 
step jump, 188 
Gearbox ratio, 174 
Generalized 
coordinate, 552, 555, 556, 559, 
560 
force, 552, 554, 555, 557, 559, 
561, 564 
Global sideslip angle, 598, 602 
Gough diagram, 141 
Grashoff criterion, 319 


Half car 
antiroll bar, 858, 861 
mode shape, 859-861 
natural frequency, 859-861 
vibration, 857, 858 

Heading angle, 583, 586 

Helix, 288 

Hermitian form, 837 

Homogeneous matrix, 289 
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Hook joint, 363 

Hydroplaning, 18 
dynamic, 19 
rubber, 19 
speed, 19 
viscous, 19 


Instant center, 346 
application, 350 
number of, 349 
of acceleration, 355 
Inverted slider-crank mechanism, 
339 
acceleration analysis, 345 
application, 346 
coupler point curve, 361 
input-output, 339 
possible configurations, 342 
velocity analysis, 343, 344 


Jackknifing, 398 

Joint, 309 
coordinate, 309 
prismatic, 309 
revolute, 309 
universal, 363 


Kennedy theorem, 347 
Kinematics 
acceleration, 272 
Kinetic energy, 521, 522, 537, 554 
Earth, 557 
rigid body, 533 
rotational body, 529 
Kronecker’s delta, 243, 257, 528, 
551 


Lagrange 
equation, 825, 827 
equation of motion, 552-557, 
559 
mechanics, 559 
method, 825 
Lagrange equation 
explicit form, 558 


Lagrangean, 559, 825, 827 
viewpoint, 271 
Lateral acceleration response, 619, 
632, 687 
Law 
of motion, 521 
second of motion, 521, 526 
third of motion, 521 
Linearized model, 629 
oversteer, 633 
understeer, 633 
Link, 309 
ground, 310 
Linkage, 309 
4-bar, 309 
coupler link, 310 
dyad, 322, 329 
four-bar, 310 
ground link, 310 
input angle, 310 
output link, 310 
two-link, 322, 329 
Location vector, 290, 292, 496 


Manipulator 
2R planar, 561 
one-link, 560 
Manjaniq, 569 
Mass center, 521, 522, 526, 527 
Matrix 
angular velocity, 249 
Euler rotation, 233 
global rotation, 220 
local rotation, 226 
skew symmetric, 245, 246, 249, 
283 
McPherson suspension 
equivalent vibrating model, 886 
kinematic model, 463 
Mechanism, 310 
closed loop, 310 
instant center, 346 
inversion, 339 
inverted slider-crank, 339 
open loop, 310 
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parallel, 310 Natural frequency, 745, 787, 843 

pole, 346 determination, 799 

serial, 310 Neutral distance, 628 

slider-crank, 332 Neutral steer, 625, 626 

steering, 383, 401 Neutral steer point, 628 

suspension, 346 Newton 

trapezoidal steering, 383 equation in body frame, 527 
Mode shape, 843 equation of motion, 521, 526, 
Moment, 519, 520, 523 528, 534, 552 

external, 532 equations of motion, 554 

resultant, 520, 532 Lagrange form, 554 

total, 520 rotating frame, 524 
Moment of inertia, 540 


about a line, 551 Onager, 569 


One-eighth car model, 881, 886 


about a plane, 551 

about a point, 551 

about the origin, 552 
characteristic equation, 549 
diagonal elements, 540, 548 
eigenvalues, 543, 548 
eigenvectors, 548 

elements, 540 
frame-dependent, 541 
Huygens-Steiner theorem, 543 
matrix, 540 

off-diagonal elements, 540 
parallel-axes theorem, 541-543 
polar, 540 

principal, 541, 542, 544, 550 
principal axes, 529 

principal invariants, 549 
product, 540 

rigid body, 528, 531, 532 
rotated-axes theorem, 541-543 


absolute acceleration, 888 

absolute displacement, 888, 890, 
891 

damping ratio, 882 

design curve, 919 

equation of motion, 882 

excitation frequency, 887 

frequency response, 888, 892 

hard suspension, 898, 901 

model, 737 

natural frequency, 882 

optimal characteristics, 902 

optimal damping, 902 

optimal design chart, 904 

optimal design curve, 892, 904, 
906 

optimal stiffness, 902 

optimal suspension, 901 

optimization, 892 

optimization strategy, 894 


Moment of momentum, 520 relative displacement, 888, 890, 
Moments of inertia 891 


determination, 799 
Momentum, 520 


soft suspensions, 898, 901 
step input, 916 


angular, 520, 521, 528, 530- 
532, 537 

angular , 538 

ellipsoid, 537 

linear, 520 

translational, 520 


suspension clearance, 898 
suspension room, 898 
suspension travel, 898 
time response, 916, 919 
trade-off, 909 

wheel travel , 898 
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working frequency range, 894 
Optimization 

alternative method, 912 

cost function, 915 

design curve, 951 

one-eighth car, 881, 892 

quarter car, 951 

RMS, 892, 951 

time response, 916, 919 

transient response, 916, 919 

trivial, 909 

vehicle suspension, 902 

vibration, 802-810 

wheel travel, 962 
Orthogonality condition, 242 
Over-damped 

vibration, 789, 790 
Oversteer, 625, 626, 647 


Passing maneuver, 696, 699 
Pendulum 
chain, 833 
double, 832 
inverted, 740 
oscillating, 556 
simple, 274, 555 
spherical, 560 
Permutation symbol, 257 
Pitch moment, 582 
Planar dynamics, 607, 615 
attitude angle, 586 
body force components, 599 
characteristic equation, 640 
coefficient matrix, 634 
constant lateral force, 628 
control variables, 610, 614 
coordinate frame, 581, 582 
critical speed, 626 
crouse angle, 586 
curvature response, 619, 632 
eigenvalue, 640 
force system coefficients, 604, 
620 
free response, 636, 643 
global sideslip angle, 602 


heading angle, 586 
input vector, 610, 614 
kinematic steering, 605 
lateral acceleration response, 
619, 632 
linearized model, 629 
neutral distance, 628 
neutral steer, 625 
neutral steer point, 628 
Newton-Euler, 587 
Newton-Euler equations, 608 
oversteer, 625 
rotation center, 649 
sideslip coefficient, 600 
sideslip response, 619 
stability factor, 625 
steady state conditions, 632 
steady-state response, 622, 628 
steady-state turning, 618 
step input, 635, 644, 647 
time response, 633 
time series, 643 
transient response, 634 
understeer, 625 
vehicle velocity vector, 601 
wheel number, 584 
yaw rate response, 619 
zero steer angle, 636 
Plot 
gear-speed, 194, 196, 202 
power, 191, 202 
progressive, 190 
working range, 191 
Poinsot’s construction, 537 
Pole, 297 
Potential 
energy, 559 
force, 559 
kinetic, 559 
Power 
at wheel, 175 
constant, 171 
driveline, 175 
engine, 175 
equation, 166 


friction, 178 
ideal, 171 
law, 176 
maximum, 172 
peak, 171 
performance, 165, 166, 168, 
170, 171 
units, 169 
Power steering, 405 


Quadrature, 836, 837 
asymmetric, 837 
Quarter car, 840 
model, 737 
natural frequency, 849 
sprung mass, 849 
unsprung mass, 849 
Quarter car model, 929 
3-D frequency response, 936 
body bounce frequency, 944 
coefficient matrix, 933 
dimensionless characteristics, 
931 
equations of motion, 930 
frequency response, 931-934, 
942, 944 
history, 931 
invariant amplitude, 939 
invariant frequency, 936, 939, 
944 
main suspension, 929 
mathematical model, 929 
natural frequency, 936, 939, 
943 
nodal amplitude, 941 
nodal frequency, 939-941 
optimal characteristics, 962 
optimal design curve, 951, 956 
optimization, 951 
optimization strategy, 952 
principal natural frequency, 
944 
resonant frequency, 939 
sprung mass, 929 
street cars, 934 
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tire damping, 930 

unsprung mass, 929 

wheel hop frequency, 944 
wheel travel, 962 

working frequency range, 953 


Rear wheel steering, 387 
Rear-engined, 176 
Rear-wheel drive, 176 
Resonance, 848 
Resonance zone, 748 
Ride, 825 
Ride comfort, 825 
Rigid body 
acceleration, 279 
angular momentum, 530-532 
centroid, 271 
Euler equation, 532, 533 
Euler equation of motion, 538 
kinetic energy, 533 
moment of inertia, 528, 531, 
532 
moment-free motion, 537 
principal rotation matrix, 548 
rotational kinetics, 528 
steady rotation, 534 
translational, 526 
velocity, 267, 269 
Rim, 1, 3, 21-23 
alloy, 23 
diameter, 3 
flange, 21 
hub, 21 
spider, 21 
width, 5 
Road pavement, 121 
Rodriguez 
rotation formula, 285, 286, 291, 
295 
Roll angle, 582, 664 
Roll angle response, 687 
Roll axis, 468 
Roll center, 350, 468, 470 
Roll dynamics, 663 
bicycle model, 675 
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camber trust, 690 
coefficient matrix, 683 
control variables, 683, 685 
curvature response, 686 
equations of motion, 682, 684 
force system, 669 
force system coefficients, 681 
free dynamics, 692 
free response, 692 
hatchback, notchback, station, 
699 
input vector, 685 
lateral acceleration response, 
687 
lateral force, 672 
Newton-Euler equations, 664, 
667, 668 
passing maneuver, 696, 699 
roll angle response, 687 
roll damping, 679 
roll steer, 690 
roll stiffness, 679 
roll-steering angle, 672 
sideslip angle, 672 
sideslip coefficient, 677 
slip response, 686 
steady-state motion, 686 
steady-state response, 686 
step input, 693 
time response, 691 
tire slip coefficient, 673 
torque coefficient, 679 
two-wheel model, 675 
vehicle slip coefficient, 674 
wheel force system, 669 
yaw rate response, 687 
Roll moment, 582 
Roll-pitch-yaw 
frequency, 239 
global angles, 225, 230 
global rotation matrix, 225, 
230 
Rolling disc, 831 
Rolling friction, 115, 117, 119, 122 


Rolling resistance, 114, 117, 119, 


121, 122, 124, 126, 127 


Rotation, 285 


about global axis, 219, 223 
about local axis, 226, 229 
axis-angle, 282, 285-287 
direction cosines, 222, 227 
general matrix, 241 
global Euler matrix, 247 
global matrices, 222 
instantaneous axis, 251 
instantaneous center, 271 
local Euler matrix, 247 
local matrix, 230 

matrix, 224 

nutation, 231 

off-center axis, 299 

order of, 224 

orthogonal, 224 
orthogonality condition, 242 
pitch, 225 

pole, 271 

precession, 231 

radius of, 378, 381 

roll, 225 

roll-pitch-yaw matrix, 230 
spin, 231 

successive, 223, 229 
X-matrix, 220 

x-matrix, 226 

Y-matrix, 220 

y-matrix, 226 

yaw, 225 

Z-matrix, 220 

z-matrix, 226 


Rotation matrix 


element of, 242 


SAE steering definition, 629 
Screw, 290, 300 


axis, 288 

central, 289, 290, 292, 294 
coordinate, 288 

general, 290 

left-handed, 288 


location vector, 288, 290 
motion, 288 
parameters, 288, 297 
pitch, 288 
principal, 299 
right-handed, 288 
rotation, 288 
special case, 296 
transformation, 292, 294, 296, 
299 
translation, 288 
twist, 288 
Second derivative, 266 
Sideslip angle, 96, 583, 598 
Sideslip coefficient, 599, 600 
Sideslip response, 619 
Slider-crank mechanism, 332 
acceleration analysis, 337, 338 
coupler point curve, 360 
input angle, 332 
input-output, 332 
limit positions, 338 
possible configurations, 334 
quick return, 339 
slider position, 332 
velocity analysis, 335, 336 
Slip response, 686 
Speed equation, 178, 180, 181 
Speed ratio, 174 
Speed span, 189 
Spring, 727 
linear, 728 
massive, 734 
parallel, 730, 731 
serial, 729 
stiffness, 728 
Stability factor, 622, 625 
Steering, 377, 378, 408 
4WS factor, 417 
Ackerman, 423 
Ackerman condition, 377 
Ackerman mechanism, 424 
active steer, 419 
autodriver, 420 
bicycle model, 378, 379, 418 


Index 1007 


command, 402 

comparison, 418 

counter steer, 413 

error, 385, 423, 430, 432 

four wheel, 407-417, 419, 420 

front wheel, 377 

independent rear wheel drive, 
390 

inner steer angle, 377, 378, 
408 

inner wheel, 377, 378, 387, 
389, 408 

inner-outer relationship, 378, 
383 

jackknifing, 398, 433 

kinematic, 377, 381, 387 

kinematic condition, 377, 379, 
418 

locked rear axle, 385-387 

maximum radius, 381 

mechanism, 383, 401-403 

midline, 394 

more than two axles, 393, 394 

multi-link, 425 

offset, 405 

optimization, 423, 425, 427, 
429, 430, 432 

outer steer angle, 377, 378, 
408 

outer wheel, 377, 378, 387, 
389, 408 

passive steer, 419 

Pitman arm, 401 

racecars, 390 

radius of curvature, 416 

rear wheel, 387 

reverse efficiency, 403 

same steer, 413 

self-steering wheels, 396 

sign convection, 413, 417 

sign convention, 408 

six-wheel vehicle, 394 

smart steer, 419 

space requirement, 381, 399 

speed dependent, 392 
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steer angle, 378 
steering length, 417 
trapezoidal, 407, 423, 424 
trapezoidal mechanism, 383, 
385, 423 
turning center, 407, 413-415 
turning radius, 378, 379, 381, 
412, 413, 417 
unequal tracks, 389 
with trailer, 396, 398, 433- 
440, 442-445 
Steering axis 
caster angle, 496 
caster plane, 497 
forward location, 497 
lateral location, 497 
lean angle, 496 
lean plane, 497 
Steering mechanisms 
drag link, 402 
lever arm, 402 
multi-link, 403 
optimization, 423, 425, 427, 
429, 430, 432 
parallelogram, 401 
Pitman arm, 401 
rack-and-pinion, 401 
steering wheel, 401 
tie rod, 402 
trapezoidal, 423 
Steering ratio, 401 
Step input, 635, 647, 794 
Step jump, 188 
Step response, 794 
overshoot, 796 
peak time, 796 
peak value, 796 
rise time, 796 
settling time, 796 
steady-state, 796 
Step steer input, 644, 649 
Suspension 
anti-tramp bar, 455 
antiroll bar, 467 
camber, 481 


camber angle, 476 

caster, 480 

caster angle, 496 

caster plane, 497 

Chebyshev linkage, 457 

De Dion, 462 

dead axle, 462 

dependent, 453 

double A-arm, 463 

double triangle, 457 

double wishbone, 463 

equilibrium position, 473 

Evance linkage, 457 

forward location, 497 

four-bar linkage, 473 

Hotchkiss, 454 

independent, 463, 466, 467 

lateral location, 497 

lean angle, 496 

lean plane, 497 

live axle, 462 

location vector, 497 

McPherson, 463, 886 

multi-link, 463 

optimization, 881 

Panhard arm, 457 

rest position, 473 

Robert linkage, 457 

roll axis, 468 

roll center, 350, 468, 470 

S shape problem, 454 

semi-trailing arm, 467 

short/long arm, 463 

solid axle, 453-455, 457, 460, 
462 

spung mass, 454 

stabilizer, 468 

steering axis, 496, 497 

straight line linkages, 457 

swing arm, 466 

swing axle, 466 

toe, 477 

trailing arm, 466 

triangulated linkage, 457 

trust angle, 481 


twisting problem, 455 
unsprung mass, 454 
unsprung mass problem, 460 
vibration, 881 
Watt, 457 
with coil spring, 462 
Suspension mechanism, 330, 346, 
453 
Chapman, 346 
double A arm, 330 
double wishbone, 330 
dynamic requirement, 484 
kinematic requirement, 483, 
484 
McPherson, 346 
Symbols, xv 


Theorem 
Chasles, 300, 523 
Chasles , 288 
Huygens-Steiner, 543 
Kennedy, 347, 470 
parallel-axes, 541, 543 
Poinsot, 523 
rotated-axes, 541 

Time derivative, 257 

Time response, 785 
free dynamics, 692 
free response, 692 
hatchback, notchback, station, 

699 
homogeneous, 785 
homogeneous solution, 785 
initial condition, 791—793 
initial-value problem, 785 
non-homogeneous, 785 
particular solution, 785 
passing maneuver, 696, 699 
step input, 693 
vehicle dynamics, 633, 634, 
691 

Time series, 636, 643 

Tire, 1, 95 
adhesion friction, 132 
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aligning moment, 98, 136, 138, 
139, 150 

American, 6 

aspect ratio, 3, 6 

bank moment, 96 

bead, 11, 13 

belt, 12 

bias ply, 3 

bias-ply, 15 

blocks, 17 

bore torque, 98 

camber angle, 127, 148, 150 

camber arm, 148 

camber force, 145, 148 

camber moment, 148 

camber stiffness, 145, 152 

camber torque, 147 

camber trail, 147 

camber trust, 145 

Canadian, 7 

carcass, 12 

circumferential slip, 129 

cold welding friction, 132 

combined force, 152 

combined slip, 155, 156 

components, 11 

contact angle, 111 

coordinate frame, 95, 98, 485 

cords, 13 

cornering force, 139 

cornering stiffness, 136, 139 

critical speed, 119 

damping structure, 117 

deflection, 101 

deformation friction, 133 

diameter, 5 

dissipated power, 123 


DOT index, 6 
drag force, 139 
E-Mark, 7 


effective radius, 109, 111, 112 
equivalent radius, 130 
equivalent speed, 128 
European, 7, 8 

force system, 96, 151 


Index 


forces model, 157 

forward force, 96 

forward velocity, 110 

friction, 131, 132 

friction coefficient, 127 

friction ellipse, 155 

friction stress, 108 

function, 17 

geometric radius, 109, 112 

grip, 139 

groove, 12, 17, 19 

height, 1, 4 

hydroplaning, 18 

hysteresis, 103 

inflation, 10 

inflation pressure, 112, 124, 
125 

inner liner, 11 

lateral force, 96, 136, 138, 141, 

143-146, 148 

lateral load, 108 

lateral ratio, 135 

lateral stiffness, 136 

lateral stress, 144 

light truck, 8 

load, 111 

load index, 3, 4 

loaded height, 109 

longitudinal force, 96, 127 

longitudinal friction, 131 

longitudinal ratio, 135 

longitudinal slip, 127, 128, 152 

lugs, 17 

M&s, 6 

motorcycles, 123 

non-radial, 15, 16, 117 

non-radiale, 150 

normal force, 96 

normal load, 104, 106, 107 

normal stress, 104, 106, 107, 
115, 117 

overturning moment, 96 

pitch moment, 98 

plane, 95 

plus one, 10 


pneumatic trail, 138 

racecar, 122 

radial, 3, 15, 16, 117 

radial displacement, 113 

radiale, 150 

radius, 5 

roll moment, 96 

rolling friction, 115, 117, 119, 
122 

rolling radius, 109 

rolling resistance, 114, 117, 
119, 121, 122, 124, 126, 
127 

rolling resistance torque, 98 

rubber, 12-14 

SAE coordinate frame, 98 

section height, 1 

section width, 1 

self aligning moment, 98 

shallow, 16 

shear stress, 108 

side force, 139 

sideslip angle, 126, 136, 148, 
152 

sidewall, 1, 9, 10, 12 

size, 1, 2,5 

slick, 122 

sliding line, 137 

slip coefficient, 128 

slip models, 133, 134 

slip moment, 138 

slip ratio, 127-131, 133, 134, 
152 

slots, 17 

spare, 24 

speed index, 3, 5, 6 

spring structure, 117 

stiffness, 98, 101-103, 136 

stress, 104, 106-108 

tangential slip, 129 

tangential stress, 108, 109 

tilting torque, 96 

tireprint, 20 

tireprint angle, 111 

tireprint model, 151 


tread, 12, 13, 17, 18, 114 
tread travel, 114 
tread wear index, 9 
tube-type, 16 
tubeless, 16 
type index, 2 
UTQG index, 9 
vertical force, 96 
voids, 17 
wear, 20 
wear friction, 133 
weight, 6 
wheel load, 96 
width, 1, 2, 5 
yaw moment, 98 
Tireprint, 20, 96, 104, 106, 151 
angle, 111 
Toe, 477 
Toe-in, 477 
‘Toe-out, 477 
Torque, 520 
at wheel, 176, 179 
equation, 166 
maximum, 172 
peak, 171 
performance, 166, 168, 179 
Track, 378 
‘Traction 
force, 178 
Traction equation, 178, 180, 181 
Trailer, 59, 65 
Transformation 
general, 241 
tire to vehicle frame, 493 
tire to wheel frame, 488 
tire to wheel-body frame, 489, 
490 
wheel to tire frame, 486, 488 
wheel to wheel-body frame, 
491 
wheel-body to vehicle frame, 
495 
Transformation matrix 
elements, 243 
Transient response 
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free dynamics, 692 
free response, 692 
hatchback, notchback, station, 
699 
passing maneuver, 696, 699 
step input, 693 
vehicle dynamics, 634, 691 
‘Transmission ratio, 174, 175, 179 
‘Transmission ratios, 185 
Trapezoidal steering, 383, 385 
Tread, 17, 18 
grooves, 17 
lugs, 17 
slots, 17 
voids, 17 
Trebuchet, 567 
Trigonometric equation, 64 
Trochoid, 491 
Trust angle, 481 
Turning center, 407, 413-415 
Two-wheel vehicle, 599, 605, 607, 
615, 618, 629, 682 
body force components, 599 
camber trust, 690 
characteristic equation, 640 
coefficient matrix, 634, 683 
constant lateral force, 628 
control variables, 610, 614, 683, 
685 
coordinate frame, 581, 582 
critical speed, 626 
curvature response, 619, 632, 
686 
eigenvalue, 640 
equations of motion, 682, 684 
force system coefficients, 604, 
620, 681 
free dynamics, 692 
free response, 636, 643, 692 
global sideslip angle, 602 
hatchback, notchback, station, 
699 
input vector, 610, 614, 685 
kinematic steering, 605 
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lateral acceleration response, 
619, 632, 687 

linearized model, 629 

neutral distance, 628 

neutral steer, 625 

neutral steer point, 628 

Newton-Euler equations, 608 

oversteer, 625 

passing maneuver, 696, 699 

roll angle response, 687 

roll damping, 679 

roll steer, 690 

roll stiffness, 679 

rotation center, 649 

sideslip coefficient, 600, 677 

sideslip response, 619 

slip response, 686 

stability factor, 625 

steady state conditions, 632 

steady-state motion, 686 

steady-state response, 622, 628, 
686 

step input, 635, 644, 647, 693 

time response, 633, 691 

time series, 643 

torque coefficient, 679 

transient response, 634 

understeer, 625 

vehicle velocity vector, 601 

yaw rate response, 619, 687 

zero steer angle, 636 


Under-damped 
vibration, 789, 790 
Understeer, 625, 626, 644 
Unit system, xv 
Universal joint, 363, 365-367, 369- 
371 
history, 369, 371 
speed ratio, 366, 367 


Vector 
bounded, 521 
line, 521 
line of action, 521 


sliding, 521 


Vehicle, 25 


accelerating, 50, 52, 54, 55, 
57, 58 

classifications, 25 

FHWA classifications, 25 

ISO classifications, 25 

longitudinal dynamics, 39, 41, 
42, 44, 46-48, 50, 52, 54, 
55, 57, 58, 65, 67, 68, 71— 
74, 76, 78, 80-82, 86 

mass center, 72 

mass center position, 41, 42, 
44 

maximum acceleration, 52, 54, 
57, 58 

more than two axles, 74, 76 

on a banked road, 65, 67 

on a crest, 78, 80-82 

on a dip, 82, 86 

on a level pavement, 39 

on an inclined pavement, 44, 
48 

optimal brake force, 68, 71 

optimal drive force, 68, 71, 
72 

passenger car classifications, 
28, 30 

wheel loads, 40 

wheel locking, 73 

with a trailer, 59, 65 


Vehicle dynamics 


180 deg quick turn, 616 
aligning moment, 582 
attitude angle, 583, 586 
bank moment, 582 
bicycle model, 599, 601, 607, 
615, 618, 629, 675 
body force components, 599 
body force system, 595 
camber trust, 690 
characteristic equation, 640 
coefficient matrix, 634, 683 
coefficients matrix, 610, 615 
constant lateral force, 628 


control variables, 610, 614, 615, 
683, 685 

critical speed, 626 

crouse angle, 583, 586 

curvature response, 619, 632, 
686 

direct, 635 

eigenvalue, 640 

equations of motion, 601, 682, 
684 

force system, 582, 669 

force system coefficients, 604, 
620, 681 

forward, 635 

forward force, 582 

four-wheel-steering, 611 

free dynamics, 692 

free response, 636, 643, 692 

front-wheel-steering, 631 

general motion, 668 

hatchback, notchback, station, 
699 

heading angle, 583, 586 

indirect, 635 

input vector, 610, 614, 685 

inputs vector, 615 

inverse, 635 

Lagrange method, 590 

lateral acceleration response, 

619, 632, 687 

lateral force, 582, 598, 603, 

672 

lateral moment, 582 

linearized model, 629, 632 

longitudinal force, 582 

neutral, 625, 626 

neutral distance, 628 

neutral steer, 625 

neutral steer point, 628 

Newton-Euler, 587 

Newton-Euler equations, 608, 
664 

normal force, 582 

oversteer, 625, 626 

overturning moment, 582 


Index 1013 


passing maneuver, 696, 699 

path of motion, 592 

pitch angle, 582, 664 

pitch moment, 582 

pitch rate, 582, 664 

planar, 581 

principal method, 592 

rear-wheel-steering, 615 

rigid vehicle, 581, 663 

roll angle, 582, 664 

roll angle response, 687 

roll damping, 679 

roll dynamics, 663, 664, 668 

roll moment, 582 

roll rate, 582, 664 

roll rigid vehicle, 668 

roll steer, 690 

roll stiffness, 679 

roll-steering angle, 672 

rotation center, 649 

SAE steering definition, 629 

second-order equations, 652 

sideslip angle, 583, 672 

sideslip coefficient, 600, 677 

sideslip coefficients , 599 

sideslip response, 619 

six DOF, 667 

slip response, 686 

stability factor, 622, 625 

steady state conditions, 632 

steady-state motion, 686 

steady-state response, 622, 628, 
686 

steady-state turning, 618 

steer angle, 600 

step input, 635, 644, 647, 693 

step steer input, 649 

tilting torque, 582 

time response, 633, 644, 647, 
691 

time series, 636, 643 

tire force system, 595 

tire lateral force, 597 

tire slip coefficient, 673 

torque coefficient, 679 


Index 


traction force, 582 

transient response, 634, 691 

two-wheel model, 599, 601, 607, 
615, 618, 629, 675 

understeer, 625, 626 

vehicle load, 582 

vehicle slip coefficient, 674 

vehicle velocity vector, 601 

vertical force, 582 

wheel force system, 669 

wheel frame, 596 

wheel number, 584 

yaw angle, 582, 664 

yaw moment, 582 

yaw rate, 582, 664 

yaw rate response, 619, 687 

zero steer angle, 636 


Vehicle vibration, 825 


alternative optimization, 912 

antiroll bar, 858, 861 

base excited model, 881 

bicycle car, 851, 854-856 

body pitch, 851 

body roll, 857, 858 

bounce, roll, and pitch, 862 

dissipation function, 826 

driver, 840 

excitation frequency, 887 

frequency response, 888 

full car, 862-865 

half car, 857, 858 

Lagrange equation, 826 

Lagrange method, 826 

McPherson suspension, 886 

mode shape, 843, 859-861, 868 

natural frequenc, 868 

natural frequency, 843, 859— 
861 

one-eighth model, 881 

optimal design curve, 892 

optimization, 881 

optimization strategy, 894 

quadrature, 836 

quarter car, 840, 929 

sprung mass, 881 


time response, 916, 919 
wheel travel , 898 
working frequency range, 894 


Velocity 


body point, 523 


Vibration 


1/8 car model, 737 

absorber, 802 

amplitude, 744 

angular frequency, 728 

angular lag, 745 

application, 797 

base excitation, 742, 755, 981 

beating, 753 

characteristic equation, 845 

cyclic frequency, 728 

damping ratio, 745 

discrete model, 736 

displacedspring, 885, 886 

dynamic amplitude, 748 

eccentric base excitation, 742, 
981 

eccentric excitation, 742, 981 

eigenvalue problem, 845 

eigenvector problem, 845 

equilibrium position, 736 

Equivalent system, 738 

excitation, 729 

forced, 729, 748 

forced excitation, 742, 981 

Frahm absorber, 803-810 

Frahm damper, 803-810 

free, 791-793 

free system, 843 

frequency ratio, 745 

frequency response, 742, 745, 
749 

harmonic, 729 

initial condition, 791—793 

isolator, 802 

lumped model, 736 

measurement, 797 

mechanical, 727 

natural frequency, 745 

Newton’s method, 736 


nontrivial solution, 845 
optimization theory, 802-810 
orthogonality functions, 752 
periodic, 729 

phase, 745 

quarter car model, 737 
random, 729 

resonance zone, 748 

rest position, 845 

ride comfort, 825 

stable, 736 

static amplitude, 748 
steady-state solution, 742 
step input, 794 

tilted spring, 883, 885, 886 
transient, 729 

transmitted force, 751, 764 
trivial solution, 845 
two-DOF base excited, 739 
unstable, 737 

vehicle, 825 

work of a harmonic force, 793 


Viration 


characteristic equation, 786 
characteristic parameters, 786 
critically-damped, 789 
damped natural frequency, 788 
eigenvalues, 786 

forced, 785 

forced classification, 780 

free, 785 

initial-value problem, 785 
natural frequency, 787, 788 
over-damped, 789 

time response, 785, 786 
transient response, 786 
under-damped, 789 


Virtual 


displacement, 555 
work, 555 


Wheel, 21, 22 


angular velocity, 109 
camber angle, 483 
coordinate frame, 483, 485 


Index 1015 


degrees-of-freedom, 483 
forward velocity, 110 
history, 25 
non-steerable, 484 
spin, 483 
steer angle, 483 
steerable, 484 
wire spoke, 23 
Wheel number, 584 
Wheel travel, 898 
lower, 898 
upper, 898 
Wheel-body 
coordinate frame, 485 
Wheelbase, 378 
Windshield wiper, 322 
double-arm opposing, 322 
double-arm parallel , 322 
sweep angles, 325 
Work, 522, 525 
virtual, 555 
Work-energy principle, 522 
Wrench, 523 


Yaw moment, 582 

Yaw rate response, 619, 687 
Yaw velocity, 386 

Yoke joint, 363 


Zero steer input, 636 
Zero velocity point, 271 


